VOLUME 102 


PART B NUMBER 5 


SEPTEMBER 1955 



The Proceedings 


OF 


THE INSTITUTION 




ELECTRICAL ENGINEERS 


FOUNDED 1871: INCORPORATED BY ROYAL CHARTER 1921 


PART B 

RADIO AND ELECTRONIC ENGINEERING 
(INCLUDING COMMUNICATION ENGINEERING) 






FOUNDED 1871 -» . 

INCORPORATED BY ROYAL CHARTER 1921 


Patron: HER MAJESTY THE QUEEN 


Engineers 


COUNCIL 1 95 4-5 5 

President 

J. Eccles, C.B.E., B.Sc. 


Sir James Swinburne, Bart., F.R.S. 

W. H. Eccles, D.Sc., F.R.S. 

The Rt. Hon. The Earl of Mount Edgcumbe, T.D. 
J. M. Donaldson, M.C. 

Prof. E. W. Marchant, D.Sc. 

P. V. Hunter, C.B.E. 

H. T. Young. 


T. E. Goldup, C.B.E. 

S. E. Goodall, M.Sc.(Eng.). 


Past-Presidents 

Sir George Lee, O.B.E., M.C. 

Sir Arthur P. M. Fleming, C.B.E., D.Eng., LL.D. 
J. R. Beard, C.B.E., M.Sc. 

Sir Noel Ashbridge, B.Sc.(Eng.). 

Colonel Sir A. Stanley Angwin, K.B.E., D.S.O., 
M.C., T.D., D.Sc.(Eng.). 

Sir Harry Railing, D.Eng. 


Vice-Presidents 

Willis Jackson, D.Sc., D.Phil., F.R.S. 
Sir George H. Nelson, Bart. 


P. Dunsheath, C.B.E., M.A., D.Sc.(Eng-). 
Sir Vincent Z. de Ferranti, M.C. 

T. G. N. Haldane, M.A. 

Prof. E. B. Moullin, M.A., Sc.D. 

Sir Archibald J. Gill, B.Sc.(Eng.). 

Sir John Hacking. 

Colonel B. H. Leeson, C.B.E., T.D. 

Sir Harold Bishop, C.B.E., B.Sc.(Eng.). 


Sir W. Gordon Radley, C.B.E., Ph.D.(Eng->- 


Honorary Treasurer 

H. W. Grimmitt. 

Ordinary Members of Council 


J. Bennett. 

A. R. Cooper. 

A. T. Crawford, B.Sc. 

C. Dannatt, O.B.E., D.Sc. 

B. Donkin, B.A. 

O. W. Humphreys, B.Sc. 


Measurements: 
M. Whitehead. 

*J. F. Coales, O.B.E., M.A. 


East Midland Centre: 
J. H. Mitchell, B.Sc., Ph.D. 
*C. D. Wilkinson. 


Mersey and North Wales Centre: 
P. R. Dunn, B.Sc. 

*T, Coates, M.Eng. 


C. R. King, C.B.E. 

H. R. L. Lamont, Ph.D., M.A., B.Sc. 

F. J. Lane, O.B.E., M.Sc. 

G. S. C. Lucas, O.B.E. 

G. Lyon, M.Sc.(Eng-). 


North Midland Centre: 
W. A. Crocker. 

*G. Caton. 


North-Eastern Centre: 

G. W. B. Mitchell, B.A. 

*H. Esther, B.Eng. 

Southern Centre: 

E. A. Logan, M.Sc. 

♦Comdr. C. V. Robinson, R.N., 
O.B.E. 


Sir Hamisil D. MacLaren, IC.B.E., 
C.B., D.F.C., LL.D., B.Sc. 

A. H. Mumford, O.B.E., B.Sc.(Eng,). 
W. F. Parker. 

Prof. M. G. Say, Ph.D., M.Sc. 


*H. West. 

Northern Ireland Centre: 
Major P. L. Barker, B.Sc. 

*J. R. W. Murland, B.Sc.(Eng.). 
Western Centre: 

A. N. Irens. 

*J. Vaughan Harries. 


R. L. Smith-Rose, C.B.E., D.Sc., Ph.D. 
G. O. Watson. 

J. Westcott, B.Sc.(Eng-), Ph.I>. 

E. L. E. Wheatcroft, M.A. 

R. T. B. Wynn, C.B.E., M.A. 


Utilization: 

J. I. Bernard, B.Sc.Tecli. 
*B. L. Metcalf, B.Sc.(Eng.). 


Scottish Centre: 
J. S. Hastie, B.Sc.(Eng.). 
*C. H. A. COLLYNS. 


South Midland Centre: 
A. R. Blandford. 

*H. J. Gibson, B.Sc. 


Chairmen and Past-Chairmen of Sections 

Radio: Supply: 

C. W. Oatley, M.A., M.Sc. J. D. Peattie, B.Sc. 

*J. A. Smale, C.B.E., A.F.C., B.Sc. *L. G. Brazier, Ph.D., B.Sc. 

Chairmen and Past-Chairmen of Local Centres 

North-Western Centre: 
Prof. E. Bradshaw, M.B.E., 
M.Sc.Tech., Ph.D. 


* Past-Chairman. 


RADIO SECTION COMMITTEE 1954-55 

Chairman 

C. W. Oatley, M.A., M.Sc. 

Vice-Chairmen 

H. Stanesby. R. C. G. Willi.ams, Ph.D., B.Sc.(Eng.). 


Past-Chairmen 


J. A. Smale, C.B.E., A.F.C., B.Sc. 


E. C. S. Megaw, M.B.E., D.Sc. 


Prof. H. E. M. Barlow, Ph.D., B.Sc.(Eng.). 
N. R. Bligh, B.Sc.(£ng.). 

G. G. Macfarlane, Dr.Ing., B.Sc. 

B. N. MacLarty, O.B.E. 


Ordinary Members of Committee 

J. H. H. Merriman, M.Sc. 

Brig. E. J. H. Moppett. 

H. Page, M.Sc. 

A. R. A. Rendall, Ph.D., B.Sc. 


N. C. Robertson, C.M.G., M.B.E. 
L. Rushforth, M.B.E., B.Sc. 

J. A. Saxton, D.Sc., Ph.D. 

A. M. Thornton, B.Sc. 


And 

The President (ex officio). 

The Chairman of the Papers Committee. 

A. H. Mumford, O.B.E., B.Sc.(Eng.) (representing the Council). 

G. E. Middleton, M.A. (representing the Cambridge Radio Group). 

J. Moir (representing the South Midland Radio Group). 

D. H. Thomas, M.Sc.Tech., B.Sc.(Eng.) (representing the North-Eastern Radio 
and Measurements Group). 


The following nominees of Government Departments: 

Admiralty: Captain G. C. F. Whitaker, R.N. 

Air Ministry: Air Commodore G. H. Randle, B.A. 

Department of Scientific and Industrial Research: A. F. Wilkins 
M.S c.Tech. 

Ministry of Supply: F. S. Barton, C.B.E., M.A., B.Sc. 

Post Office: Captain C. F. Booth, O.B.E. 

War Office: Col. J. H. E. Panton, O.B.E. 


O.B.E. 


Secretary 

W. K. Brasher, C.B.E., M.A., M.I.E.E. 

Deputy Secretary Assistant Secretary Editor-in-Chief 

F. Jervis Smith, M.I.E.E. F. C. Harris. G. E. Williams, B.Sc.(Eng.), M.X.f*. 



( i ) I.E.E. PROCEEDINGS, PART B—AD VERTISEMENTS* 



mrmw 


'd Instruments 


R v; M F N r * s 


V! H O A it n 


PATTERN 


»«<>»» 


rv ItKANTI 


\MPEBfS. 






■3 r A* wa ^T ! /® 

>' v 

' /kNiPEPtS -10 


Oil,I. Projecting 




factor 




Dial, Projecting 


Dinl, Protecting 


Indnctlnn VVelintetc' 1 

peer VKlor M«w« 

1 retineney M“' cri 
Synili' , > sc °l lCR 

W .„n.u«. Syncltcnononei^. 

PAOF- 


AiwmcW* 


l^Kiioii^uUmctcri 

purtir V.m:«or M«wr» 

(-‘rcqui’itcy M‘* CTS 

S>nebr«Hto\«H 
SyucItriiiuMH On&* 


Altimeter* 

Voltmeter* 

MHIIniiimeterir 
Ojnntiinnieier AVutltncterr 


VaHniewra 

DynamomkrUr' 


Ammeters 


Ammeters 

Voltmeters 

MUtlammcterS 

MlcroAfnmctcrs 


Vnltmctcn 

MllHwntMtrr* 

Dynamometer wm.inctcrt 


PAGE four 


Illustrated above are several Ferranti Switchboard 

Instruments from a wide range. Shallow pressed steel cases 

3|\ 3£", 4", 6" and 8" round or square dial. Projecting or 

flush mounting. All types of Ferranti switchboard 

y.'instrhttieht^;!iftt.e-a:lso available in hermetically 
\ . sealed cases. 
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The excellence of Erie wirewound re sis- and consequent freedom from surface 


tors is due, not only to the sound work- crazing and, above all, from oxidation of 
manship always associated with Erie the resistance wire, 
products, but also to the coating of sili¬ 
cone bonded phenolic resin, known as That is why they are reliable above all 
“Silertex”, which has all the advantages others, and that is why you will find them 

of vitreous enamel, plus the added advan- used by those manufacturers who take 

tage of a much lower firing temperature, pride.in quality* 


SERVICE COSTS MONEY - SO FIT **SILERTEX” TODAY 



Carlisle Road, The Hyde, London, N .. ty. 9., England, telephone* COLindale 8011 
Factories: London and Great Yarmouth, England; Trenton,-'Onto rio, Canada * Erie Pa. 

an d Holly Springs, M is s., U. S. A'. 
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Automatic Generating Plant 




A 

I - • / ^ 
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15tb October, 1954 


Frederick J. Harlow, Esq. 
Austinlite Ltd.., 
Lighthouse Works, 
Smethwick 40 , 

England. 


1 am writing to you in the hope that your people will 
be able to help us with a very tricky problem we have run 
into out here in connection with standby generating plant 
for a new telecommunication scheme. We cannot afford even 
a momentary interruption of supply, yet we cannot provide 
attendance or maintenance except, possibly, at monthly^____ 
int ervala-—' —-_— 


The more tricky the problem, the more arduous the conditions 
under which the equipment must operate, the better we like it. Difficult, 
unusual generating 1 plant is our metier. It does not matter how long it must run without 
attention. It does not matter whether there is a mains supply or not. Nor if the supply 
is erratic and unreliable. Even if the requirements do not come within our standard 
range Austinlite plant can be designed which will ensure continuous, steady and 
extremely reliable supply. 

During the past 25 years Austinlite plant has been steadily developed, always with the 
emphasis on quality and dependability. We can now provide automatic generating plant 
of many types in sizes from 1,4 to 250kVA, for continuous unattended operation, or for 
mains standby work — to the strictest no break specification where necessary. However 
difficult a particular problem may be, we have good reason for the confidence with which 
we affirm that Austinlite can tackle it. 


In this country our plant is used by the 
G.P.O., the Ministry of Civil Aviation and 
British Railways. It is installed in many 
parts of the world in lighthouses where reli¬ 
ability is vital. It is in operation in South 
Africa, Australia, Denmark, the ZJ.S.S.R., 
Malta, Syria, New Zealand and Norway; as 
well as a number of tropical countries, includ¬ 
ing Nigeria, Malaya and Borneo. ■ 


C/TmWMmf AUTOMATIC GENERATING 
PLANT Tailor-made by STONE-CHANCE LTD. 


(The makers of Sumo Pumps and Stone-Chance Lighthouses) 


LIGHTHOUSE WORKS, SMETHWICK 40, BIRMINGHAM 
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Marconi Complete 


SOUND STUDIO EQUIPMENT 



Marconi sound broadcasting equipment pro¬ 
vides an extensive 3 flexible and versatile range 
of units from cue lamps and control consoles 
to automatic monitors and aerials. It covers every 
phase of the common operating requirements of 
the majority of systems. No two broadcasting 
administrations; however, have the same 


Shown above is the Control Console Type BD 501 which 
handles input of programme material from two studios, 
announcer’s microphone, a local microphone, several disc 
reproducers and four O.B. lines. Two output channels 
for rehearsal and programme conditions are provided. 

Below is the heavy duty Disc Reproducer Type BD503B, 
designed for accurate groove location. A 3-speed turn¬ 
table and long arm lightweight pick-up are employed, 
and a universal corrector unit is incorporated. The novel 
features of this equipment are the optical groove locator 
and an automatic raise/lower device coupled to the fader. 


! 

I 

I 


1 


1 


problems and therefore Marconi’s are ready to 
engineer particular schemes and can meet every 
requirement in AM and FM broadcasting. 


The first advertised sound broadcast was made from 
the Marconi transmitter at Chelmsford in June 
1920 , Today 75% of the countries in the world rely 
on Marconi broadcasting equipment. 




Lifeline of communication 

MARCONI 

Complete Broadcasting and Television Systems 

MARCONI’S WIRELESS TELEGRAPH CO. LTD., CHELMSFORD, ESSEX 

Partners in progress with The ‘ENGLISH ELECTRIC’ Company Limited 
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Standard maintains its established leadership 
in the manufacture of high permeability mag¬ 
netic alloys by constant vigilance in the 
control of each and every production process, 
one of which is illustrated here. Produced by a 


• PERMALLOY ‘C’ for highest initial permeability, 
useful for wide-band frequency transformers, current 
transformers, chokes, relays and magnetic shielding. 


good magnetic 
characteristics 

ctemafid 

CAREFUL 
CASTING 
CONTROL 


Company which has the unique advantage of being 
a large-scale user of its own magnetic materials, a long 
experience of the applications of these materials gives 
full appreciation of the properties essential for uniform 
electrical characteristics and stable performance. 

It will pay you to investigate the capabilities of 
Standard magnetic alloys with relation to your specific 

i ■ : ‘ ■ ■ . ■ ' : 

requirements. 


• PERMALLOY ‘ B ’ has lower initial permeability than 
Permalloy ‘ C ’ but higher values of flux density. Suitable 
where high permeability to alternating field is required 
superimposed upon a steady polarising field. 

• PERMALLOY 1 D ’ for very high resistivity without 
undue lowering of the maximum flux density. Variation 
of permeability with frequency is small. Ideal for H.F. 
applications. 

® PERMALLOY ‘ F ’ for high flux density, very rect¬ 
angular hysteresis loop, with a retentivity of at least 95% 
of its saturation value and low coercive force. Ideal for 
saturable reactors, magnetic amplifiers, digital computers, 
memory devices, etc. 

• V-PERMENDUR for high,, permeability with a very 
high, value of maximum flux density. Finds special 
application for use as high quality receiver diaphragms, 
also motor generators and servo-mechanisms in aircraft 
where weight and volume are important factors. 




Registered Office: Connaught House , Aldwych, W.C.2 

TELEPHONE LINE DIVISION: North Woolwich, London, E.I6 
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rntYUCNtr 


CONTRO 


Frequencj Range 2,000—20,000 kcjs 

Our range now includes crystals for close tolerance requirements 

Enquiries are invited for overtones up to 6o Mc/s 


CATHODEON CRYSTALS LIMITED 

LINTON < CAMBRIDGESHIRE - Telephone LINTON 223 
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PROJECTED 


winter; Htirt 

i 


BIRMING 


NORW1 


NETWORKS 


G.E.C. continue to lead in the provision 
of links for Britain’s rapidly expanding 
T.V. networks. The Post Office is 
now being supplied with Equipment for additional 
coverage in the Midlands and North-Western Areas 


against the future requirements of the Independent Television Authority. (G.E.C. 


equipment already conveys B.B.C. television programmes to these areas). 

The new coverage being provided, by radio relay or by coaxial cable, is as follows: 


THE MIDLAND LINK 

The existing G.E.C. microwave link—the first 
in Britain, installed in 1946—between London 
and Birmingham, is the basis of the new net¬ 
work. A spur to Lichfield, using the G.E.C. 
SPO 5551 radio relay system, is being added. 

THE NORTH-WESTERN LINK 

The network is being extended to the North- 


The SPO 5551 two-channel transmit terminal equip- 
ment in Telephone House, Birmingham (London - 
Lichfield link) during commissioning tests. 


THE GENERAL ELECTRIC CO LTD OF ENGLAND 

TELEPHONE WORKS COVENTRY 


West by the addition of G.E.C. terminal 
translating and coaxial line equipment to serve 
the I.T.A. North-Western Area transmitter, 
over cable from Birmingham to Manchester 
and Winter Hill. This route includes 4 terminal 
and 18 repeater stations, using wideband 
amplifier equipment with supervision at the 
Manchester station. 
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t developments in 


Semi-Conductors 


Now available to Electronic Equipment Manufacturers 


EWS3 


EW58 


EW59 


The performance of junction transis¬ 
tors at high frequencies is partly 
limited by the reduction of current 
gain with frequency. A more important 
frequency limitation is often set by the 
high values of collector capacitance c c 
and “extrinsic” base resistance rbo. 
These new transistors have been de¬ 
signed to have a particularly low 
value of rbo with consequent improve¬ 
ment in high frequency performance. 


Added ruggedness combined with freedom from 
moisture is achieved by complete enclosure in gold- 
plated metal envelopes. 

Other recent G.E.C. semi-conductors are the EW51 
H.F. Point Contact Transistor and the EW54 medium 
power Junction Rectifier. 


EXAMPLE: At a frequency of 465 kc/s, 
operating between a 50 O source and a 
10 kfl load, using an EW59 transistor, 
a power gain of the order of 20db is 
possible. 


You are invited to write to 

/ALVE & ELECTRONICS DEP. 

your transistor application problems, 


THE GENERAL ELECTRIC CO. LTD 


MAGNET HOUSE, KINGSWAY, LONDON, W.C.2 
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World wide radio-communication 
began with Marconi’s Transatlantic 
messages in 1901 . Since then Marconi 
research and development have 
been behind every major advance in 
technique. Marconi equipment today, 
operating at all frequencies, covers 
a very wide field of both long and short 
range radio/telegraph and radio/tele¬ 
phone requirements. Marconi VHF 
multi-channel equipment can provide 
for as many as 48 telephone channels and 
is largely superseding land line or cable 
routes on grounds of efficiency, economy, 
ease of installation and maintenance. 
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COMPLETE RADIO/TELEPHONE 


MARCONI 

COMPLETE COMMUNICATION SYSTEMS 
Surveyed, Planned, Installed, Maintained 


AND RADIO/TELEGRAPH 


SYSTEMS AND EQUIPMENT 


MARCONI'S WIRELESS TELEGRAPH COMPANY LIMITED 


CHELMSFORD ■ ESSEX 
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Marconi Surveying Service 


Before planning any communication system, and 
particularly a microwave or V.H.F. .multichannel 
system, a survey of the propagation conditions 
over the proposed path or area is essential. 
Similar, but less exhaustive surveys, are also 
necessary before planning V.H.F. mobile systems. 
Such surveys are undertaken by Marconi’s, ^ 
one of the very few radio manufacturers who 1 
do so. The teams engaged in the work may be 
called upon to operate in desert, swamp and 
jungle, over which line and cable routes 
would be impractical, on windswept moorlands 
or in densely populated city and suburban areas. 
Surveys are being, or have already been carried 
out all over the world, including: Uganda,, Kenya, 
Tanganyika, Nigeria, Gold Coast, Tangier, Azores 
Norway, Turkey, Greece, Malaya, Ceylon, 

West Indies, Sweden, and also, of course, in Britain. 


LEFT. Balloon operations 
on the Ipoh - Telok Anson 
route in Malaya. 

RIGHT. The mast is up 
and the motor generator 
is running during the survey 
of the Nigerian multi¬ 
channel system. 

BELOW. The V.H.F. 
mobile survey team erect their 
mast. 


Lifeline of communication 
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COMPLETE COMMUNICATION SYSTEMS 
Surveyed, planned, installed, maintained 

■' ‘ i; - ■ '■ 

MARCONI’S WIRELESS TELEGRAPH CO., LTD., CHELMSFORD, ESSEX 


Over 80 countries now have Marconi-equipped, telegraph and 
communications services. Many of these are still giving trouble-free 
service after more than twenty years in operation. 


LC 10 
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TYPE HU II 


Marconi VF operated 
Telegraph Recording Unit 



The Type HU II recording unit (Frequency Shift Adapter) 


is 


The HU unit shown here is for 
bench mounting. It can also be 
built in to a standard rack or 
cabinet containing the associated 
receiver. It is designed in ac¬ 
cordance with the Marconi prac¬ 
tice of providing integrated units 
which can be rearranged when 
an initial basic installation is ex¬ 
panded to provide additional 
facilities 


intended for use in association with a suitable communication 
receiver of on/off or frequency shift transmissions. 

The AF output of the associated receiver is converted into 
double-current signals suitable for operating an 
undulator, relay or similar equipment requiring a space-mark 
current up to 30 mA. The only modification necessary in the 
receiver is readjustment of the BFO frequency in some cases. 
A double-current teleprinter may be operated directly and 
single-current teletype machines through a polarised relay. 


Over 80 countries now have Marconi equipped telegraph and communication systems. 
Many of these are still giving trouble free service after more than 20 years m operation. 



Lifeline of communication 

MARCONI 

COMPLETE COMMUNICATION SYSTEMS 
Surveyed, planned, instalIed, maintained 

MARCONI’S WIRELESS TELEGRAPH CO. LTD., CHELMSFORD, ESSEX 

Partners in progress with The 1 ENGLISH ELECTRIC ’ Company Limited 
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Marconi VHF 


TYPE HM 181 


Multi-channel radio links are not only recognised 
economic alternatives to line and cable routes wherever 
the latter are costly because of intensive urban 
development or the wild nature of the terrain; they 
are frequently preferable in their own right. The type 
HM 181 equipment has been designed for compara¬ 
tively simple schemes using two terminals working 
point-to-point or with a limited number of repeaters. 
It operates in the frequency range 150-200 Mc/s, 
employs frequency modulation and gives high perform¬ 
ance with low distortion. 


It provides the following facilities:— 

• 8, 16 or 24 channels 

• Repeaters with easy channel dropping facilities 

• Unattended operation 

• Engineers’ order wire 

• Ease of access for maintenance 


Over 80 countries now have Marconi equipped telegraph and 
communication systems. Many of these are still giving trouble free 
service after more than twenty years in operation 


Lifeline of communication 


COMPLETE COMMUNICATION SYSTEMS 
Surveyed, planned, installed, maintained 

MARCONI’S WIRELESS TELEGRAPH CO., LTD., CHELMSFORD, ESSEX 

Partners in progress with The ‘ENGLISH ELECTRIC’ Company Ltd. 
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^PLASKLIPj 



Cable Clip . . . 

_ Gives complete security 

T his non-metallic high-dielectric cable clip provides the safe 
means of securing cable looms and components in all radio and 
electrical equipment. The Plasklip is manufactured in a very 
extensive range covering all wiring requirements. Made in non¬ 
magnetic materials with radiused edges. Fully tropical. Approved all 
services. 



I/ the quick Fix 

1 BUSH 



lip# 


Saves time and money 

Non-metallic * Fully Tropical 
Here is a Bush designed for instant 
assembly by a simple snap on finger 
action. Completely secure under all 
working conditions. High dielectric. 

Approved all services. 

Samples and literature available on request. !S®§ 

INSULOID MANUFACTURING COMPANY LIMITED 

Sharston Works, Leaston Ave, Wythenshawe, Manchester, Tel.: Wythenshawe 2842 


THE 

INSTRUMENT 

MODEL 


Specially designed for soldering 
operations in the compact 
assemblies used in present 
day radio, television and 
electronic industries. 

Weight oz. i 

(excluding flexible). Ml 

Length9 in. 25 Watts. jMMk 

Voltage Range 

12,24,50,100/110, MMB/ 

120/130, 200/220 M 

and 220/240. MAW/ 



/////JjfJv m Interesting 

f features 

MMMt 1. Bit -ft-' diameter, 

iHBr simple to replace. 

Wmf 2. Steel cased element, 

fly also replaceable. 

W 3. Detachable hook for sus- 

f pending iron when not in use. 

4. Moulded two part handle, re¬ 
mains cool in use. 

5. Six ft. Henley 3-core Flexible. 


W. T. HENLEY’S TELEGRAPH 
WORKS CO., LTD., 

51/53, Hatton Garden, London, E.C.1 


HENLEY 

MBS 

ELECTRIC 

SOLDERING IRONS 




NEWTON-DERBY 

ELECTRICAL EQUIPMENT 


High Frequency Alternators 

(Send for Publication No. 1003/2) 

Also makers of Rotary Transformers and Anode Converters, 
Wind and Engine-Driven Aircraft Generators, High Tension 
D.C. Generators, and Automatic Carbon Pile Voltage 

Regulators. 




2-irkVA Motor Alternator. 

Drip proof to 45“. Motor 

220 volts D.C, Output 120 volts. 3 phase. 333 cycles per second. 
Motor includes an automatic constant speed governor. Weight 
450 lb. 

NEWTON BROTHERS 

(DERBY) LTD 

HEAD OFFICE & WORKS: ALFRETON ROAD, DERBY 
TELEPHONE: DERBY 47676 (4 lines) TELEGRAMS: DYNAMO, DERBY 
LONDON OFFICE: IMPERIAL BUILDINGS, 56 KINGSWAY W.C.2 


IMPREGNATE 

your coils with ease 

BLICKVAC 

High Vacuum Impregnators meet the most stringent specifications and 
yet are easy to handle. Full range of models available to meet the needs 
of the large-scale producer, the research laboratory or the small Rewind 
shop. 

Outstanding Features: 

• Ease in control 

• Ease in cleaning 

• Elimination of vibration 

• Unequalled flexibility and 
performance 

® Simple attachment of 
auxiliary autoclaves 

• Units available suitable 

for Varnish, Wax, Bitu¬ 
men and Potting Resins. 
Users include M.O.S., 
N.C.B., G.E.C., Pye, 

Marconi, Metro-Vick. 

If your problem is COIL IMPREGNATION or impregnating or casting 
with Potting Resins consult: 

BLICKVAC ENGINEERING LTD 



Bede Trading Estate, Jarrow, Co. Durham 
96-100 Aldersgate Street, London, E.C.1. 


Jarrow 89-7155 
Monarch 6256/8 
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MAGNETIC DEVICES LTD 

NEWMARKET 


HERMETICALLY SEALED 


“Series 595H ” is a hermetically sealed 
version of our series 595 Relay, which is 
already well known to the aircraft industry. 
The armature design reduces the effects of 
shock, vibration and acceleration; a spring 
type armature hinge eliminates backlash, 
friction and risk of displacement. 


COIL: 

in all standard voltages up 
to MO V, D.C. Working 
range between plus 10% 
and minus 20% of rating. 

CONTACT COMBINA¬ 
TIONS: Up to 2 pole 
changeover. 

BASE: 

International octal. 

WEIGHT: 3£ ozs. 

DIMENSIONS: 

Diameter—1overall. 
Height—2f" overall. 


SERIES 595H 


Telephones Newmarket 3 181-2-3 


Telegrams: Magnetic, Newmarket 


Dear Sirs, 

I am a customer, having 
two of your Transformers, 
which I believe are the best in 
the world. . . . 

G.L.A.B ., Washington , XJ.S.A. 

Savage “Massicore” Trans¬ 
formers are meeting more 
exacting electronic needs than 
ever before—including those 
of Rolls-Royce, makers of the 
best car in the world. 




SAVAGE TRANSFORMERS LTD., NURSTEED RD., DEVIZES, WILTS 


Telephone: DEVIZES 932 
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Why Ediswan Glix P.T.F.E. 
Valveholders are widely used 
in B.B.C. Television equipment 


Large quantities of Ediswan Clix P.T.F.E. Valve- 
holders are used in B.B.C. Television equipment. 

Only the combination of the finest insulation— 
P.T.F.E., the most efficient contact material— 
Berylium copper—and Ediswan Clix design and 
manufacture can match the requirements of efficiency 
and reliability in this and all other stringent 


valveholder applications. 

Ediswan Clix P.T.F.E. Valveholders are fully type 
approved for Services Grade 1, Class 1 conditions. Full 
details of these valveholders and other components in 
the Ediswan range are given in catalogue CR. 1681. 
Manufacturers and Development Groups may have a 
copy on request. 


EDISWAN 

CLIX 

RADIO, TELEVISION & ELECTRONIC COMPONENTS 

THE EDISON SWAN ELECTRIC COMPANY LIMITED, Member of the A.E.L Group of Companies 
155 Charing Cross Road, London, W.C.2 and Branches. Telephone: Gerrard 8660. Telegrams: Ediswan Westcent , London 


CR 3 

b 
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POLARIZED RELAYS 





have these outstanding features 

HIGH OPERATIONAL SPEED . HIGH SENSITIVITY 
FREEDOM FROM CONTACT REBOUND 
NO POSITIONAL ERROR . HIGH CONTACT PRESSURES 
EXCEPTIONAL THERMAL STABILITY . EASE OF 
ADJUSTMENT . ACCURACY OF SIGNAL REPETITION 

The Carpenter Polarized Relay will respond to weak, ill-defined or short- 
duration impulses of differing polarity, or it will follow weak alternating 
current inputs of high frequencies and so provide a continuously operating 
symmetrical changeover switch between two different sources. 

Five basic types are available with a wide range of single and multiple 
windings. Particulars of the type 'best suited to your purpose will be gladly 
supplied if you will send us your circuit details. 

Manufactured by the sole licensees 

TELEPHONE MANUFACTURING CO. LTD 

Contractors to Governments of the British Commonwealth and other Nations 

Pj HOLLINGSWORTH WORKS, DULWICH, LONDON, SE2I 

iy Telephone GIPsy Hill 2211 





SOLDERING 


BIT SIZES 
i" to a ¥ 


VOLT RANGES 
FROM . 

6/7 to 230/50 VOLTS 

WITH NO EXTRA 
COST FOR LOW 
VOLTAGES 


ADCOLA 

PRODUCTS LTD. 

Head Office & Sales 

GAUDEN ROAD 
CLAPHAM HIGH St. 
LONDON, S.W.4 


(Regd Trade Mark ) 



INSTRUMENTS 

& ALL 

ALLIED EQUIPMENT 


ASSURES 

SOUND 

JOINTS 

FOR 

SOUND 

EQUIPMENT 


TELEPHONES 
MACaulay 4272 


(Mwau* demand 

jot JbteeUuHt * 
ivotk / 


Insulated Resistance Wires 
with standard coverings of 
cotton, silk, glass, asbestos, 
standard enamel and synthetic 
enamel are supplied over a 
large range of sizes. 

Send for leaflet LB 11 

THE LONDON ELECTRIC WIRE COMPANY 
AND SMITHS, LIMITED 
CHURCH RD., LEYTON, LONDON, E.IO 

Incorporating Frederick Smith & Company 
Associated with The Liverpool Electric Cable Co. Ltd. and Vactite Wire Co. Ltd. 



















LOW COST 


LOW BATTl 


MOBILE RA 


On airfields, in dockyards, in civil M 
engineering and industry, operations reach their ^ 
peak of speed and efficiency with the Pye “Reporter”. 
All mobile personnel over a wide area can be contacted 
instantly through this compact and economical 
equipment which is quickly fitted to any vehicle. 
Control is simpler and swifter because wasted time 
and misunderstandings are eliminated. The Reporter 
enables four vehicles to do the work of five. A 

the largest J| 


Pye Telecommunications are 
suppliers of commercial 2 -way radio in Europe 
and supply over 75 % of British requirements. 


Qap<rrte 


QcuLoo- 


ENGLAND 


CAMBRIDGE 


Pye (Ireland), Ltd 
Dublin, Eire 


Pye-Electronic.Pty., Ltd 
Melbourne, Australia 


Pye Canada Ltd 
Ajax, Canada 


Pye (New Zealand) Ltd. 
Auckland C.I., New Zealand 

e Radio & Television (Pty.) Ltd 
Johannesburg 
South Africa 


Pye Corporation of America 
270, Park Avenue 
New York 


Pye Limited 
Tucuman 829 
Buenos Aires 


Pye Limited 
Mexico City 


• CAMBRIDGE 

PHONE TEVERSHAM 311 
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RICHARD JOHNSON & NEPHEW LTD. FORGE LANE MANCHESTER II 




■ 


gHi 




tgjTH 

(regd. trade-mark) 

Automatic 


VOLTAGE REGULATORS 



Illustrated 
brochure free 
on request. 


The ZENITH ELECTRIC CO. Ltd. 

ZENITH WORKS, VILLIERS ROAD, WILLESDEN GREEN 


with Electronic Control 


Essential for many purposes where 
a constant pre-determined supply 
voltage is required, these Regulators 
are designed to give a controlled 
output voltage within i % with 
input voltage 
variations up 
to plus or 
minus i o %. 

Manufactured 
for single- and 
three-phase 
loads from y 
up to 23 kVA 
per phase. 


Telephone: WILlesden 6^81-3- Telegrams : Voltaohm, Norphone, Londoi 
MANUFACTURERS OF ELECTRICAL ENGINEERING PRODUCT! 
_INCLUDING RADIO AND TELEVISION COMPONENTS 



ELECTRICAL 
TESTING 
INSTRUM ENTS J 




^ multi¬ 
range A.C./D.C. 
Electrical Measur- 
mg Instrument of 
B.S. 1st grade accuracy, pro¬ 
viding fifty ranges of readings 
on a 5-inch hand-calibrated 
scale fitted with an anti-parallax 
mirror. 

The meter will differentiate 
between A.C. and D.C. supply, 
die switching being electrically 
interlocked. The total resistance 
of the meter is 500,000 ohms. 
CURRENT: A.C. and D.C. 

_. __ . _ .OtolOamps. 
VOLTAGE: A.C. and D.C. 


RESISTANCE: 


0 to 1,000 volts 
Up to 40 meg- 

CAPACITY : .01 to 20uF. ° hmS ' 
AUDIO-FREQUENCY 
POWER OUTPUT: 0-2 watts 
DECIBELS: _25Db. to + 16 Db. 
The instrument is self-contained, 
compact and portable, simple to 
operate and almost impossible 
to damage electrically. It is pro¬ 
tected by an automatic cut-out 
against damage through severe 
overload. 


Size: 8 ins. x 7* ins. x 4f ins. 
Weight: 6£ lbs. 

£19 : 10s. 


Sole Proprietors and Manufacturers 


Power Factor and Power can be 
measured in A.C. circuits by 
means of an external accessory 
(the Universal AvoMeter Power 
Factor and Wattage Unit). 

Other accessories are available 
for extending the wide ranges of 
measurements quoted above. 

Write for fully descriptive pamphlet. 


THE AUTOMATIC COIL WINDER & ELECTRICAL EQUIPMENT CO. LTD. 

92-96 Vauxhall Bridge Road, London S.W.1 Tel. VICTORIA 3404/9 
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wmo$ 


( xxi ) I.E.E. PROCEEDINGS, PART B—ADVERTISEMENTS 


This equipment, which may be switched in' or out of 
use at the radio terminal, provides a very high degree 
of privacy for speech on a radio-telephone circuit by:- 

(1) splitting the speech band of 250-3000 c/s into five 
sub-bands of 550 c/s and recombining them in different 
relative positions, 

(2) inverting the frequency range of any one or more 
of the sub-bands, and 

(3) rearranging the combination of the sub-bands 
simultaneously at both ends of the radio-circuit in 
accordance with a pre-arranged sequence at controlled 
intervals between 4 and 20 seconds. 

The resulting speech band, which modulates the trans¬ 
mitter, is unintelligible and the frequent regrouping of 
the sub-bands, with or without inversion precludes any 
simple method of interception. A reversal of the 
process at the distant terminal restores the original 
speech. The processes involved are reversible, thus 
common channel equipment can be used for, both 
transmission and reception. Amplifiers in the privacy, 
path compensate for the losses in band splitting and 
recombining. The simultaneous switching system, 
operates by means of relays under the control of a 
synchronous motor driven by a high precision crystal 
oscillator, this does away with the need for a trans¬ 
mitter pilot tone. 


MARCONI-SIEMEKS 

Five Band Split 
Privacy Radio 
Telephone Equipment 


(Type HW 12) 


a n on i 


THE LINK BETWEEN RADIO AND LINE COMMUNICATIONS 


Full technical details of this and other Marconi-Siemens equipment, 
which provides completely integrated radio and line telegraph 
and telephone systems may be obtained from either 

MARCONI’S WIRELESS TELEGRAPH COMPANY LIMITED, CHELMSFORD, ESSEX 
OR SIEMENS BROTHERS & CO., LIMITED, WOOLWICH, LONDON, S.E.18 

MS2 
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FREQUENCY 


STANDARD 


TYPE 761 


'J’HE AIRMEC FREQUENCY STANDARD TYPE 761 has been 
designed to fill the need for a self-contained frequency standard of 
moderate cost and high accuracy. It incorporates an oscilloscope for visual 
frequency comparison, and a beating circuit and loudspeaker for aural 
checking. A synchronous clock, driven from a voltage of standard 
frequency provides a time standard and enables long time stability checks 
to be made. 


• Master Oscillator: Crystal-controlled at a frequency of 

100 kc/s. The crystal is maintained at 
a constant temperature by an oven. 


• Outputs: 


• Waveform: 


• Stability: 


Outputs are provided at 100 c/s, 
1 kc/s, 10 kc/s, 100 kc/s, and 1 Mc/s. 

The above outputs are available, 
simultaneously with sinusoidal or 
pulse waveform from separate plugs. 

Four hours after switching on a short 
term stability of better than 1 part 
in 10 6 is obtained. 



Full details of this or any other Airmec instrument will be forwarded gladly upon request. 


AIRMEC 

LIMITED 


HIGH WYCOMBE BUCKINGHAMSHIRE ENGLAND . 

Telephone: High Wycombe 2060 Cables: Airmec, High Wycombe 



In Science and Industry alike ... 

among technicians, manufacturers and those 
engaged in the sale of electrical products — as 
well as among the public at large, the Philips 
/ emblem is accepted throughout the World as 
, ■ a symbol of quality and dependability. 

PHILIPS ELECTRICAL LTD 

CENTURY HOUSE, SHAFTESBURY AVENUE, LONDON, W.C.2 

RADIO cfc TELEVISION RECEIVERS • RADIOGRAMS & RECORD PLAYERS • GRAMOPHONE RECORDS • TUNGSTEN, FLUORESCENT, BLENDED AND DISCHARGE LAMPS & 
LIGHTING EQUIPMENT • PHILISHAVE’ ELECTRIC DRY SHAVERS • ‘PHOTOFLUX’ FLASHBULBS • HIGH FREQUENCY HEATING GENERATORS • X-RAY EQUIPMENT 
FOR ALL PURPOSES * ELECTRO-MEDICAL APPARATUS • HEAT THERAPY APPARATUS • ARC & RESISTANCE WELDING PLANT AND ELECTRODES • ELECTRONIC 
MEASURING INSTRUMENTS • MAGNETIC FILTERS • BATTERY CHARGERS AND RECTIFIERS • SOUND AMPLIFYING INSTALLATIONS • CINEMA PROJECTORS • TAPE RECORDERS 

023 ) 












( xxiii ) I.E.E. PROCEEDINGS, PART B—ADVERTISEMENTS 



the Isolated Community 



-k No Change in Normal Telephone 
Operating Procedure 

Mains or Battery Operation 

ic Signalling Units for All Types of 
Circuit 

The V.H.F. link provides the most 
practical means of direct communica¬ 
tion between isolated communities 
in all areas where the nature of the 
terrain or distance involved preclude 
the use of open wires for junction or 
subscribers’ lines. Dialling facilities 
can be employed, and the radio 
equipment can be interposed in a 
standard line circuit in any part of a 
telephone system without modifica¬ 
tion to switching equipment. 

* Exchange 

equipment bay 



RADIO 
TELEPHONE 


Subscriber 
pole-mounted 
battery operated 
unit 



AUTOMATIC TELEPHONE & ELECTRIC CO. LTD. 

A 

Radio & Transmission Division, Strowger House, Arundel Street, London, W.C.2 
’Phone: TEMple Bar 9262. 'Grams: Strowgerex London. 


AT 14511-Bxl07 
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SIEMENS 
R.I.N.D. CABLE 


A New 
Development 

The R.I.N.D. Cable is 
RADIALLY IMPREGNATED 
under strictly controlled conditions 
thereby presenting a new technique 
in cable manufacture. The paper 
insulation is thoroughly dried and 
impregnated, but contains no 
superfluous compound. Dimen¬ 
sions in accordance with B.S.480: 
1954 specification for normal 
belted type cables. 

R.I.N.D. cable is suitable 
for general use, but is indispensable 
for situations where steep gradients 
and high ambient temperatures are 
encountered. No special jointing 
method is necessary, standard 
joint boxes are used. 


Ceramic Insulation only—and approved for 
Tropical conditions. Complete Ceramic 
Rings for strength. Also a large range of 
precision Toroidal-wound Potentiometers 
and Helical Potentiometers, 3 and 10 turn. 


TYPE F (Precision Low 
Torque Potentiometer). 
Similar model, larger 
diameter (If") m 

TYPE G rated at 
1 watt also jS-.' \ 

available. 


SIEMENS R.I.N.D. CABLE 


s' 500-25,000 
ohms. Torque: 
0.005 oz/inches. 
Winding 270°-355° 


* Passes Drainage Test in B.S.480/1954 
it Has no critical temperature 
it Gives no overload troubles 
it Causes no difficulty with bending 
it For voltages up to and including 11,000 


Available in plain bearing. 


Have you a copy of/ this 
catalogue? If not, write for 
list No. 215 


P • X • FOX LIMITED 

HAWKSWORTH ROAD 
HORSFORTH • YORKS 

Tel: Horsforth 2831/2 
Grams: Toroidal, Leeds 


SIEMENS BROTHERS & CO. LIMITED, 
WOOLWICH, LONDON, S.E.18. 

Member of the A.E.I. Group of Companies 
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FREQUENCY RANGE 10 to 500 Mc/s 


NORMAL OUTPUT: 0.1 yV to 0.5 volt, c.w. or modulated to 30%, available under all 
conditions ; 90% modulation at most carrier frequencies. 

HIGH OUTPUT: up to 2 volts c.w., or I volt modulated, at most carrier frequencies. Sine 
a.m. : 1000-c/s internal or 30 c/s to 20 kc/s external. For external pulse modulation* r.f. band¬ 
width extends to 3 Mc/s. Output impedance : 50 ohms. A.C. mains operated. 


MARCONI INSTRUMENTS 

SIGNAL GENERATORS ' •. BRIDGES • VALVE VOLTMETERS , Q METERS .... WAVEMETERS 
FREQUENCY STANDARDS - WAVE ANALYSERS • BEAT FREQUENCY OSCILLATORS 

MARCONI INSTRUMENTS LTD • ST. ALBANS . HERTS • TELEPHONE: ST. ALBANS 6160/9 

30 Albion St., Kingston-upon-Hull. Phone: Hull Central 16M4. 19 The Parade, Leamington Spa. Phone: 1408 

Managing Agents in Export : 

MARCONI'S WIRELESS TELEGRAPH COMPANY LIMITED • MARCONI HOUSE • STRAND • LONDON • W.C.2 

TC60 
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MODEL 770R-19 Mc/s. to 165 Mc/s. CONTINUOUS 
MODEL 770 U — 150 Mc/s. to 500 Mc/s. CONTINUOUS 

FOR MONITORING, FIELD TESTS, LABORATORY PURPOSES ETC, 


• Highly efficient signal frequency circuits. 

• Substantial diecast rotary coil turret. 

• Excellent frequency stability and 
selectivity. 

® Accurate re-setting and ease of handling. 

• High sensitivity and excellent signal-to- 
noise ratio. 

• For AM and FM. 

• Robust construction and outstanding 
reliability. 

• “S” Meter. Noise Limiter. 

• Preferred type valves. 

• Finest workmanship. 


A. C. operation. 110-250 volts. 40-60 cycles. ^ 

Dimensions I6|" x 15" x 8f". I 

Weight 60 lbs. 

PLEASE WRITE FOR FULL SPECIFICATION TO THE MANUFACTURERS; 


STRATTON & CO. LTD., ALVECHURCH ROAD, BIRMINGHAM, 31 



electrical 

STEEL 

LAMINATIONS 


ALL SIZES 
AND FOR ALL 
FREQUENCIES 


A MEMBER OF THE JRTSC GROUT 
COOKLEY WORKS, BRIERLEY HILL, STAFFS. 
Head Office: RTSC HO USE, PARK ST, LONDON, W.I 


THE PROCEEDINGS 
OF THE INSTITUTION 
OF ELECTRICAL ENGINEERS 

TEN-YEAR INDEX 

1942—1951 

A ten-year ■ index to the Journal of The 
1 Institution of Electrical Engineers for the 
years 1942-48 and the Proceedings 1949-yi 
(vols. 89-98) can be obtained on application 
to the Secretary. 

The published price is £1 ys. od. (post free), 
but any member of The Institution may have a 
copy at the reduced price of £i (post free). 
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POWER 

RECTIFIERS 


These Mercury Vapour and Xenon filled 
power rectifiers are robust and can be relied 
upon for long and satisfactory service. The out¬ 
put table shown herewith is calculated for a 
three-phase., full wave arrangement. Full 
technical data and operating instructions 
are available on request. % 


Mercury Vapour 


^ \ Waterhouse Lane , Chelmsford 
I, J Telephone : Chelmsford 3491 


\ 


an 

E 

I, 

LI II 

H 

1 


AP300/18 
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PERMANENT MAGNETS 
for TELEVISION RECEIVERS 


Make sure you have a copy 
of the latest 1955 edition of 
publication P.M. 112 
“Permanent Magnets for 
Television Receivers.” For 
loud speaker magnets see 
publication P.M. 108. 


MADE BY THE DESIGNERS & MANUFACTURERS OF ECLIPSE PERMANENT MAGNET CHUCKS 

JAMES NEILL & CO. (SHEFFIELD) LTD. 



M 4 


THE PROFESSIONAL ENGINEERS APPOINTMENTS BUREAU 

Incorporated under Limited Guarantee, 1947 
(Licensed annually by the London County Council) 

9 VICTORIA STREET, LONDON, S.W.l 


The Principal Objectives of the Bureau are: 

1. To Aid Employers. 

To receive inquiries from employers seeking the services of 
qualified professional engineers and to advise such employers, 
if required, as to the qualifications desirable for the particular 
vacancy. 

To submit to employers particulars of persons registered with 
the Bureau, the qualifications of whom seem to fit them for the 
appointments. 


2. To Aid Members of the Institutions of Civil, Mechanical and 
Electrical Engineers. 

To receive applications for registration for employment from 
engineers, who by reason of their engineering qualifications are 
S~^°£ ate . or Non-Corporate Members of the Institution of 
Civil Engineers, The Institution of Mechanical Engineers, or 
The Institution of Electrical Engineers (excluding Associates of 
The Institution of Civil Engineers) j and to charge and receive 
such registration fees and appointment fees as may from time 
to time be determined by the Bureau. 


EMPLOYERS 

Employers of professional engineers who have vacancies to 
be filled, are invited to notify such vacancies to the Bureau and 
to furnish the following particulars: 

(1) Title of post with description of duties involved. 

(2) ran S? - This should be made as wide as possible. 

£9 Salary offered and supplementary remuneration, if any. 

W Professional, technical and/or special qualifications, e.g. languages. 

(5) Location of work. 

(6) CouMa^successful candidate be assisted in finding suitable living accommodation 

(7) Does the post involve control of staff? If so, to what extent? 

(8) Any other information which will assist in the selection of candidates. 

Notifications of vacancies in Commonwealth countries are 
particularly welcome. : * 

The Bureau deals with all classes of appointments ranging 
from practical training for Students to executive or administra¬ 
tive posts for senior Corporate Members. 

MEMBERS OF THE THREE INSTITUTIONS 

Members of the three Institutions who wish to register with 
the Bureau for employment may obtain the necessary forms on 
application to the Registrar. The grade of membership should 
be stated, and a stamped addressed foolscap envelope should be 
enclosed. 


To give advice generally in matters relating to the employment 
of professional engineers. 

enSnee^ r< nv S Tl 0: receives a number of applications for assistance from young graduat 

to?eceNeT^ wh ° I eqmre P racticaI experience as trainees. The Bureau would therefore belratefr 

to receive from firms advice of such vacancies as they occur, or when annual intakes are being considered. 
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Lifeline of communication 


Testing-Grid Current Recording 


MARCONI'S WIRELESS TELEGRAPH CO. LTD., CHELMSFORD, ESSEX Telephone: Chelmsford3221 


M ARGON I 


Surface Grinding 


Planetary Lapping 


Finishing to Frequency 


FREQUENCY RANGE 1-6 Kc/s TO 55 mc/s 

The experience gained in manufacturing quartz 
crystals to the stringent requirements of our own 
apparatus and those of the Services 5 enables us to offer a comprehensive 
range of crystals covering the frequency band 1.6 Kc/s to 55 mc/s. 
Years of intensive research and development work in this field guar¬ 
antee the reliability and quality of this Marconi Product. 


CR2 
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THERMIONIC VALVES 

The First Fifty Years 

A special publication of 

THE INSTITUTION OF ELECTRICAL ENGINEERS 
reporting the celebration of the Jubilee 
of the thermionic valve 


Price gs. 


Profusely illustrated, printed entirely on art paper and bound in substantial semi¬ 
stiff covers, the Institution publication entitled “Thermionic Valves—the First 
Fifty Years” made its appearance towards the end of June. As already 
announced, this book contains the lectures delivered by Sir Edward Appleton, 
Professor G.W. O. Howe and Dr. J. Thomson at the Jubilee Meeting in Novem¬ 
ber, 1954, together with brief descriptions of about 250 valves—from Fleming’s 
diodes to travelling-wave tubes—which were gathered together for the occasion. 

The size of the book is 76 pages, demy quarto, and its price (post free) is 9s. to 
the public, and 4s. to members of The Institution. The edition is limited and 
orders should be sent to the Secretary without delay. 


Obtainable on application to the Secretary 

THE INSTITUTION OF ELECTRICAL ENGINEERS 
SAVOY PLACE, LONDON, W.C.2 
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METER 
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0«tN> S ., 


The ADVANCE “ Q ” Meter is different! It is 
small, portable and has an excellent specification 
—a useful addition to any electronic laboratory 
and well suited for production testing. 
Furthermore, it is offered at a price to suit all 
applications., With the Tl, RF measurements 
can be made of “ Q ” inductance, impedance, 
capacitance and power factor at frequencies 
between 100 kc/s. and 100 Mc/s. 


Full details in leaflet AI31 which we will be 
pleased to forward on your request. 


• Direct reading of“Q” Range 10-400 


C ” by substitution. 


• Rapid calculation of “L” and “Z” 


• No “ Set-Zero problems 


• Small and portable 


r g* " 

£55 


NETT PRICE 


IN UK 


ADVANCE COMPONENTS LTD. Marlowe Rd.,Walthamstow, London, E.I7 Tel : LARkswood 4366/7/8 



















































































TELEVISION CAMERAS 

STUDIO EQUIPMENT 

RADIO LINKS 
AND TRANSMITTERS 

AERIAL SYSTEMS 

COLOUR TELEVISION 

INDUSTRIAL TELEVISION 


In June 1920 the first advertised sound 
radio programme was broadcast from the Marconi 
transmitter at Chelmsford. To-day Marconi 
high or medium power transmitters and high power 
aerials are installed in every one of the B.B.C’s 
television transmitter stations and Marconi 
television systems are being supplied to countries 
in North and South America, Europe and Asia. 


M ARGON I 


Complete Television and Sound Broadcasting Systems 

MARCONI’S WIRELESS TELEGRAPH COMPANY LIMITED • CHELMSFORD 


ESSEX 

LG 3 
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Araldite 


epoxy 


‘Araldite’ 


epoxy casting resins 
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characteristics and low pass-band losses to be achieved, while negligible 
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advance in frequency measuring techniques 
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production testing routines. 

Full technical information on this and other 
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keeps the Doctor awake; in fact, a violent blow on the head is just the 
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■ SUMMARY 

A theory is presented for the mechanism of sub-harmonic generation 
in a non-linear feedback system. This phenomenon is the occurrence 
of components, in the output of a system, whose frequency is a 
fraction of the input frequency. This sub-harmonic component is 
regarded as an oscillation of the closed-loop feedback system in the 
Nyquist sense. The parameters of the system are modified to allow 
continuous oscillation by the action of the input signal on the non¬ 
linear element. 

A connection is shown to exist between the open-loop frequency 
response and the conditions necessary for sub-harmonic oscillation. 
From this, sufficient limitations are obtained to ensure the absence of 
this phenomenon. 

Experimental work on a system with a cubic characteristic is 
included. 


LIST OF PRINCIPAL SYMBOLS 
v. = Instantaneous amplitude of the signal applied to the 
non-linear element. 

v 0 — Instantaneous amplitude of the output of the non¬ 
linear element corresponding to v : . 
a) == Angular frequency. 

<f>, 8 = Phase angles. 

a — Amplitude of the component of v t of sub-harmonic 
frequency. 

b = Amplitude of the component of v- t of fundamental 
frequency. 

ijj(jof) = Open-loop gain of the linear system. 

N(v ■) = Gain of the non-linear element. 

(1) INTRODUCTION 

Many types of non-linear feedback systems exist which, when 
subjected to certain sinusoidal inputs, produce an output whose 
lowest-frequency component is a fraction of the input fre¬ 
quency. A common example is the relaxation oscillator, which 
can be set in continuous oscillation at a frequency much lower 
than, but synchronized with, an input or control signal. An 
LCR resonant circuit, with an iron-cored inductor as the non¬ 
linear element, can be set in oscillation at a frequency near that 


of natural resonance by the application of a suitable alternating 
voltage of twice this frequency. 1 A moving-coil loudspeaker 
with non-uniform magnetic field 2 is another example of a device 
by which sub-multiple harmonics can be generated. 

This phenomenon can also occur in a class of remote-position- 
control servo mechanisms where saturation of the amplifier or 
motor provides a suitable non-linear characteristic. In all these 
cases the lowest frequency present at the output is a sub-multiple 
of the input frequency, and is usually at or near the natural 
frequency of oscillation. For this reason the phenomenon is 
known as “sub-harmonic resonance.” 

Because of the resonant nature of the phenomenon, the 
sub-harmonic component is often of large amplitude, so 
that the output is considerably different from that obtained 
when the phenomenon does not occur. For systems in which 
the output is intended to reproduce the input as closely as 
possible, as in the motion of a loudspeaker cone or of a servo 
motor, or for systems intended to respond only to a band of 
frequencies, this phenomenon can introduce an intolerable dis¬ 
tortion. Hence it is of importance to lay down conditions on 
the parameters of the system to ensure the absence of the 
phenomenon. It does not occur in linear systems, and must 
therefore depend on the non-linear characteristic involved in the 
system. 

In a practical system, it may be inconvenient or impossible to 
modify the form of the non-linear element. In this case it is 
important to decide how to modify the linear elements to 
eliminate sub-harmonic resonance. 

Conversely there may be fields of application for devices 
where the phenomenon is desirable. It will then be necessary 
to derive the form of a suitable non-linear element to ensure 
sub-harmonic generation. 

Previous work has accounted for sub-harmonic resonance 
by the solution of a non-linear differential equation, in which 
the non-linear characteristic is expressed as a power series. 3 
There are two objections to this method. Since the output of 
the non-linear element is expressed as a power series of the 
input, successive approximations to the correct solution con¬ 
verge rapidly only if the amount of non-linearity is small. 
Thus the method is inapplicable to many practical systems, 
where sharp changes of slope occur—e.g. saturation effects. 

21 
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The second and perhaps more important disadvantage is that 
the solution of a differential equation gives no physical picture 
of the mechanism of the phenomenon, or of any useful design 
criterion. 

(2) THE MECHANISM OF SUB-HARMONIC GENERATION 
The basic system considered is shown in Fig. 1, and contains a 
linear frequency-dependent portion of gain iji(jco') and a non¬ 
linear element whose gain N(vf) depends solely on the magnitude 

Non-linear Linear 



Fig. 1.—Block schematic of the general system. 


(2.1) The Describing Function 

A linear feedback system is incapable of maintaining con¬ 
tinuous oscillations if the open-loop frequency-response locus, 
plotted on the complex plane, does not enclose the (—1, 0) 
point. 10 If-this response locus does enclose the —1 point, the 
system will oscillate with increasing amplitude. Only for the 
case where the locus passes through the —1 point will the 
oscillations be of constant amplitude. 5 

In a continuously oscillatory system involving a non-linear 
element, the amplitude of the oscillations increases to some 
constant value. This final state of oscillation implies that the 
overall open-loop gain is such that the locus now passes through 
the — 1 point. The response locus is now both amplitude- and 
frequency-dependent, and the amplitude and frequency of the 
stable oscillations are the values necessary to give an open-loop 
gain of —1. 

For the linear system, of open-loop ifj(jco), the closed-loop 
gain is 


of the input v t to this element. When the non-linear element is 
replaced by an element of unity gain, the resultant linear system 
is assumed to be stable. 

For the linear system, the superposition theorem is applicable, 
and hence the response of the closed-loop system to a given 
signal is independent of any other signal which is applied 
simultaneously. This is not the case for the system when a 
non-linear element is included in the feedback loop. In general, 
the response of the non-linear element to a given signal is 
modified if a further signal is applied at the same time. This 
further signal may be considered as varying the gain of the 
non-linear element for the primary input. Thus if the primary 
input V ( eJ<»t is sinusoidal, the effect of an additional input is to 
vary the amplitude of the output V 0 e^‘. A case of interest 
arises if the additional input is also sinusoidal, its frequency 
being an integral multiple of the primary input frequency. In 
this particular case, the output component of angular fre¬ 
quency cv may be modified in both amplitude and phase by the 
presence of the additional input. This phase change is due to 
the intermodulation products generated by the non-linear 
element. 

Since the non-linear element is inserted in a feedback loop, it 
is evident that varying the gain of this element will affect the 
stability of the closed-loop system. For a range of sinusoidal 
inputs, the response of the non-linear element may be so 
modified that the closed loop is rendered oscillatory. Where 
the system is such that the open-loop frequency response, plotted 
on the complex plane, never cuts the negative real axis, the non¬ 
linear element must introduce a phase change for stable oscilla¬ 
tions to occur. This implies that the frequency of oscillation 
must be simply related to the frequency of the primary input. 
The case of interest is where the frequency of oscillation is a 
sub-multiple of the input frequency, giving the phenomenon of 
sub-harmonic generation. 

Thus sub-harmonic resonance is considered as an oscillation 
of the closed feedback loop. The loop gain necessary for this 
oscillation to be continuous is maintained by the action of the 
input on the non-linear element. 

To discuss this theory in a quantitative manner, it is necessary 
to determine the response of the non-linear element to a sinu¬ 
soidal signal with a further input of a harmonic frequency 
applied simultaneously. It is also necessary to consider the 
conditions required for the continuous oscillation of a non-linear 
feedback system. 

The second point is evaluated using the “describing function” 
technique, introduced by Kochenburger 4 and Johnson. 9 A 
summary of this theory is given in the following Section. 


G = 


t 

1 + i/f 


CD 


so that continuous constant-amplitude oscillations occur for 
iff = — 1. 

With a non-linear element in the loop of gain N(vf), where 
N(vf) is the ratio of the amplitude of the fundamental of the 
output to the amplitude of the input sinusoid, the open-loop 
gain is ifj(jto)N(vf) and the closed-loop gain becomes 


G(ja), v t ) 


ifj(jaj)N(Vi) 

1 + i/Ma>)N(v t ) ■ 







Thus oscillations of constant amplitude occur for 


( 2 ) 

(3) 


l/f(jOf) = 



(4> 


— 1/N(vf) is termed the describing function of non-linearity. 

To determine the amplitude and frequency of any stable oscil¬ 
lation of the closed loop, the frequency-dependent response of 
the linear system, i/'O'w), and the amplitude-dependent describing 
function, — 1 /N(vf), are plotted on the complex plane. The 
point of intersection of the two loci gives the required inf ormation. 

For the discussion of sub-harmonic resonance, the describing 
function relates the sub-harmonic components before and after 
the non-linear element. This describing function depends on 
the amplitude of the fundamental and sub-harmonic components, 
on the phase relationship between them, and on the order of 
the sub-harmonic considered. 

It is shown in Section 8 that the sub-harmonic component 
undergoes a phase shift in passing through the non-linearity 
only if its frequency is a simple fraction of the input frequency. 
Considering one particular sub-harmonic frequency, the 
describing function depends on three variables—the amplitudes 
of the two components at the input to the non-linear element 
and the phase relationship between them. This input signal 
may be written 

v t — a cos cot + b cos ( nojt -f <f>) ... (5) 

As <f> is varied the describing function, plotted on the complex 
plane, follows a closed curve symmetrical about the real axis. 
Zero phase change occurs for </> = 0 and cf> — it. 

For the class of systems considered, b depends almost entirely 
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low-frequency component of the output only if the second or 
third term involves sin cot. For this it is necessary for 

2 = 1 or In — 1 = 1 . . • • (10) 


n 


on the amplitude of the primary input to the system, i.e. there is 
relatively little amplitude of this frequency component m the 
feedback signal in the frequency range considered. Thus b may 
be considered independent of the amplitude of the sub-harmonic 

component. , 

Thus for a given amplitude of input to the system, the 

describing function is a function of the two variables a and <j>. 3 3 ^ 2 

A particular hard-spring non-linear element has a describing Vq — J cos cot + 

function as shown in Fig. 2. 


i.e. n = 3, or n = 1 which is neglected. 
Substituting n — 3 gives 



3 a 2 b , . 

-j- cos (cot + cp) 

and terms in Scot, etc. 


( 11 ) 


Fig. 2.—-Describing-function loci of the cubic non-linearity} 
v 0 — vf for variable <f>. 

6=0-3. 

(3) A SPECIFIC NON-LINEARITY 
As an example of the method of procedure, a non-linear 
element whose output is proportional to the cube of the mpu 
is considered, 

i.e. v Q =v 2 . (6) 

This example is taken because of the ease with which a complete 
mathematical treatment can be given, and it in no way provides 
a limitation on the range of application of the theory. 

Let the input be of the form 

v { — a cos cot + b cos ( ncot + </>)] f • • • ( 7 ) 

where n is greater than unity but is not necessarily an integer, 

v o = a 3 cos 3 cot + 3 a 2 b cos 2 cot cos (ncot -f- <j>) 

+ Sab 2 cos cot cos 2 (ncot + cj>) + b 3 cos 3 (ncot + cf>) 


The information required is the amplitude and phase change 
of the low-frequency component in the output, the amplitude of 
the fundamental, of frequency Sco/lir, being regarded as pre¬ 
determined. 

Let the phase change be 8. From eqn. (11) it follows that 
S — ah sin cf> 

tan o = o i — 1/9 i i ' jl • • • 

a 2 + 2 b 2 + ab cos <p 

As cj> is varied, it may be shown that 

. i flZ? /. a. 

(tan o) max = ^/( a 4 + 4 / r i _|_ 3 ^T) * } 

If b is maintained constant and a is varied, the maximum value 
of tan 8 occurs for a = ^/(2)b, for which 8 = ± 21°. 

Thus the describing function for this non-linearity always lies 


( 


3a 3 . 3 ab 2 \ , « 3 

T + -r)c os “" + 4 


cos 3 cot 


+ (^ cos (ncot +</>) + ^{ cos [(" + 2 + </>] 


V 2 


+ cos [(« - 2 )oj/ + </>]} + ^-{cos [(2 n + l)oi/ + </»] 

+ cos [(2 n — 1)oj/ + </>]} • • • • • • • ^ 

Eqn. (8) may be rewritten with successive terms increasing with 
frequency as 

/3a 3 3 ab 2 \ . 2>a 2 b 


, 3 ab 2 \ . 

v ° = [T4 + ^TJ cos ^ + “4 


cos [(n — 2)cot + cf >] 


'X n h2 cr ^ 

+ — cos [(In - 1)01/ + cj)] + J cos Scot 

4 

and terms in ncot and higher . (9) 

It follows from eqn. (9) that there is a phase change in the 



pjg # —Boundaries of the describing function. 

in the area bounded by the lines 8 = ± 21°, as shown in Fig. 3. 
This Figure shows the envelope of the describing function lor 

several values of b. 

(3.1) The Experimental Non-Linear Element 

Since it is relatively simple to derive the theoretical response 
of the non-linearity previously considered, an experimental unit 
having an approximately cubic response has been constructed. 

The experimental non-linearity is basically an anode-followe , 
with resistive ratio arms. 6 Diode switches are added, so 
as the input amplitude increases the input resistance decreases, 
and hence the gain of the element increases. 

A total of 24 diodes are used (see Fig. 4), and the input resis¬ 
tances are calculated so that each diode changes the gam of 
the unit by a factor of 1 -5. This is found to be ja 3 ^tisfactory 
compromise between the opposing claims of a smooth charac 

teristic and a large total variation of gain. f^Hhack 

The non-linear element is to be inserted in a d.c. feedback 
loop and to ensure that the input is of the form assumed 
eqn. (7), i.e. with no steady applied voltage, the input_is applie 
through an RC network of large time-constant. This introduces 
negligible phase shift over the working range of frequencies^ A 
d.c path is provided by the high resistance R 0 (see Fig. 4) m 
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Fig. 4.—Circuit of the non-linear function generator. 
R 0 = 4-7 MO. Ri = 2 M.O. i?i 2 *=■ 20 kQ. 


order to minimize drift in the high zero-frequency gain elements 
of the linear system. 

Departures from the ideal cubic characteristic occur for very 
large inputs when saturation occurs, and for very small inputs, 
for which the element behaves linearly. 


(4) THE LINEAR SYSTEM 

Fig. 5 shows the envelope of the theoretical describing function 
for the non-linear element employed, the heavy line representing 



Fig. 5.-~-Derivation of the required frequency response. 

(a) Envelope of theoretical describing function. 

(b) Envelope of practical describing function. 

(c) Required frequency-response locus of the linear system. 


the region of proper operation of the unit. To ensure correct 
operation of the element where sub-harmonics are to be found, 
it is essential that the open-loop frequency-response locus of the 
linear system shall enter the critical area only where the practical 


unit functions correctly. Hence the required open-loop fre¬ 
quency response is of the form shown. It is desirable for the 
response to fall as the frequency is increased, so that the open- 
loop system must have the following characteristics: 

(a) 90° phase shift at high frequencies. 

(b) 90° phase shift at low frequencies. 

(c) A phase shift of between 160° and 180° at some intermediate 

frequency. 

The 90° phase change is provided by a high-gain Miller 
integrator, which operates over the whole of the frequency range 
considered. The further phase lag required is given by elements 
of the form shown in Fig. 6(a). 

Using the notation shown in the Figure, the maximum phase 
shift 6 max is given by 



To give a phase change of 70° with one such element introduces 
a large attenuation at this frequency, and it is found preferable 
to use two elements in cascade, in which case 


*2 

*1 


0-35 


The frequency at which the phase shift is a maximum is given by 


oj 2 = 0-3S6C 2 R 2 

The block diagram of the system is shown in Fig. 6(b). 


Dtt oh -i -P+ 



(a) (b) 

Fig. 6.— (a) A phase-shift network, (b) Block diagram of the experimental system. 
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be self-starting in this system, since for small amplitudes of sub¬ 
harmonic component the describing function is a ong e 
negative real axis and does not cut the open-loop frequency- 
response locus. This is verified experimentally, for no sub¬ 
harmonics are observed unless started by applying an impulse 
to the system. 

The results for the generation of sub-harmonics are given in 
Fig. 7. This shows the theoretical and experimental region ol 
input amplitude and frequency in which sub-harmonics are 
generated. No stable sub-harmonic frequency of order other 
than one-third has been observed in the experimental system. 

Fig. 8 shows the waveforms at the input and output ol the 
system when sub-harmonic resonance occurs. 


(5) THE RESPONSE OF THE SYSTEM 
The frequency response of the above system in the absence of 
sub-harmonics may be evaluated using known techniques. > 
This gives the variation of v t with the amplitude and frequency 
of the input. The describing function for this value of v t is 
then centered. If this cuts the open-loop frequency-response 
locus at a frequency of one-third the input frequency, continuous 
sub-harmonic oscillations can result. These oscillations can be 
considered as an instability of the closed loop owing to the 
additional phase lag which is introduced by the non-linearity 
when a forcing sinusoidal signal is applied to the system. 

From Fig. 5 it is evident that the frequency of these sub- 
harmonic oscillations is approximately equal to the natural 
frequency of the system, so that the fundamental output is very 
3 for an input of three times this frequency. Thus it is 
legitimate to neglect the fundamental output amplitude initial y 

in comparison with the input amplitude. . 

It is to be expected that the sub-harmonic oscillation will not 




pj g s —Waveforms at the input and output of the system when 
sub-harmonic resonance occurs. 

(a) Input. (b) Output. 


(6) CONCLUSION 

A method has been presented giving a graphical analysis 
of the generation of sub-harmonic frequencies. These sub¬ 
harmonics are shown to be due to the input signal modifying 
the response of the non-linear element to a further signal. This 
can result in a phase change for a further signal whose frequency 

is a sub-multiple of the input frequency. 

In this manner a system which is expected to be stable tor alt 
inputs may produce troublesome forced oscillations. General 
criteria are developed showing the conditions for the absence ot 
these sub-harmonic oscillations. Experimental work agrees with 

these results for a particular system. . u 

Further work is proceeding on the analysis of systems where 
the non-linear element is directly coupled into the feedback 
loop. In this case, a second-order sub-harmonic may be 
generated, owing to a steady voltage at the input to the non¬ 
linearity making its response asymmetrical m form. In such 
cases, calculation of the describing function becomes extremely 

laborious. 
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(8) APPENDIX 

Any single-valued non-linearity may be expressed in the form 

m~ co 

= 2 .(14) 

rn = 0 

Let the input be 

= a cos ajt + b cos (neat -+- <f>) . . . (15) 

where n is greater than unity, but is not necessarily an integer. 
The output is of the form 

co m 

2 ^ B r cos'-(tit cos m ~ r (nojl + (/)) . . (16) 

m— 0 r=0 

This may be written 

co m 

2 S B r (eJ' at + s~^ t y\s^ nu,t+( t , '> + g— j(.nv>t+<j>'ytm—r _ nj\ 
m=0r=0 J 

The bracketed terms may be expanded to give terms of the form 

(e* at + B-j^y = 2 C D sJ'( r - 2 P^ 

p =0 

q — m — r 

| e y(«co?+^) + g -Xnat+ftyn-r — ^ j) s j(m-r-2q)(.nat+<f>) _ 

9=0 

Thus, multiplying the two general terms, the resultant is 

m— oo r=m r m —r 

V 0 ~ 2 2 [2 2 E Bj{^ m ~ r - 2 9)n+r-2p\aUrt.m-r-2q)M 

m = 0r=0 p = 0 9 = 0 ’ •’-* 

.... (19) 


Thus for a resultant of angular frequency a> it is necessary for 
(m — r — 2q)n + (r — 2p) = 1 


i.e. 


_ 1 — r + 2p 
m — r — 2q 


where m, r, p and q are all integers 


( 20 ) 


and 0 < r < m 

0 <P < r 
0 < ? < m - r 

It follows from eqns. (19) and (20) that a phase change can be 
introduced in all the intermodulation products of angular fre¬ 
quency co, since <f> appears in the output multiplied by the term 
(m — r — 2q). This term is never zero for any finite value of n 
which satisfies eqn. (20). By substitution, the following are 
found to be the only possible values of n for the given order of m. 

m — 1. No solution. 
m — 2. n — 2. 
m — 3. n — 3. 
m = 4. n = 4, 3, 3/2. 
m — 5. n — 5, 3, 2. 
m = 6. 72 = 6,4,2,3/2,4/3. 
m = 7. 72 = 7,5,3,2,5/3. 

It follows that, if the non-linearity contains only terms of order 
7?j 0 and less, the highest value of n is n = m 0 . With such a 
non-linearity inserted in a feedback loop, the highest order of 
sub-harmonic oscillation possible has a frequency l// 77 0 of the 
input frequency. 


[The discussion on the above paper will be found on page 594.] 
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SUMMARY 

The paper is concerned with the response to step-function and 
random inputs of a closed-loop system having a specific class of non¬ 
linearity called “hard-spring.” 

In order that an analysis be carried out for step-function inputs the 
system is restricted to that with a second-order characteristic equation. 
Two amplitude characteristics are considered, the first being a con¬ 
tinuous curve, and the second being composed of segments of three 
straight lines. An experimental system is described, and the results 
are compared with analysis. Stabilization is achieved by velocity feed¬ 
back, but derivative of error stabilization is also considered. A discus¬ 
sion of the effect of the non-linear characteristics on the overall stability 
of the system is included. 

The response of the system with the straight-line characteristics is 
obtained for random inputs and in the presence of noise. Detailed 
results and a discussion of their implications and value compared with 
transient and frequency-response testing are given. Theoretical veri¬ 
fication is not included. 


(1) INTRODUCTION 

In many non-linear feedback systems, the nature of the 
non-linear characteristic determines some distinctive feature in 
the system behaviour. This is usually of an undesirable nature, 
but occasionally a particular type of non-linearity yields one 
feature which may find a field of application. Such an interesting 
characteristic is the “hard spring”; 6 recent work 1 has shown' 
that the introduction of a hard-spring non-linearity actually 
decreases the response time, apparently without affecting stability- 
In addition, it is found that the step response time continues 
to decrease with increasing step amplitude. It is also worth 
noting that it is thought 12 that the tensioning of muscle in animals 
(and man) follows a cubic relationship with the stimulating signal. 

In linear analysis it is well known that the stabilization of a 
remote-position-control (r.p.c.) system by velocity feedback 
leads to a velocity lag, so that a persistent positional error exists 
when motion occurs. In many systems tins is no disadvantage, 
but often derivative-of-error stabilization must be used to 


LIST OF SYMBOLS 

v = Instantaneous input signal to the non-linearity. 

A = Amplitude of the input signal to the non-linearity. 
N(v) = Non-linear characteristic. 

w — Instantaneous output from the non-linearity. 

61 = Instantaneous input signal to the servomechanism. 

0‘ n = instantaneous output signal from the servomechanism. 

e. = Normalized instantaneous input signal to the servo¬ 
mechanism. 

e 0 = Normalized instantaneous output signal from the 
servomechanism. 

T — 1/oj„ == Time constant of the identical integrators. 

T d — Damping time-constant using velocity-feedback 
stabilization. 

T di - Damping time-constant using phase-advance 
stabilization, 

T du — Time-constant for critical damping, using phase- 
advance stabilization. 

Gj = D.C. gain of velocity-feedback loop. 

G = D.C. gain of the error-detecting unit. 
oc, j3 = Constants of the cubic non-linearity. 
v d == -\Z(alfi) = An arbitrary constant, 
i fj = v/v d — A non-dimensional variable. 

Y = ej o>„. 

X = e 0 — e t . 

S = Slope of a trajectory at any point on the phase plane. 
V c — Control signal level. 

Jc, m, S = Constants of segmented-line characteristics. 

Aty = Ajv d . * . _ . 

E t — (peak amplitude of input signal u i )lv c . 
j) c == equivalent damping of the non-linear system stabilized 
by velocity feedback. 

D ec — Critical damping for the linear system. 

S } — Normalized sinusoidal signal in the presence of noise. 
AT = Normalized random signal in the presence of noise. 
N in — Normalized noise signal. 


eliminate this velocity lag, and sometimes for other reasons. 

These considerations still hold for similar r.p.c. systems 
having a hard-spring characteristic. For this reason work has 
been done on systems with both types of stabilization. 

The non-linear control systems under consideration form a 
large class 1 - 2 * 3 - 4 - 6 whose characteristic equation can usefully 
and conveniently be altered to a second-order linear differential 
equation with constant coefficients when operating in the linear 


regime. 

The response of non-linear servomechanisms is amplitude 
dependent and hence the input amplitude must be regarded as a 
parameter of the system. In investigating the performance of 
these systems the following parameters are necessary to specify 
the operating conditions: 

(a) Input amplitude.— This is made non-dimensional by using the- 
ratio of the input amplitude to some convenient constant amplitude 
in the non-linear characteristic. 

(b) Degree of non-linearity.— This refers to the constants which 
define the non-linear characteristic. 

(c) Degree of damping.— To be independent of (a) and (b) tins 
refers to the equivalent linear system obtained when the non-linear 
Alpment is removed and replaced by an equivalent linear element. 


(2) A SERVOMECHANISM WITH A HARD-SPRING 
CHARACTERISTIC 

The system to be considered, which is shown in Fig. 1, is 
an idealized second-order r.p.c. system with negligible friction, 
stabilized by output-velocity feedback and possessing a smooth, 
hard-spring characteristic. 



Drs. West and Nikiforuk are in the Electrical Engineering Department, University 
of Manchester. 
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pig. x.—Block schematic of the system. 
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If the relationship between the input to and output from the 


non-linearity is of the form 

w = N(v) .(1) 

then the equation of motion of the system is 

T 2 d 0 — N[G(6i — 6 0 ) — T d 8 0 ] . . . . ( 2 ) 

where T=\Jai n ..(3) 

(2.1) The Cubic Characteristic 


The non-linear characteristic is taken to be of the form 


is fed into an amplifier whose amplitude characteristic is non¬ 
linear, the output can be of the form 

-h0 a +Tjj 

and need only be known graphically as a result of direct experi¬ 
mental tests on the amplifier. Eqn. (10) can be written in the 
form 


A _ _ h(9„ + rA) 

de ° 6 , 


w = av ■+■ j3v 3 .(4) 

where a and are constants. The first parameter is dimension¬ 
less, whereas the second has the dimensions of v~ 2 . In a 
servomechanism the input signal is a measure of physical 
entity, and the slope of the characteristic is therefore determined 
with reference to a particular system using a particular physical 
quantity. It is preferable to stipulate a required characteristic 
without such reference. 

This can be done by defining a non-dimensional variable ip in 
terms of a particular value of the input quantity. Thus, let 

v — *pv d . . . . . . (5) 

where v d is an arbitrarily chosen constant having the dimensions 
of v. 

Eqn. (4) may be written in the form 

w = v d ctfifj + .• (6) 

Since v d is an arbitrary constant, any value which simplifies the 
above equation may be taken. 

Let v d = V(«/£) ...... (7) 

Hence eqn. (6) becomes 

wjv d = aO/r + ^r 3 ).(8) 

(2.2) Degree of Damping 

This refers to the equivalent linear system obtained when the 
cubic non-linearity is removed and is replaced by a linear 
amplifier of gain a; i.e. $ = 0 in eqn. (4). 

(2.3) Extension of Lienhard’s Construction 

For convenience it is generally arranged that the steady-state 
position determined by the final position of the input shall be at 
the origin. To obtain this, the system is assumed at rest at a 
point ~E i until an input step of magnitude E t is applied. For 
many second-order systems this response is the same as that 
obtained when the input is held at zero level and the output is 
released with an initial error. The resulting characteristic 
equation may be of the form 

6 0 + S0 O ) + f(6 0 ) = 0 . . . . . (9) 

where g and f may or may not be linear functions of velocity 
and position. The simplest general method of determining the 
trajectories of eqn. (9) is one first described by Lienhard. 6 

Of particular interest to servomechanism theory is the charac¬ 
teristic equation of the form 

do + Hi, 9 0 ) = 0 . . . . . (10) 

where the function h is not separable into the two functions e 
and f of eqn. (9). 

An extension of Lienhard’s method 7 can be used to determine 
the trajectories of eqn. (10). If a control signal 


A trajectory is constructed by starting at the required point, 
usually on the horizontal axis, and finding the gradient at this 
point. This is drawn as a short line. A second point is chosen 
at the tip of this short line and a second gradient is obtained. 
Thus the entire path is constructed of small segments. The 
method of obtaining the gradient at a specific point is as follows: 


(a) The axes of the phase-plane must be graduated in similar 
scales. 



Fig. 2—Graphical extension of Lienhard’s construction. 


multiplied by T d , which can be done graphically, and is added 
algebraically to 6 ol . A vertical line NQ is drawn through P 
where 

NQ = e cl + Tj ol 

(c) A graph of the non-linear characteristic of the amplifier 
in the form 

d 0 = -Hi) 

is drawn on the same figure. 

id) A horizontal line is drawn through Q intersecting the 
axis at R and the function 

d 0 = —Hi) at L 

Then LR represents the function — h(0 o + rA) at 8, = 8 ol , 
do d a i> 

(e) A point N' is marked off on PM such that PN = PN' = 0 ol . 
A normal N'T and of magnitude LR is erected on PM at N', 
the direction of the normal being such that it points in the 
direction of the positive i axis if —h (d ol + T d 6 o{ ) is positive, 
and in the direction of the .negative 6 0 axis if — h(0 ol + T d 6 ol ) is 
negative. The required gradient at P is given by an extension 
of the line PT (note direction). 

(/) This construction is repeated for a neighbouring point P : . 
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(2.4) The Phase-Plane Portrayal of the Step-Response 
Without the direct solution of eqn. (11) it is possible to 
obtain a qualitative idea of the step-function reponse of a 
simulator possessing a cubic non-linearity of the form given by 
eqn. (10) using the above extension of Leinhard’s construction. 

As developed in Appendix 11.1 the normalized equation of 
motion of the simulator of Fig. 1 possessing a cubic non-linear 
characteristic is 

dY KGX + T d co n Y) + (GX + 7>„Y) 3 ] 

~dX~ a- y * C 

the slope S of a trajectory at any point on the phase-plane being 
equal to dY/dX- 

There are four cases of particular interest. 

(a) S — oo: The trajectory is vertical and the locus is Y — 0. 
(h) S = 0: There is only one real solution of eqn. (12). 

The locus that passes through points of zero slope on the 
trajectories is a straight line through the origin whose equation is 


Y = 


G 

T a°>n 


X 


(13) 


(c) Variation of the trajectory slope on the Y axis. For this 
case eqn. (12) reduces to 

5= -a 2 >„[l .+ (7>„r) 2 ]. • • • ( 14 > 


The slope increases rapidly as Y is increased. 

(d) S = — 2GlT d oo n for the equivalent linear simulator. For 
this condition the linear simulator is critically damped and the 
equation of the straight-line trajectory in the phase-plane is 
determined from eqn. (43) and (44) to be 

Y=-~X .(15) 

T d°>n 

For this damping there is a limiting boundary for the non-linear 
simulator, which cannot be crossed by any trajectory. This 
boundary passes through the origin. The system is approxi¬ 
mately linear for small values of X and Y, and therefore near the 
origin the slope of the limiting boundary will be equal to that 
of the straight-line trajectory of the linear system. Starting at 
the origin, the required trajectory can be drawn by the con¬ 
struction described in Section 2.3. The limiting boundary and 
two non-linear trajectories are shown in Fig. 3. In addition, 
two trajectories of the equivalent linear simulator are shown in 
broken line. Two non-linear trajectories and the two corre¬ 
sponding linear trajectories are shown in Fig. 4 for small damping. 



Fig. 3.—Step-function response in the phase plane for a critically 
damped system with a cubic non-linearity. 

(a), ( b ) Non-linear responses. 

(c), (4) Corresponding linear responses. 



Fig. 4.—-Step-function response in the phase plane for a lightly damped 
system with a cubic non-linearity. 

(n) Non-linear response. 

(£») Corresponding linear response. 


(2.5) Pattern of the Response as Displayed on the Phase-Plane 

If the linear simulator is critically damped there is no over¬ 
shoot for either system. The rise time of the non-linear simu¬ 
lator is smaller, and this is indicated by the output velocity of the 
non-linear system being greater than that of the linear system 
throughout the entire response. The ratio of the maximum 
velocity attained by the non-linear simulator to that attained by 
the linear simulator for the same step input increases with an 
increase of the input amplitude. Consequently, the ratio of the 
corresponding rise times decreases. 

The same discussion regarding the rise time applies to the 
underdamped condition. Typical linear and non-linear tra¬ 
jectories are shown in Fig. 4. The velocity of the non-linear 
system is considerably greater than that of the linear system 
throughout most of the response, becoming smaller only near the 
first overshoot. The acceleration and deceleration of the non¬ 
linear system are greater than those of the linear system. 


For underdamped systems the ratio of the first overshoot of 
the non-linear system to that of the linear system for the same 
step input can be taken as a measure of the improvement in the 
transient response. 

(3) A SECOND-ORDER SIMULATOR POSSESSING A 
SEGMENTED-LINE CHARACTERISTIC 

Physically straight-line segmented characteristics can be 
achieved more accurately and more easily than smooth charac¬ 
teristics of the form given in eqn. (4) and are therefore more 
adaptable to practical systems. It is in this respect that an 
analysis has been carried out for a segmented-line characteristic^ 

(3.1) The Straight-Line Segmented Characteristic 

The experimental investigation has been limited to that 
particular characteristic 1 shown in Fig. 5. It consists of three 
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Fig. 5.—The segmented-Iine non-linear characteristic. 

V c — T 5 volts. 
k = 0-94. 

straight lines, and non-linear operation occurs sharply at the 
control signal level ± V c . 

(3.2) The Non-Linear Element 

The non-linear element 1 consists of two amplifiers in parallel 
with a common input and their outputs added together. One 
amplifier has a small constant gain k over the whole operating 
range. The other has a constant gain M a that can be varied; 
by a diode arrangement the amplifier is made operable only when 
the input magnitude is greater than ± V c . Hence 

m = k -f- m a 

(3.3) Degree of Damping 

This refers to the equivalent linear system obtained when the 
mon-linearity is replaced by a linear amplifier of gain Ic. 

(3.4) The Analogue Computer 

The computer used in this work simulated an elementary 
second-order r.p.c. system with the inclusion of the segmented- 
Iine characteristic and stabilized by output-velocity feedback. 

The design of this simulator is conventional 8 - 9 and little detail 
will be given here. A block schematic is shown in Fig. 1, where 
all the elements incorporate negative-feedback amplifiers of the 
anode-follower type. The integrators are of the Miller type. 


The normalized equations of motion (see Appendix 11.2) for 
the three conditions are 

dY 

Y Jx+ a) n T d kY +kG x =0 for condition 1 .(16) 

dY 

oj ri T d k(mjk)Y + mGX = — S for condition 2 . (17) 
dY 

and Y — + oo n T d k(mjk) Y + mGX = 8 for condition 3 . (18) 

ClJL 

(4.1) The Phase-Plane for the Straight-Line Segmented 

Characteristic 

Owing to the sharp change from linear to non-linear operation 
it is possible to draw boundaries on the phase-plane correspond¬ 
ing to the limits of each mode of operation. As a result, the 
phase-plane can be divided into three regions, each having 
characteristic trajectories. 

The boundaries between linear and non-linear modes of 
operation are given by 

r= -jX iG x± i) .... (19) 

T d w n 

and are shown in Fig. 6. 



(4) ANALYSIS OF THE STRAIGHT-LINE SEGMENTED 

SYSTEM 

There are three conditions under which a simulator possessing 
the non-linear characteristic of Fig. 5 operates: 

Condition 1 | V p \ < V c 

Condition 2 V p > V c 

Condition 3 V„ < — V 

where V p is the peak value of the control signal 


Fig. 6.—Loci of constant slope and the boundaries dividing the phase' 
plane into regions of linear and non-linear operation. 





It is possible to obtain a qualitative idea of the trajectories 
in the three regimes without solving the normalized equations 
of motion. The types of trajectories obtained in the linear region 
are well known 10 * 11 and will be dealt with very briefly. 

The locus of all points in the linear regime having a given 
slope S is 


Y — 


kGX 

S + c o n T d k ' 


. ( 20 ) 
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(a) S = oo. The trajectory is vertical and the locus is 
Y = 0. 

(b) s = 0. The trajectory is horizontal and the locus is 


Y= - 


GX 

°>n T d 


( 21 ) 


(c) S = —a> n T d k. The locus is X = 0. 

(d) A straight-line trajectory for critical damping. The 
locus is found from eqn. (16) to be 


Y = 


<*>n T d k 

2 


X 


( 22 ) 


For the condition V p > V c the locus of all 
given slope S is 

_ mGX + 8 

Y ~ S + (oj n T d k)(mjk) 


points having a 


(23) 


and this equation 
through the point 


defines a family of straight lines passing 



Y = 0 


For the condition V p < -V c the locus is 

_ mGX - 8 

S -f- (co n T d k)(mfk) 


• (24) 


and this equation 
through the point 


defines a family of straight lines passing 



0 


at Y = + oo. 

Similarly it can be shown that along the negative Y-axis the 
slope varies from a value of 

S = — oj n T d k 

at the point of intersection of the negative Y-axis and the 
boundary 

Y= ~f-(GX + 1) 

T d^n 

to a value of S = — co n T d k(m[k) 

at Y = — oo. 


(d) The straight-line trajectories. 

If the simulator is critically damped in the linear region it is 
overdamped in the non-linear region. There are then (see 
Appendix 11.3) two straight-line trajectories terminating on the 
boundary 


Y 


T d co n 


iGX 


1) 


and another two straight-line trajectories of the same slope as 
the first two, terminating on the boundary 


Y = - f-(GX + !) 

T d^n 

If the trajectories were extended into the linear regime the first 
two would pass through the point 


For the non-linear mode of operation there are four cases of 
particular interest. 

(a) S = co. 

The trajectory is vertical and the locus is Y = 0. 

0 b ) S = 0. 

For condition 2 the locus is found from eqn. (23) to be 

Y= -_1— [GX + (1 - k{m)\ . . . (25) 

T d°>n 

and for condition 3 the locus is found from eqn. (24) to be 

Y=--— [GX - (1 - k/m)] . . . (26) 

T d°> n 

The two conditions expressed by eqns. (25) and (26) do not 
hold since the loci of zero slopes fall completely within the 
region of linear operation. Therefore there is only one real 
solution for S — 0 expressed by eqn. (21). 


(c) The variation of the slope along the Y-axis. 

The variation of the slope S along the positive Y-axis can be 
found by putting X — 0 in eqn. (18). 

Hence S — — co n T d k(mjk) .... (27) 

The slope therefore varies from a value of 


S — co n T d k 

at the point of intersection of the positive Y-axis and the boundary 


Y 


T d W n 


(GX - 1) 


and the latter two through the point 



Two of the trajectories have the slope 

^ = ~ u n T d k(mlk) - V{ [o) n T d k(mlk)] 2 - 4m g} (2g) 

2 

and the other two have the slope 

s = - co n T d k(mJk ) + V{Kr/(#)] 2 - 4 mG} . ^ 
2 2 

It is shown in Appendix 11.4 that the line which is the locus 
of all points having a given slope S' in the linear regime intersects 
a boundary at the same point as the line which is the locus of 
all points having the same slope S' in the non-linear regime. 
The typical loci are shown in Fig. 6. 

(4.2) The Step-Function Response in the Phase-Plane 

The response for the following three values of damping is of 
particular interest: 

(a) D e < D ec \/(k/m). 

(b) D e = D ec -\/(kJni ) = (critical damping m the non-linear 

region). 

(c) D e = D ec = (critical damping in the linear region). 

(4.2.1) The Step-Function Response for De < Declfikfm). 

For this damping the response of the system is underdamped 
in both modes of operation. The response can be studied with 




580 


WEST AND NIKIFORUK: THE RESPONSE OF REMOTE-POSITION-CONTROL SYSTEMS WITH 


the aid of Fig. 6. ABO and CDO are typical non-linear loci of 
constant slope, and A'BQ and CDO are the loci of the equi¬ 
valent linear simulator. The effect of the non-linearity is to 
produce greater acceleration and deceleration than would be 
obtained with the equivalent linear simulator. 

The result of this is shown in Fig. 7. A typical non-linear 
trajectory and the corresponding linear trajectory are shown in 
this Figure. 



Fig. 7.—Step-function response in the phase plane of a system with a 
segmented-line characteristic. 

m = 5-0. 

JOg “0*1 -Ogc. 

(a) Non-linear response. 

(b) Corresponding linear response. 


The overshoots of the non-linear simulator are much smaller 
than the corresponding overshoot of the linear simulator. The 
maximum velocity attained by the non-linear simulator, is much 
greater than that attained by the equivalent linear simulator, and 
the rise time of the non-linear simulator is much less than that 
of the linear simulator. 

Fig. 8 shows the improvement in the first overshoot with 
increasing amplitude of the step input, and also with increasing 
non-linearity. 

The ratio 

First overshoot of the non-linear simulator 
First overshoot of the equivalent linear simulator for the same 

step input 

tends to a limit value which is given by the ratio 

First overshoot of the equivalent linear system of gain M 
First overshoot of the equivalent linear system of gain k 

There is a similar improvement in the rise time. 



Fig. 8.—Improvement in the transient response of a system with a 
segmented-line characteristic. 

(a) m = 5-0. 

( b ) m — 15-0. 


(4.2.2) The Step-Function Response for D e = DecV(k[m). 

For this damping the response in the non-linear regime is 
critically damped. There are then two straight-line trajectories 
of slope 

c _ OJ „T d k(mjk) 


and they are shown in Fig. 9. 

The motion for a step input of X — — oo takes place along 
the straight-line trajectory AB. At B this trajectory intersects 
the boundary separating linear and non-linear modes of opera- 



Fig. 9.—Limiting boundaries on the phase plane for a value of 
damping that is critical in the non-linear regime. 

s 


Pi = - 


mG’ 


0 . 


Pi 


mG’ 


0 . 
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tion. The subsequent motion in the linear region takes place 

along the trajectory BCO. , 

There is a certain minimum value of input —X c tor wmcn tne 
motion after it has left B takes place along the trajectory BCO. 
The motion in this region, and consequently the magnitude of the 
first overshoot, is independent of the input for all inputs greatei 
than -X c . The input -X c may be determined by the extension 

described in Section 2.3. 

The motion for a step input of X — + co takes place along 
the straight-line trajectory DE. 

A typical non-linear trajectory and the corresponding linear 

trajectory are shown in Fig. 10. 

For this value of damping there is a very marked improvement 

in the transient response. 



Fig. 10.—Step-function response in the phase plane of a system with a 
segmented-line characteristic. 
m — 5 - 0. 

D e is critical in the non-linear regime. 

(a) Non-linear response. 

lb) Corresponding linear response. 

(4.2.3) The Step-Function for D e — Dec. 

For this damping the response of the simulator is critically 
damped in the linear regime. There is one straight-line trajectory 
in the linear region of slope 

~_ <*>n T d k 

S 2 

and four straight-line trajectories in the non-linear regime; two 
of the trajectories have the slope S { of eqn. (28), and the remain¬ 
ing two trajectories have the slope S 2 of eqn. (29). 

If the input is released from rest at X = — oo the resulting 
motion is shown in the phase plane of Fig. 11 and occurs along 
the straight-line trajectory AB whose slope is S 2 - At B the 
straight-line trajectory enters the linear regime and the subsequent 
motion approaches the straight-line trajectory CO of the linear 
regime. The limiting boundary consists, therefore, of the 
straight line AB and the curve BO. 

For this value of damping, there is also a trajectory which 
passes through point B but which remains within the linear 
re gim e at B. This trajectory —X cl BO can also be determined 
by the extension described in Section 2.3. For all values of X 



numerically less than - X cl the response from point B to the 
origin occurs along curved portion BO of the limiting boundary. 

A typical non-linear response is shown in Fig. 12. For this 
degree of damping there are no overshoots and the improvement 
in the transient response is small. 



m — 5-0. 

D e is critical in the linear regime. 

(a) Non-linear response. 

lb) Corresponding linear response. 
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Fig. 13.—Experimental transient responses and phase-plane trajectories. 

/n = 5-0. 
j) 6 = 0 ’ lD^c* 

5) 0I1 "'^ n ear response, E$ = 4*3. (, d ) Corresponding linear response, Ei = 10*4. 

(£>) Corresponding linear response, Ei = 4*3. D e — 0*1 D ec . 

\ \r A? — 0’2D e< .. (e) Non-linear trajectory. 

(c) Non-linear response, E$ = 10-4. (/) Corresponding linear trajectory. 
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(5) experimental results using the segmented- 

LINE CHARACTERISTIC 

The experimental system was of the form shown in Fig. 1, 
and the non-linear characteristic was of the form shown in 
Fig. 5. V c was made equal to 1 - 5 volts, k equal to 0-94 and m 
equal to 5 C -0. The amplitude’of the step input was varied oyer 
an appropriate range. The following three values of damping 
were used: 

0-1 D ec . 

D ec V(klm). 


advance is different from the corresponding response of a system 
stabilized by velocity feedback. 

(6.1) Basic Analysis 

The closed-loop equation of an idealized linear second-order 
system stabilized by phase advance is 


kG(l +pT dl )e i 
p 2 T *+pkGT dl + kG 


. . (30) 


D 


ec m 


The experimental results are shown in Figs. 13, 14, and 15. _ 

The behaviour of the non-linear system for a value of damping 
equal to 0-1 D cc and for various values of input amplitude is 
shown in Fig. 13. The corresponding linear behaviour is also 
shown in this Figure. The response of the non-linear system to a 
small input is shown in Fig. 13(a). Comparing this with the 
corresponding linear response shown in Fig. 13(6) it is seen that 
there is small improvement. 

The non-linear time response to a much larger input is shown 
in Fig. 13(c), and the corresponding linear response in Fig. 13(d). 
There is a marked improvement in the non-linear response. 
This experimental behaviour agrees favourably with the behaviour 
predicted from graphical analysis. 

The non-linear response in the phase plane is shown in 
Fig. 13(c), and the corresponding linear response in Fig. 13(/). 
The non-linear response shows pronounced flattening at maxi¬ 
mum and minimum velocity. This is due to the linear regime. 
The non-linear response also shows a marked increase in output 
velocity and a considerable reduction in the first overshoot. 

The behaviour of the non-linear system for a value of damping 
/) = D cc '\/(klm) is shown in Fig. 14. The response of the non¬ 
linear system to a small input is shown in Fig. 14(a), and the 
response to a large input is shown in Fig. 14(c). The corre¬ 
sponding linear responses are shown in Figs. 14(6) and 14(a) 
respectively.' Figs. 14(a) and 14(c) show that the overshoot is 

independent of the input amplitude. 

The response in the phase plane of the non-linear system is 
shown in Fig. 14(c) for two values of input amplitude. The 
response near the origin is independent of the input amplitude, 
and this agrees favourably with the curves of Fig. 10. The 
corresponding linear response is shown in Fig. 14(/). 

The reduction in the first overshoot of the non-linear response 
is considerable when the input signal is large. There is also 
an improvement in the rise time. ^ ^ ^ 

is 


where T dl is the damping time-constant. 

The effect of the spike upon the step-function response may 
be seen by differentiating eqn. (30) with respect to time. 


Hence 


4 = 


pkG(l J r pT dl )e i 
p 2 T 2 + pkGT dl + kG 


(31) 


Let a step-function e t — —h be applied at the time t — 0. 

The limit of e 0 at t — where & is positive and approaching 

zero, is given by 

— pkG{ 1 + pT d i)h 


Lim 


This equals 


P 2 T 2 + pkGT dl + kGj 
-kGT dl hlT 2 . . 


(32) 


The non-linear response for a value of damping D ec _ 
shown in Fig. 15(a), and the corresponding linear response m 
Fig. 15(6). There is almost no difference in the responses. The 
response in the phase plane of the non-linear system is shown 
in Fig. 15(c), and the corresponding linear response in Fig. 15(d). 
These responses agree favourably with the curves shown in 

Fig. 12. „ . , 

In Fig. 15(c) the non-linear response to the small input corre¬ 
sponds approximately to the trajectory obtained when the input 
is — X cl (see Section 4.2.3). 

(6) DERIVATIVE-OF-ERROR STABILIZATION 

If a step-function of amplitude h is applied to a phase-advance 
element whose characteristic equation is 

the output consists of a step of amplitude h and a spike of 
infinite amplitude and zero time duration. Consequently the 
response in the phase plane of a system stabilized by phase 


The immediate effect of this inherent characteristic in a phase- 
advance element is to produce an instantaneous jump in the 
output velocity. The analysis of the subsequent motion in the 
phase plane is similar to that described in Section 4.1. The 
effect of this instantaneous jump upon the subsequent motion 
may be deduced by noting that as a result of it, the output 
velocity is greater for the same input than that of a system 
stabilized by output-velocity feedback. Consequently the rise 
time of the former is less than that of the latter, the overshoot 
of the former being greater than that of the latter. 

(6.2) Experimental Results 

Fig. 16(a) is the transient response of the non-linear simulator 
stabilized by phase advance, and Fig. 16(6) is the corresponding 
response of the linear system which is also stabilized by phase 
advance. Fig. 16(c) is the corresponding non-linear response of 
the system stabilized by velocity feedback, Figs. 17(a), ( ), 

17(c) and 17(d) are the corresponding phase-plane responses. 

By comparing Fig. 16(a) with Fig. 16(c) it is seen that for the 
same damping, non-linearity and input amplitude the rise time 
of the system stabilized by phase advance is less than that ot the 
system stabilized by velocity feedback; the first overshoot of the 
former is greater than the overshoot of the latter. 

By comparing Fig. 17(a) with Fig. 17(c) it is seen that the 
output velocity of the system stabilized by phase advance is 
greater than that of the system stabilized by velocity feedback. 

As shown in Figs. 17(a) and 17(6) there is a very rapid but not 
instantaneous increase in the velocity of a system stabilize y 
phase advance. This is because (a) there is always present an 
unwanted time-constant in the phase-advance unit and as a 
result the spike is of finite duration; and (6) saturation occurs 

when the amplitude of the spike is large. . , 

It is exceedingly tedious to carry out an exact analysis of the 
transient response of a system stabilized by phase advance 
because of these two physical limitations. 

(7) STABILITY CONSIDERATIONS 
The open-loop equation of the non-linear system using 
derivative-of-error stabilization can be written in the form 


p 2 T 2 e a = N 


G(«|-0(-I 


1 + pT d i 


+ piT dl ) J 
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Fig. 14.—Experimental transient responses and phase-plane trajectories. 


(a) Non-linear response, E{ = 4 • 5. 

(b) Corresponding linear response, E{ — 4-5. 
(e) Non-linear response, Ei — 10 -4. 


m = 5'0. , , ■ 

D e is critical in the non-linear regime. 

(cl) Corresponding linear reponse, E t = 10-4. 

(e) Non-linear trajectories. 

(f) Corresponding linear trajectory. 
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(C) 



pig. is.—Experimental transient responses and phase-plane trajectories. 


m = 5'0. 

D 0 is critical in the linear regime. Non-linear trajectories. 

(a) Non-linear response, Ei = 10-4. (rf) Corresponding linear trajectory. 

\b) Corresponding linear response, £i — 1U-4. 


where gT dl is the unwanted time-constant of the phase-advance 

When the input is sinusoidal useful information for fre¬ 
quency/response analysis and stability determination of non¬ 
linear systems can be obtained by resolving the output of the 
non-linear element into Fourier components. This is the 
“describing-function technique.” 13 In most control systems only 
the fundamental component is of interest, the higher-order com¬ 
ponents being attenuated by the servo-motor. 

(7.1) The Stability of a System possessing the Cubic Non-Linear 

Characteristic 

If a sinusoidal input signal of frequency cojlrr is applied to 
the system and it is assumed that the harmonics in the output 
are negligible—owing to the attenuation by the integrators—then 
the error signal is also sinusoidal and is of the same frequency. 
If the input signal to the cubic non-linearity is 

v = A sin cot .. (33) 

A 

then from eqn. (5) ip — — sin cot 

v d 

— Aty sin cot 

The output is then 

wjv d = cc(A^ sin cot + A\ 


(34) 


sin 3 cot) 


1 iv 
ccv d 


A 3 

Aty sin cot + -4^(3 sin cot — sin 3cot) 


tie fundamental component is 

= A4X + $Al) sin cot 


jX\V d J Jfund. 


(35) 


(36) 


Considering the ratio, output/input, as a transfer function 
e characteristic forms a describing function for fundamental 
itput for sinusoidal input given by 


D(A^) = 1 + 


(37) 


For convenience a is not included in the describing function 
it is included with the gain of the rest of the loop. 

Using the fundamental transfer function the open-loop 
[uation of the non-linear system becomes 

pU, = tLpGD(A, : )(\ +pT dl )e 

ts. = - i —-(1 + ju>T dl )D(A$) . . 

e T 2 co 2 

here it is assumed that = 0 


(38) 
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(b) 



(c) 

Fig. 16.—Experimental transient responses and using 
derivative-of-error stabilization. 

m — 5-0. 

•U, = 0’20J0gc. 

(a) Non-linear response, E\ = 4-3. 

(b) Corresponding linear response, Ei — 4-3. 

(c) Corresponding non-linear response using velocity feedback 

stabilization, Ei = 4- 3. 


and p — jco 

Eqn. (38) may be written in the form 




The closed-loop response is given by 


fo _ T>(/4^)d)(co) 

e i 1 + D(A,\)(b(to) 

0(co) 


1 


+ 0(w) 


( 39 ) 


The critical point for stability, the (—1, 0) point in the linear 
system, is now a series of points lying on the locus — IjD(A^) 
as is varied. If the frequency locus <E>(w) encloses any 
portion of the amplitude locus — for 0 < A^ < oo, 

the closed-loop system will be unstable. 

These two curves are shown in Fig. 18, and it is seen that for a 
second-order system no instability can occur for any amplitude 
of input signal. 

In actual systems the required form of the transfer function 
(1 + PT d {) of the phase-advance unit is not realizable and there 
is an unwanted time-constant £T dl . 

In many servo-systems the signals are discontinuous and a 
smoothing circuit must be used, the simplest form having a 
transfer function 

1 

1,+ pTs 


If these additional time-constants are included, the locus of 
d>(of) may cut the real axis near the origin and the describing 
function at a point P is as shown in Fig. 18. P corresponds 
to an unstable limit cycle of such a form that a displace¬ 
ment to the left produces a stable system and a displacement 
to the right produces an unstable system with ever-increasing 
amplitude of oscillation. However, saturation will produce a 
stable limit cycle. 

In practice, saturation of the cubic non-linearity will occur at 
some amplitude. The corresponding describing function is 
shown in Fig. 18. 

In this case the stability conditions are as shown by curves ( b ), 
(c) and (d) of Fig. 18. The amplitude locus is curve ( b ). The 
frequency locus for a small gain factor is represented by curve ( d ), 
whilst the frequency locus for a larger gain factor is represented 
by curve (c). The frequency locus represented by curve id) will 
give rise to a stable closed loop system irrespective of amplitude, 
whilst the locus represented by curve ( c ) will give rise to two limit 
cycles, one divergent and one convergent. 


(7.2) The Stability of the System Possessing the Segmented-Line 

Characteristic 


The describing function for the segmented-line characteristic 
which is derived in Reference 1 (Appendix), is given by the 
expression 


d 2 ]} 


where <f> — arc sin (vjB) is the angle at which the non-linearity 
first occurs and B is the amplitude of the input signal to the 
non-linearity. The critical point of stability is now a series of 
points lying on the locus of -1 JD(B). This locus lies along the 
negative real axis between the points (—1, 0) and (- kjm, 0) 
and is shown in Fig. 18; the critical point for a linear system 
with an amplifier of gain k being (—1, 0). 
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0 b ) 


(d) 


Fig. 17.—Experimental phase-plane. 


m = 5*0. 

D a = 0*20 Dec* 

(a) Non-linear trajectory using derivative-of-error stabilization. (c) Non-linear trajectory using velocity feedback stabilization. 

(b) Corresponding linear trajectory. id) Corresponding linear trajectory. 


Curve (c) in Fig. 19 represents the frequency locus of a second- 
order system. No instability can occur for any amplitude of the 
input signal. Curves ( b ) and (a) represent typical frequency loci 
of a fourth-order system for two different values of gain factor. 
The locus for small gain represented by curve (b) will give rise 
to a stable closed-loop system irrespective of amplitude; the 
locus for a larger gain factor represented by curve (a) will give 
rise to an unstable closed-loop system. 

(8) THE TRANSIENT BEHAVIOUR OF A LINEAR SYSTEM 
WITH AN AMPLIFIER OF GAIN M 

The transient response of the system with the segmented-line 
characteristic for critical damping in the non-linear regime is 
shown in Fig. 20(a), and the response of the linear system obtained 
when the non-linear element is replaced by a linear amplifier of 
gain M is shown in Fig. 20(b). 

For this damping the difference is most evident, especially for 
small amplitudes of input signal. For large inputs there is little 
difference between the responses. 


(8.1) Stability Considerations 

It is possible that a linear system of order higher than the 
second will be unstable at a gain M x . For example, the frequency 
locus of a fourth-order linear system is shown in Fig. 18 to pass 
through the critical point (— k/m u 0); the critical point for a 
linear system with an amplifier of gain k being (—1,0). If 
there is no saturation the amplitude locus of the corresponding 
segmented-line characteristic lies between the points (—1,0) 
and (— lclm u 0). Because of saturation, the non-linear system 
will be stable at all amplitudes of the input signal; moreover, the 
non-linearity can be increased considerably before instability 
occurs. 

(8.2) Experimental Results 

The second-order linear system was changed to a fourth-order 
system by the addition of two extra time-constants %T dl and T s . 
The first was introduced by increasing the unwanted time- 
constant of the phase-advance unit and the second was intro¬ 
duced by the addition of a smoothing circuit. 
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Fig. 18.—Nyquist diagram for a system with a cubic characteristic. 

(a) Negative reciprocal of the describing function for a cubic characteristic. 

( b ) Negative reciprocal of the describing function for a cubic characteristic when 
saturation is present. 

£3(c) Frequency locus of a fourth-order system. 

(d) Frequency locus of a fourth-order system, with smaller gain factor than that 
of (c). 

(e) Frequency locus of a second-order system. 



Fig. 19.—Nyquist diagram for a system with a segmented-line. 

(a) Frequency locus of a fourth-order system. 

(b) Frequency locus of a fourth-order system, with a smaller gain factor than that 
of (a). 

(c) Frequency locus of a second-order system. 


The open-loop equation of this fourth-order linear system is 

^-'H(rT0£)/ a+ 'V. 

and the closed-loop transfer function is 


where 


MG(l + P T dl ) 

a o P* + a \ P 3 + a 2 p 2 + a 2 p + a 


<3q 


T,(T, 


d\ 


to 2 


. . (40) 


„ _ T s + £ T d\ 

at - 5 - 

OJ 2 

1 

«2 = 

OJ 2 

a 3 = MGT dX 
a 4 = MG 

Using the following constants, 

T's ~ = ioT di 

^n^dl =2-4 
G — 0-44 

it is found from the Hurgitz-Routh stability criterion that for 
stability 0 < m < 6 • 4. It was found experimentally that the 
system became unstable at a value of m — 6 ■ 2. The equivalent 



(a) 



(b) 


Fig. 20.—Experimental transient responses of a system using 
derivative-of-error stabilization. 

m = 5-0. 

D e is critical in the non-linear regime. 

E { = 6-8. 

(«) Non-linear response. 

W Response of the linear system with an amplifier of gain M — 5 replacing the 
amplifier of gain k — 0-94. 
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non-linear system was stable for all amplitudes of the input 
signal. Furthermore, the non-linear system remained stable for 
•all amplitudes of input signal up to a value of m = 9 • 3. 

(9) THE NECESSITY FOR EXPERIMENTAL TESTING WITH 
W RANDOM INPUTS 

For the design of linear servo mechanisms there exist formal 
mathematical relationships 15,16,17 between the response to one 
form of input and the response to any other input; the three 
commonest inputs considered are sinusoidal, transient and 
random. Although for a specific case these relationships may 
be difficult to evaluate, long usage of frequency-response and 
transient-response testing has given the engineer a qualitative 
idea of these relationships. In particular, it is known that the 
larger the bandwidth of a steady-state frequency-response 
characteristic, the shorter in time will be the transient response 
to step or impulse displacement, the resonant peak in the fre¬ 
quency characteristic giving some indication of damping of the 
transient. In addition, the frequency-response characteristic 
obtained by the use of a single sinusoid shows how the system 
will behave when the input is compounded of many frequency 
components. The bandwidth also implies that the system will 
respond satisfactorily to any arbitrary input signal provided that 
the frequency spectrum of the input does not exceed the band¬ 
width of the system. 

Unfortunately, few mathematical relationships 18 exist for the 
non-linear systems, and furthermore insufficient experimental 
work 20 has been carried out on these systems to enable an 
engineer to predict qualitatively, knowing the response to only 
one input, the response to any other input. Since the behaviour 
of a particular non-linear system is not representative of all 
non-linear systems, the design, construction and testing of a 
system general enough to include all types of non-linearities is 
a formidable problem. However, limiting the experimental 
system to a particular class should reveal whether, for this 
particular class, a qualitative relationship exists between these 
three forms of testing, and furthermore whether this relationship 
agrees favourably with that which exists for the linear system. 

The system described in Section 3 lends itself to such testing, 
since it is representative of a particular class of non-linear 
systems possessing one frequency-independent single-valued non¬ 
linearity and being integrator smoothed. Work on the steady- 
state frequency response of this system has shown that the band¬ 
width increases and the magnitude of the resonant peak decreases 
with increasing signal amplitude and/or increasing non-linearity. 
In the first part of the paper it has been shown that for step 
displacements the percentage overshoot and rise time decrease 
for similar conditions. The aim of the work is to obtain the 
response of the system to random signals, to determine whether 
a qualitative relationship exists for these three forms of testing 
and finally to determine whether this relationship, if it exists, 
compares favourably with that of the linear system. 

(10) THE EFFECT OF A NON-LINEARITY ON 
EXPERIMENTAL TECHNIQUES 

When the input to the system is composed of signal .S) and 
noise N in , the response S 0 to S t in the absence of N in is modified 
by the presence of N jn and vice versa. Consequently the 
signal/noise ratio at the output has no significant meaning. The 
testing of the system is complicated, therefore, not only by the 
fact that the non-linearity is amplitude dependent but also by 
the cross-modulation which takes place. In this work the 
signal/noise ratio at the input is well defined since experimentally 
signal and noise are independent sources and are measured 
separately. The input to the system is defined by assuming the 


signal and the signal/noise ratio to be independent parameters. 
Without further investigation it is not possible to relate the 
amplitude of the output spectrum about a frequency J to the 
amplitude of the input spectrum at the same frequency because 
of the cross-modulation. An inspection of the error spectrum 
and the output spectrum gives an indication of the amount ot 
cross-modulation, and it will be seen experimentally that for this 
particular system the amount is negligible. 

(10.1) The Noise Spectra 

The noise output of a 931-A photo-multiplier, 19 a simple 
arrangement of which is described in Appendix, 14 was used as a 
source of white noise, the spectrum remaining flat beyond the 
cut-off frequency of the system. Noise with four flat spectra of 
limited bandwidth was obtained by passing white noise through 
filters, the respective half-power points* occurring at 500, 1 500, 
3 000 and 5 000 c/s. Narrow-band noise was obtained by passing 
white noise through a selective amplifier with a pass band of 
150 c/s centred at 1025 c/s. Noise with a clipped spectrum was 
obtained by clipping white noise at ±1-5 volts. 

(10.2) Spectrum Analysis 

The voltage spectrum of the noise was determined by passing 
the noise through a tunable selective amplifier with a constant 
pass band and followed by measuring and smoothing circuits. 
Selective filters with a pass band of 30 c/s were used. This 
necessitated a waiting time of less than one minute to obtain an 
accurate reading, and the accuracy of the readings was about 5 %. 
Filters with very narrow pass bands were found unsuitable owing 
to the long waiting time required to obtain an accurate reading. 

(11) EXPERIMENTAL RESULTS 

The contribution of the cross-modulation to the output is 
shown in Figs. 21 and 22. The relative magnitude of the first 
23 harmonics in the linear and non-linear response to a 50/50 



Fig. 21.—The response to a 100 c/s square wave showing the relative 
amplitudes of the harmonics. 

_•- Input spectrum. 

_X- Linear response. 

__o- Non-linear response. 

square wave are compared in Fig. 21. The responses to a 
noise signal with the half-power point at 500 c/s are shown in 
Fig. 22. In both Figures the linear and non-linear responses are 
very nearly the same, which indicates negligible cross-modulation. 

* The half-power point is defined as that point at which the noise voltage/unit- 
bandwidth is one-half its initial value. 
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Fis* 22. The response to a random signal with a low-frequency power 

spectrum. 

Tdi = 0-167*1,, 

-•-Power spectrum of the input signal. 

_ * Power spectrum of the output signal, linear response. 

Power spectrum of the output signal, non-linear response. 

M = 7-7, iV is = 2-0 



Fig. 23.—Error response to white noise showing the effect of varying 

the signal power. 

Till = 0- 167*i„ 

-O-- Linear response. 

--x- M — 4-1, N i3 = 0-56 

-®- m = 4-1, N ie = 2-2 



Fig. 24.—Output response to white noise showing the effect of varying 

the non-linearity. 

Tdi — 0 - 167*10 

-•-Linear response. 

- x - M = 4-1, N is = L75 

-O- M = 7-7, N is = 1-75 


The response to white noise is shown in Figs. 23 and 24. The 
error spectrum is shown in Fig. 23 and the output spectrum in 
Fig. 24. The effect of increasing the non-linearity and/or the 
noise signal is to increase the bandwidth of the response and to 
reduce the resonant peak. 

The response to a sinusoidal signal in the presence of white 
noise is shown in Figs. 25 and 26. Fig. 25 shows that the effect 



Fig. 25.—Output response to a sinusoidal signal in the presence of 

white noise. 

7*i = 0 • OS l'd\ „ 




0 250 500 1000 2000 5000 10000 

Frequency,c/s 

Fig. 26.—Output response to a sinusoidal signal in the presence of 

random disturbances. 

Tdi = 0-087*1,,, M = 4-1, Si = 0-87, N in = 1-75 

(а) Linear response. 

(б) Non-linear response. 

- A - — White noise. 

-x-Noise with a clipped spectrum. 

-jg- Narrow-band noise centred at 1 025 c/s. 

-O-Noise with the half-power point at 3 000 c/s. 

-A- Noise with the half-power point at 1 500 c/s. 

of increasing the noise while keeping the signal constant is to* 
quench the jump phenomena in the frequency characteristic, to 
reduce the resonant peak and to increase the bandwidth.- When 
the disturbance is small compared with the signal, the response 
is independent of the bandwidth of the disturbance. When the 
disturbance is comparable with the signal, limiting the bandwidth 
of the disturbance while keeping the power of the disturbance 
constant affects the sinusoidal response, increasing the attenuation 
with a decrease in the bandwidth of the disturbance. This is, 
shown in Fig. 26. 
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The effect of white noise on the discontinuous jumps in the 
frequency characteristic is shown in Fig. 27. The noise affects 
appreciably only the jumps that occur for decreasing signal 
frequency, the effect becoming more pronounced as the non¬ 
linearity is increased. This is shown by curves (d) and (b) of 



Fig. 27.—Variation of jump frequencies with noise power. 


(a) 
0 b) 
(c) 


-o- 

-x- 
- A~ 


M — 7-7, Si = 1-21 
. JW= 4-1, S { = 1-20 
M = 4-1, Si = 1-00 


Fig. 27. It has also been found that for any degree of non¬ 
linearity there is a particular signal amplitude at which the jump 
phenomena may be retained in the presence of a maximum 

amount of noise. _ _ 

The response to a random signal with a limited bandwidth, 
the half-power point being at 5 000 c/s, is shown in Fig. 28. 



Td\ 

-A- 
-x — 
-O- 


0-l6Tau,M = 4-1 

- Linear response. 

- N u = 0-67, N.; n = O'00 

- N u = 0-67, N-iu = 0-33 

- Nu = 0 • 67, N in ~ 0 ■ 67 


Curves (a) and ( b ) are the responses to the signal alone, and 
curves (c) and (d) are the responses to the signal in the presence 
of white noise. The effect of increasing the signal and/or the 
noise is to increase the bandwidth and to reduce the resonant 
peak of the non-linear response. A similar effect is observed 
when the non-linearity is increased, the input being kept constant. 


(12) CONCLUSIONS 

The transient response of a system stabilized by output- 
velocity feedback and incorporating a hard-spring amplitude 
characteristic has been analysed graphically for two forms of the 
characteristic. The salient features of the non-linear response 
have been discussed and compared with the response of the 
equivalent linear system. It has been shown that under certain 
conditions the response of the former is better than that of the 
latter. The effect of phase-advance stabilization has been 
derived, and the response of a system incorporating this stabiliza¬ 
tion has been compared with that of a system stabilized by 
velocity feedback. It has been shown that the response time of 
a system stabilized by phase advance is less than that of a system 
stabilized by velocity feedback, and furthermore that the first 
overshoot of the former is greater than that of the latter. The 
effect of the non-linear amplitude characteristic on the overall 
stability of the system has been discussed, and a comparison 
has been made of the stability of this system with that of a system 
incorporating a high-gain amplifier. It has been shown that 
under certain conditions the former is more stable. Experimental 
verification is included. 

The effects of non-linearity on the experimental techniques 
necessary for testing non-linear control systems subjected to 
random inputs have been discussed, and experimental results 
obtained. It has been shown that the contribution to the output 
by cross-modulation products is negligible, and consequently the 
output spectrum can be related to the input spectrum to obtain 
a “gain-frequency characteristic.” Thus the response to white- 
noise signals has been determined. It has been shown that the 
effect of increasing the signal and/or non-linearity is to increase 
the bandwidth and to decrease the resonant peak of the response. 
The effect of noise on the response to sinusoidal signals is to 
quench the jump phenomena if it is present, to reduce the resonant 
peak and to increase the bandwidth. It has been found that for 
this non-linearity there is a particular amplitude of sinusoidal 
signal at which a maximum amount of noise is required to 
quench the jump phenomena. This suggests that by pre¬ 
amplifying the input by a controlled amount a similar system 
properly designed might be used as a low-pass filter when the 
signal is relatively sinusoidal. Finally, the response of the system 
to a random signal in the presence of white noise has been found 
to be of the same character as the response to sinusoidal an 
white-noise inputs. 

One of the chief aims of this work is to determine whether a 
qualitative relationship exists between frequency response, 
transient response and random signal testing. A comparison 
of the results in Section 11 with those in Section 5 and 
Reference 1 reveals that the increased bandwidth and decreased 
resonant peak of the sinusoidal response are related to an 
increased bandwidth and decreased resonant peak of the random 
signal response and to a quicker, less-oscillatory transient 
response. There is therefore a definite qualitative relationship 
between these three forms of testing, and this qualitative relation¬ 
ship agrees favourably with that which exists for the linear system. 
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(14) APPENDICES 

(14.1) The Derivation of the Normalized Equation of Motion of a 
Simulator possessing a Cubic Non-Linear Characteristic 

Let and 6 a be the actual instantaneous position of input 
and output. 

Let &i = v d e, ■ 

and 6 0 = v d e 0 


Then the normalized processed error signal is given by 

e — G(ei ef) 

and the normalized control signal by 

A = G{ei - e a ) - T d e 0 

The output from the non-linear element is of the form 

wjv d = ct(ifj + ip 2 ) 

If it is assumed that the friction is zero, and that the system is of 
second order, the equation of motion is given by 


T 2 e 0 = a[(e - T d e 0 ) + (e - T d e a ) 3 ] 


(41) 


For convenience in the following analysis it is assumed that 
the input is held at zero level and that the output is released 
from rest with an initial error — |# ol |. For this simulator, but 
not in general, this response is the same as the step-function 
response with the input moving from d t = — 1 9 ol |. In the phase- 
plane analysis it is preferable to use the normalized form of the 
equation of motion. Let the input be held at zero and let 

1 

s — —t 

T 

1 

rj-1 


Y 


de a 

ds 


*o = <^n Y 

- X = e, - < 


(42) 


Substituting eqns. (42) in eqn. (41) and simplifying the result, 
one obtains the normalized equation of motion 

dY 

Y dX == ~ a E (GX + Td0J " Y) + (GX + TdOJ nY) 3 ] • (43) 


(14.2) Determination of the Normalized Equations of Motion of a 
Simulator possessing a Segmented-Line Characteristic 

The three conditions under which the simulator possessing 
this particular characteristic operates are given in Section 4. 

Let 6 t = V c e t 

and d 0 = V c e 0 

The normalized processed error is given by 

<? = G(e t - e 0 ) 

and the normalized control signal is given by 
e c Gr(ei ef) T d e 0 

If it is assumed that the friction is zero and that the system is 
of second order, the equations of motion corresponding to each 
mode of operation are 


T% = QCXfit - e a ) - T d e 0 \ . . 

for condition 1 


(44) 


and 


T 2 e 0 = m[G{ei - e 0 ) - T d e 0 ] - (m - k) . . (45) 

for condition 2 

T 2 e 0 = m[G(ei - e 0 ) - T d e 0 ] + (m - k) . . (46) 

for condition 3 
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If for convenience it is assumed that 6 i is held at zero, the but one straight-line trajectory corresponding to each condition 
normalized equations of motion may be obtained by substitut- of operation in the non-lmear mode, and 


JIVJ. —-„ - t 

ing eqns. (42) in the above three equations of motion. 
The resulting normalized equations of motion are 

AY 


S,= ~ 


<jo n T d k(m/k) 


(55) 


Y~ + <o n T d kY + kGX = 0 

uJC 

for condition 1 

yX + u n T d k{mlk)Y + max = 
for condition 2 


dX 

+ a , n T d Kmlk) Y + mGX = S 
dX 


(47) 

(48) 

(49) 


For a value of damping less than this, the system is under¬ 
damped in both regimes. 

(14.4) Determination of the Intersections of the Loci of Constant 
Slope S with a Boundary 

The locus of constant slope S" for the condition | V p \ < V c is 
given by 

~ kGX .... (56) 


Y = 


where 


for condition 3 
8 — (m — k) — m a 


S" + a> n T d k 


(14.3) Determination of the Straight-Line Trajectories in the 

Non-Linear Regime 

The system described in Section 3 is critically damped in the 
linear regime and overdamped in the non-linear regime. There 
are then two straight-line trajectories corresponding to each 
condition of operation in the non-linear regime. 

For the condition V p > V c the normalized equation of motion is 

V 13C + ° , nTA(mlk)Y + mGX = - S 


. If the point at which this locus intersects the boundary 

Y = - J~(GX + 1) 


T d U n 

is X u Yj, then the solution is 

S" + <*> n T d k 


X, = 


S"G 




k 

S 77 


The locus of constant slope S" for the condition V p ~>V c is 
given by 

y mGX _+ S _ ... (57) 


S" + {oj n T d k)(mj k) 

The equation of the trajectory will be the same as the equation H the point at which this locus intersects the boundary 


of the locus. 

In the above equation let 


Y = 


s = d X 

S ~dX 




-(GX 4- 1) 


( 51 ) is X 2 , Y 2 , then the solution is 

S" + co n T d k 


and 


Y = S 


X+. 


( l - ~) 
\ mJ 


X- 


(52) 


which is the equation of a straight line passing through the point 

y — _ y — 0 

X mG’ 

The required slope will then be given by 

S 2 4* (o n T d k(mlk)S + mG — 0 
This has the solution 

gj n T d k(mlk) - V{ [oj n T d k(mjk)] 2 - 4mG} 


2 ~ S"G 

Y 2 = klS" - 7j. 




Hence the locus of constant slope in the non-linear regime 
intersects a boundary at the same point as the locus of the same 
slope in the linear regime. 


S* = 


and S 2 


- oj n T d k(mjk) + V{ [qj n T d k(mlk)] 2 - 4mG} 


• (53) 


• (54) 


For the condition V p < — V c the slopes £j and S' 2 of the 
straight-line trajectories can be determined in a similar manner. 
The solutions are 

- oj n T d k(mlk) - V{ [oJ n T d k(mlk)] 2 - AmG) _ c 
- 2 1 





and 


, - w„T„k(n,m + V{ [<o„TA(mlk)f - 4mG} _ , 

-2 

If the damping in the linear regime is reduced to a value 
co n T d k = 2 ^kGy'ik/m) 


the system is critically damped in the non-linear regime, there is and longer. 


Fig. 29.—Arrangement of the photo-multiplier. 

(14.5) The Noise Source 

The arrangement used is shown in Fig. 29, the photo-multiplier 
tube and the pea lamp being enclosed in a metallic cylinder. 
It was found that, using a well-stabilized power supply and a 
good accumulator for the light source, the noise output remaine 
constant to within a few per cent for periods of half an hour 
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DISCUSSION BEFORE THE MEASUREMENTS SECTION, 15TH MARCH, 1955 


Dr. J. H. Westcott: The authors have based their papers on 
the description-function method, and I believe that Daniel first 
suggested its use. I should like to see a disclaimer, stating that 
the paper is based on the description-function method and 
resemblance to non-linear analysis is so limited. We are 
steeped in linear theory, and this is a device for enabling us to 
do something in cases where otherwise we could do nothing, 
and so it is useful. 

I am interested in the phase-margin criterion of 21°. Once 
we were told to keep outside the limit of 30°, and then we were 
told that we could do better than this. Now the authors 
categorically advocate keeping out of the limit once more. 

With regard to Fig. 7 of the paper by Drs. West and 
Douce, the authors give some calculated values showing how 
good their experimental values are. I do not know how they 
were calculated, but suspect it was on the basis of the description- 
function theory. The experimental points are then accurate and 
the calculated points are approximate, but I am not sure of the 
accuracy of the experimental points because I am not sure how 
far we can trust the simulator. This raises the question of how 
we can successfully record computer work. 

Mr. P. E. W. Grensted: A system very similar to that considered 
in the paper by Drs. West and Nikiforuk is a velocity-lag 
servo mechanism with a non-linear gain characteristic which is 
an nth power law. The equation for the output x in response to 
a step input is 

d 2 x dx 

w + + = °-" > 0 


where {x} n = x n -if x > 0, and {x} n = - (- x) n if x <0. 

The solution is oscillatory for large amplitudes if n is greater 
than unity (hard spring) and oscillatory for small amplitudes if n 
is less than unity (soft spring). It may be shown by an extension 
of the describing-function method* that the amplitude a of these 
oscillations is given very closely by 

a = Ae~ 4ct l@+ n ') 

where A is a constant. Thus the damping of the transient is 
given by 

A 4 = 7 — c which is constant. 

3 + n 


The damping is increased from the value p = c for a linear 
system (n = 1) if n is less than unity and decreased if n is greater 
than unity. For this system it appears that a soft-spring gain 
characteristic would be preferable. 

With reference to the paper by Drs. West and Douce, does 
the theoretical analysis indicate whether the sub-harmonics are 
stable? 


Prof. A. Tustin: Over quite a number of years Dr. West and 
his colleagues have been tackling some very awkward problems 
in non-linearities and presenting the results in an excellent 
sequence of papers. The work is considerably restricted by 
what is at present mathematically practicable. How far do the 
authors think that analysis on these lines may ultimately be 
extended to cater for the more complex systems used in practice? 
Phase-plane methods are limited to second-order systems, and 
the general nature of the conclusions given in the paper by Drs. 
West and Nikiforuk were self-evident from the start. It is 
unfortunate that similar results cannot be obtained for higher- 
order systems when we deal with step-functions. The greater 
part of the series of papers have dealt with functions of frequency, 




using the so-called “describing-function” approach. This method 
is very powerful, and it has given a great wealth of useful results. 
I believe that it can give most of what the engineer requires. The 
authors are not being quite fair in stating that the describing- 
function technique neglects harmonics. It does not exactly 
neglect harmonics; it simply assumes that if a periodic oscillation 
of a system is to occur, and if we consider the fundamental of 
that oscillation, it must, in the presence of the other harmonics, 
regenerate itself precisely. The same statement applies to each 
separate harmonic. To pick out the fundamental and draw its 
Nyquist diagram is not to neglect harmonics but to make the 
supposition that the presence of the harmonics, which are 
undoubtedly present, does not significantly modify the relation¬ 
ship between components of fundamental frequency. 

I have never been able to understand why solutions for the 
response to step-functions—apart from their theoretical interest 
—should engage the time of so many people. Few servo 
mechanisms have to follow step-function inputs except under 
running-in conditions, and then the error is so large that in 
practice we could not obtain a cubic law for the response of 
torque to error. Its character is inevitably just the reverse. In 
such cases, I should like to know the practical use of a detailed 
inquiry into step-function responses for servo-mechanism design. 

I have tried to follow the reference to the treatment of these 
problems in terms of bandwidth. The general results, which are 
described as having been arrived at through consideration of 
bandwidth, are evident from elementary physical principles. 
The higher frequency at larger amplitudes occurs just because 
the control is effectively stiffen The peculiar shape of the 
response to a step-function is entirely due to the non-linearity, 
and bandwidth is a concept essentially associated with linearity 
and harmonic analysis, but I may have missed the point. 

Having acquired so much experience in applying phase-plane 
and other methods to these non-linear problems, could the 
authors indicate the direction in which they feel further research 
in the field would be fruitful? Have they now reached the end 
of the problems which can be solved by mathematical methods ? 
If so, what do they suggest we should do about it, since designers 
are concerned with non-linearities in high-order systems ? 

Mr. D. V. Blake: I would like to deal with the use of the term 
“better response” in the paper by Drs. West and Nikiforuk. 
The fast response is not necessarily the best. At the N.P.L. we 
have tackled a number of problems on the simulator with various 
customers, and each has his own idea of what is best. For 
instance, high speeds and large changes of speed are very bad in 
things like lifts and devices carrying people. 

The paper would have been much more valuable if the authors 
had given an adequate comparison between their non-linear 
systems and a corresponding linear one. Most of the compari¬ 
sons are given with reference to a linear system of lower gain, i.e. 
one corresponding to the first part of the non-linear characteristic. 

It would be helpful if they could give more information on the 
comparison with respect to a linear system with optimum gain— 
probably an intermediate value between the two used in the non¬ 
linear case. In this case, is the additional complication of 
providing a cubic characteristic justified ? 

At present, there seems to be a lack of adequate means of 
checking simulator solutions. In a linear system we can usually 
assume that it is reasonable and the response is approximately 
what would be expected. It can be checked at spot points by 
varying parameters and finding out the point at which instability 
occurs. This can be done fairly easily in a linear system, but in 
a non-linear one it is very difficult. 

Mr. J. J. Thompson: The organization with which I am asso- 
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dated has used non-linear damping of the segmented line 
pattern in hydraulically-operated steam-turbine governors for the 
past 25 years, for the express purpose mentioned in the Introduc¬ 
tion to the paper by Drs. West and Nikiforuk, namely that 
of decreasing the response time whilst maintaining stability. 
This feature is most useful in difficult governing problems, such 
as governing the rate of export or import of electrical power to 
or from a large network, from an industrial turbo-alternator 
which also feeds a local fluctuating load. In an a.c. system this 
form of governing involves, of course, not the speed control but 
the position control of the alternator rotor. The system equation 
thus becomes of higher order than u$pal, and in practice it is 
sometimes difficult to achieve stability without serious sacrifice 
of response time. The ''use of non-linear^damping restores the 
response time to a normal value. 

THE AUTHORS’ REPLY TO 

Drs. J. C. West, J. L. Douce and P. N. Nikiforuk (in reply): 
We are pleased to learn that, contrary to general knowledge, 
the introduction of describing-function techniques occurred in 
this country and originated from the work of the late Prof. 

P. J. Daniell in the early 1940’s. 

With reference to the third paragraph of Dr. Westcott’s 
remarks, no simulator was involved, and the comparison between 
theoretical and experimental results taken from the actual non¬ 
linear system is given to emphasize the accuracy of the describing- 
function method used in the analysis. 

The similarity of Mr. Grensted’s equation to the one con¬ 
sidered is only superficial; they represent systems having vastly 
different physical characteristics. From Section 7, our equation 
may be written in the form 



from which it is seen that both restoring force and damping force 
are raised to the rath power. 

The method used in the paper by Drs. West and Douce is 
essentially a steady-state analysis, and additional information is 
required to assess the stability of the oscillation in a given case. 
This point has been covered in a further paper.* 

We are very grateful to Prof. Tustin for his remarks concerning 
the describing-function technique, especially in contrast to the 
disparaging views of Dr. Westcott. For the purposes of mathe¬ 
matical analysis the use of the phase plane is limited to second- 
order systems, and further developments on these lines is unlikely. 
However, it is felt that it is an invaluable experimental technique 
giving insight into the physical behaviour and modes of operation. 
For the vast majority of systems, no matter the complexity, the 

* West, J. C., Douce, J. L., and Livesley, R. K.: “The Dual-Input Describing 
Function and its Use in the Analysis of Non-Linear Feedback Systems,” Proceedings 
I.E.E., Paper No. 1877 M, July, 1955 (103 B). 


NTD DOUCE, AND DRS. WEST AND NIKIFORUK 

I must protest against the continued use of the term “hard 
spring.” Because it was apparently used by a French author 
in 1928 and has since been used in the United States is no 
reason for using it here. If electrical engineers must use mech¬ 
anical terms they should study accuracy. Hardness is by defini¬ 
tion the ability to resist indentation. The hardness of a spring 
therefore has no effect on the characteristics of a spring as such, 
but rather on its fatigue limit. At the same time, why is the 
spring used as an example when other devices can exhibit an 
equally flexible relationship between input and output whilst 
having input and output expressed in the same units, which is 
not true of the spring? Fig. 5, showing a so-called “hard- 
spring” characteristic, corresponds to a spring of decreasing rate, 
which is most confusing. It would have been appropriate to 
refer to it as a “soft spring.” 

THE ABOVE DISCUSSION 

step-function response is unique for a given amplitude of input 
and identical initial conditions, and this means that a complete 
phase-plane diagram can be constructed for systems of any order. 
At the University of Manchester, work has been proceeding 
fairly successfully with third- and fourth-order systems using 
the phase plane as the means of recording a large amount of 
data in a small space, and restricting the trajectories to those for 
step-function response with the initial values of the first and 
higher time derivatives zero. As for second-order systems, 
regions can be mapped out showing different operating modes. 

The describing-function technique is by far the most pr omising 
and powerful analytical method yet developed. It is not limited 
to “small order” equations, but at its present stage it is limited 
to one non-linearity per loop and to frequency-independent non¬ 
linear characteristics. Neither of these two limitations are 
fundamental, and we are endeavouring to break them down; this 
is regarded as the most important part of our future programme. 

We agree with Prof. Tustin that the task of evaluating the 
response to step-functions is more of academic interest than of 
engineering importance. However, its use in understanding the 
performance of a non-linear system and for assessing the system’s 
adequacy for a given set of requirements is more nearly met by 
a series of transient responses as performance data than by a 
series of frequency-response curves. It is felt that the future 
trend will be towards analysing the response to random inputs 
of various nature. 

The justification that Mr. Blake asks for—that the addition of 
a hard-spring characteristic is worth the extra complication is 
given in the example described by Mr. Thompson. We are very 
sympathetic to Mr. Blake’s views on “better response, and 
would add that high speeds and large changes of speed are bad 
also for “people carrying devices.” 

We must apologize to Mr. Thompson for upsetting his mech¬ 
anical sensibilities. We have, however, sinned in good company. 
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THE ADJUSTMENT OF CONTROL SYSTEMS FOR QUICK TRANSIENT RESPONSE 
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SUMMARY 

The time taken for correction of transient errors in linear feedback 
systems is examined theoretically. For any of a large class of such 
systems the quickest approach to complete correction is obtained when 
the system is adjusted to be quasi-critically damped. Furthermore, the 
tune taken to achieve a large attenuation of an initial error is, in 
general, dependent on only one system parameter, termed the settling 
time-constant; and this is relatively easy to calculate when the system is 
quasi-critically damped. 

These results, together with other known advantages of quasi- 
critical damping, suggest that the latter constitutes a useful general 
design criterion of stability. 


LIST OF SYMBOLS 

A h A 2 , ■ . . A k , A u . . . A n — Real parts of roots of charac¬ 
teristic equation. 

a Q , a l} . . . a n = Coefficients in characteristic equation, 
a = Constant defined in eqn. (1). 

B u B 2 , . . . B k , B h . . . B n = Imaginary parts of roots of charac¬ 
teristic equation. 

C 0 , C u ... C m = Coefficients defined in eqn. (1). 

D = Constant factor of C m . 

E — Error in controlled quantity. 

E t = Transient response of E. 

Ei = First undershoot in Fig. 2. 

E 2 = First overshoot in Fig. 2. 

*o. E 2 ,... Fj — Coefficients defined in eqn. (17). 

f(p) — Left-hand side of characteristic equation. 
f'{p) = Derivative of f(p) with respect to p. 
g = Adjustable component in system. 

M u M 2 = Determinants defined in eqn. (19). 

P = Loop gain. 

p c = Value of loop gain which gives quasi-critical 
damping. 

n — Order of characteristic equation. 

to — Angular frequency of harmonic factor of C 

P ~ Operator representing differentiation. 

Qi> • • ■ Q k , Q h . . . Q n = Roots of characteristic equation. 
p = Loop integration rate. 

p c = Value of loop integration rate which gives 
quasi-critical damping. 
a = Number of equal loop lags. 

T — Loop lag in system of Fig. 1. 

T t — Loop delay. 

F u T 2 , , , . T h — Loop lags. 


u 0 , «!, . . .u n — Coefficients defined in eqn. (9). 
v Q ,v h ... v n = Coefficients defined in eqn. (9). 


(1) INTRODUCTION 

One method of evaluating the performance of a control system 
is through study of its response to a transient disturbance.. 
Various theoretical criteria, 1 such as integral-squared-error, have 
been proposed on this basis. The present paper describes 
another such criterion, the features of which are its mathematical 
simplicity and its practical appropriateness for certain types of 
control system. 

If a control system, initially at rest, is subjected to a transient 
disturbance, the error in the controlled quantity may be large at 
first, but will eventually be reduced to comparatively small 
proportions. The time taken to reach a given small proportion 
is a measure of the system performance. If the possibility of 
overshoot exists, a better measure is the time taken for the error 
to reach a point after which it always remains within the given 
small proportion. This time may be termed 2 the settling time 
of the process. The error will eventually approach some con¬ 
stant value (which is often zero), and for this value the settling 
time, being infinite, is no longer a useful measure of performance. 
However, as will be shown, the ultimate approach is essentially 
exponential and may thus be characterized by a time-constant, 
which will be termed the settling time-constant. It follows that" 
if a number of different systems are compared, that system which 
has the smallest settling time-constant will provide the quickest 
attenuation of transient error down to very small values. We 
shall accordingly adopt the settling time-constant as a criterion 
of performance, and investigate how it may be minimized by 
system adjustment. 

. practical importance of the criterion may perhaps be 
judged by considering relevant examples as follows: 


(a) A weapon-aiming servo mechanism which is suddenly switched 

S° n J : “ e + t l rget + t ° 1 5 nother - A suitable criterion of performance is 
. e ;ime taken to become trained on the second target. Criteria 
w f gh f 1 ed integrals of error are inappropriate, since all 

a S?e ” y ma 1 err ° rS aie equaIly bad ’ i,e - “ a miss is as good as 

^ti 0mati A C r? il0t controI] ing an aircraft flying through 
jVter a. ^ severe bump, passenger comfort may 
require that the an craft should get back to steady flight on its 
original course as soon as possible. b 

rP mlr^°t C h^ e o m W ? ich el , e , c °nomy is important. It might be 

as possfbto atelirttag up.° a “ am “ S operattog poi “ as s00n 
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damped. 

Constant part of phase of harmonic factor 
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fd) Processes in which overshoot is inadmissible, e.g. bobbin- 
wmding machines and temperature limiters in jet engines § 
m Sf S m t whi ch a conservative stability margin is required. 

i X systems in the early theoretical stages of design when 
only the simplest criteria are mathematically manageable. 

It should be noted, however, that the criterion may lead to 
an UIlc july conservative design in certain systems, such as those 
m which only a comparatively low attenuation of error is 
required, or those in which a high loop gain is more important 
than a last response. Even so, the criterion may still be useful 
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for these systems in providing a simple indication of lower limits 
for design parameters. 

(2) CALCULATION OF SETTLING TIME 
It is well known 3 - 4 that the transient response of a stable 
linear system to an input may be expressed as the sum of a 
number of terms, each of which has a factor which decreases 
exponentially with time. Furthermore, it is easy to show that, 
as time progresses, the terms having the faster rates of decay 
become negligibly small compared with those having the least 
rate of decay. 2 ’ 4 ’ 5 ’ 6 Thus if a disturbance is applied to a 
linear control system, the transient response E r , of the error E 
in the controlled quantity, for large values of time t, may be 
written in the following general form: 

E t = e«'(C 0 + Cyt + C 2 t 2 + . . . + C m t »0 . . (1) 

where a is a negative real constant, and Cq, Cy ,. . . C m either are 
real constants or vary sinusoidally with time. Consider first the 
case when the C’s are constants. For sufficiently large values 
of t, i.e. for sufficiently large attenuation of error, eqn. (1) 
approaches 

E t = s at C m t m .(2) 

From eqn. (2) 

/ log CL , m log t\ 

log E t = tU + -^1 +-p-J ... (3) 

When t -> oo the second and third terms in the bracket in eqn. (3) 
become negligibly small. Eqn. (3) then yields 

t -> a" 1 log E t .(4) 

From eqn. (4) the settling time t s (as defined in Section 1), 
required for the error to reach a small value E r , is given by 

t s -> a -1 log E t .(5) 

Next consider the alternative case when C 0 , Cy, , . . C m vary 
sinusoidally with time. We may use the preceding argument, 
with C m replaced by D sin {tot + 9), where D, to and 6 are real 
constants. Thus the point when the system has settled to a 
given small error E T is still given by eqn. (4), unless sin {cot + 6) 
happens to be very small at this point, making (log C m )/1 no 
longer negligible in eqn. (3). But it may be shown as follows 
that the latter contingency does not arise. For sufficiently small 
deviations of time near sin {cot 9) — 0, the graph of E T against 
t may be approximated by a straight line crossing the f-axis. 
These values of E r must therefore be exceeded in magnitude 
during subsequent values of /, i.e. the point at which sin {cot + 9) 
equals zero must occur a finite time before the point at which 
the response settles to the given small error. Hence, at the latter 
point, sin {cot + &) cannot be small compared with s at for 
sufficiently large values of t. Therefore eqn. (5) is a valid 
expression for settling time when t -> oo. 

Now a is a parameter either of the input disturbance or of the 
system. In the latter case it is the only system parameter which 
determines the long-term behaviour, according to eqn. (5), and 
so constitutes the criterion of performance. Minus the reciprocal 
of this system parameter will be called the settling time-constant, 
Ty, of the system. 

Thus t, = — 1/a.(6) 

If, on the other hand, a is a parameter of the input disturbance, 
eqn. (5) does not yield a criterion for the system, i.e. the dis¬ 
turbance is too slow fully to test the capabilities of the system. 
This case will not be considered further in the paper. 


(3) MINIMIZATION OF SETTLING TIME 
Let us vary some physical parameter of the system in an 
attempt to minimize the settling time-constant. Eqn. (6) shows 
that this implies minimization of a. Now a is the algebraically 
largest of the real parts of the roots of the characteristic equation 
of the system; this is clear from the methods 3 * 4 used in deriving 
eqn. (1). Therefore, as a first step, we calculate the rate of 
change of one of these roots with change of a general system 
parameter. 

The characteristic equation of the system may be written 
f(p) = 0, in which 

f{p) — a Q + a x p + a 2 p 2 + . . . + a n p n . . (7) 

where p is the operator representing differentiation and a Q , 
a u ... a n are constants readily calculable in terms of system 
parameters by means of conventional rules (e.g. Kirchhoff’s 
laws in the case of electrical systems). If the roots of the charac¬ 
teristic equation are Qy, Q 2 , ■ ■ ■ , Q„, 

f{p ) = a n {p - Qi){p -Qd...(p- Q n ) ( 8 > 

Suppose the physical component which is to be varied is g (this 
could represent an impedance, an inertia, a d.c. gain, or a rate of 
integration, etc.). It is well known in elementary network 
theory that coefficients such as a 0 , a { , . . . , a n are linear functions 
of any single component, so that eqn. (7) may be written 

f{p ) =«o + «i P + • • • + u n P n 

+ g(Po + v t p + . . . + v„p n ) (9) 

where u 0 , uy, . . ., u n and v 0 , Vy, ... , v n are constants (some of 
which are usually zero). 

Differentiating eqns. (8) and (9), which are identities inj?, with 
respect to g we obtain 

M- = ~(P - Qt)0> - Qt) ■ ■ ■ 0> - Q„) 

dg dg 

+ a„(-^)(P- Qa) — - 0» — e„) 

+ . . . 


+ a„(jp — Qi){p — Qz) • • • (— ^ 


and 


4- = v 0 + v x p + . . . + v n p n .... (11) 

dg 


Equating the right-hand sides of eqns. (10) and (11), and sub¬ 
stituting p — <2i, in order to eliminate 


yields 


dQ 2 dQ$ 
dg ’ dg 


, etc., 


dQ { _ _ +VjQi + ^261 + . . ■ + v n Q\ 
dg a n(-Q\ ~~ Q 2 XQ 1 ~~ Q 3 ) • * ‘ (2l _ 


( 12 ) 


The interpretation of eqn. (12) is rendered less abstract if we first 
consider some special cases and then proceed to greater geneiality. 
The following notation will be used: the real and imaginary parts 
of Q u Q 2 , . • • , Q n will be A u A 2 , ... ,A n and^, B 2 , ... ,B 

respectively. Further, it will be assumed that Ay, A 2 . A n 

are suffixed in order of magnitude, 

i.e. 0 Ay A 2 ^3= Hg . . . Js® A n . • • • (13) 
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Note that A x is thus minus the reciprocal of the settling time- 
constant, 

ie - A 1 = - 1/r,.(14) 

Case ( a ). 

v x , v 2 , . . . , v n are all zero 
Qi, Qii • ■ • 5 <2„ are all real 

This situation can arise, for example, when the open-loop 
transfer function has no zeros and only real, different poles, and 
when g represents loop gain. 6 Eqn. (12) becomes 

Mi __ v _° _ ns, 

dg ,,JA, - ,1:11,1, (4 t - A „) ' > 

In this equation a n is positive, since the system is being regarded 
as stable, 7 and the factors (A x — A 2 ), etc., are also positive, from 
expressions (13). To simplify the argument we shall also con¬ 
sider v 0 to be positive, as is usually the case in practice, although 
it turns out that the sign of v 0 does not influence the final conclu¬ 
sions to be reached. Hence dAjdg is negative. Therefore the 
settling time-constant may be reduced, and the system per¬ 
formance improved, by increasing g. , 

This remains true as long as Q u Q 2 , ■ . ., Q n remain real. 
Actually, continued change of g causes members of a pair of 
adjacent roots to become first equal and then complex. In 
particular, considering Q x and Q 2 , the sign of dA 2 jdg may be 
shown to be positive by means of an expression analogous to 
eqn. (15). Hence increase of g causes A x and A 2 to approach 
one another, as well as improving performance. 

Case ( b ). 

The conditions are as in case (a), except that any roots, apart 
from Q u may be complex. 

Suppose, for example, that Q k is complex, Q[ is its conjugate, 
a.nd the other Q’s are real. Then the expression for dAjdg is 
the same as that given by eqn. (15) for case (a), except that the 
positive factors (A x - A k ), (A x - AJ, must be replaced by 
C-Aj — A k — jB k ), (A x — Aj—jB,). The product of the latter 
factors is 

(A x — A k ) 2 + B\ 

(putting Ai = A k and Bj = — B k , since Q k and Q t are con¬ 
jugate), which is necessarily positive. Hence the sign of dAjdg 
is the same as in case (a). The same argument may be applied 
to any further pairs of complex conjugate roots. 

It follows that the results for case (a) are also valid for this 
more general case, so that the system may still be improved by 
increasing g, at least until A x becomes equal to A 2 . 

Case (c). 

The conditions are as in case (a), except that Q x is complex, 
with Q 2 as its conjugate. 

This situation arises when, in the system described under 
case (a), loop gain is increased beyond the point where A x 
becomes equal to A 2 . A geometrical demonstration that Q x and 
£?2 do, in fact, become complex beyond this point has been given 
in a previous paper. 6 

We have *Bl - Real part of Ml .... (16) 

Substituting in eqn. (16) an expression for dQJdg derived from 
eqn. (12), noting that A 2 — A x and B 2 = — B x and rearranging, 
we find ~ ' 

d.A x __ v 0 (Fq — F 2 B\ + F a B\ — . , . -f- irg?) 

dg 2a n \JA x AJ f- -Sj][(Aj — A 4 ) 2 -j- I?2 J... 

* • • [(Ai ~ A n ) 2 + B 2 ] . ( 17 ) 


where F 0 , F 2 ,... ,F f are constants given by 

F 0 = Sum of products of (A x - A 3 ), (A x - A 4 ), . . ., (A x — A„) 
taken (rt — 3) at a time. 

F 2 = Sum of products taken (n — 5) at a time. 

F 4 — Sum of products taken (n — 7) at a time. 

Ft = ± Sum of (A x - A 3 ), (A x - A 4 ), . . . , (A x - A„) if n is 
even; or unity if n is odd. 

In eqn. (17) the denominator is necessarily positive. Further¬ 
more, since F 0 is also necessarily positive, the numerator is 
positive, provided that B x is small enough to render negligible 
the terms — F 2 B \, —F 6 Bf, etc. Hence, with this proviso, dAjdg 
is positive, and the system may therefore be improved by 
decreasing g. 

Case id). 

The conditions are as in case (c), except that any of the roots 
Qi, <2 4 , • • •» Q n ma y be complex. 

By considering one pair of complex conjugate roots at a time, 
as was done in case ( b ), it may be shown that the result of case (c) 
is also valid for the present, more general, case. Hence, provided 
that B x is small, the system may be improved by decreasing g. 

The implications of the results of cases (a) to (d) are as follows. 
If we commence with a system which is comparatively over¬ 
damped [case (//)], it may be improved by increasing the loop 
gain, [x, up to the point where the “dominant” pole, Q u becomes 
complex [case id)]. At this point the rate of change of settling 
time-constant shows an abrupt change of sign, so that further 
increase of loop gain is detrimental. This effect is illustrated in 
Fig. 1, which is a plot of A x against /x for a single-loop control 



Fig. 1.— A\ plotted against loop gain for a third-order system. 

The system is a single loop comprised of three simple lags of values 200r, T and T 
respectively; and a lagless amplifier of gain p.. The characteristic equation is thus 
\J. + (1 + 200Tp)(l + T p ) 2 = 0 

A i is the largest of the real parts of the roots of this equation. 

system containing three simple lags. Clearly the best performance 
occurs at the point when Q x becomes complex, although this 
point does not correspond to a “minimum” in the usual mathe¬ 
matical sense. This point is called a “sharp minimum” to 
distinguish it from the “smooth minimum” of calculus. 

The conditions for the sharp minimum are also those for 
quasi-critical damping as may be seen from a definition of 
the latter; 6 

A system is quasi-critically damped when two or more of its 
poles have the same least value of decay rate, and one or more 
of these poles is real and negative. 
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Quasi-critical damping has been discussed in a previous paper, 6 
from which it follows that a system in this condition has an 
interesting property. The response to a sudden change of input 
is such that “the output eventually reaches a regime in which it 
just fails to overshoot its final equilibrium value, this regime 
extending to infinite time.” Thus systems which are just mono¬ 
tonic, or which are just free from overshoot, are often particular 
cases of quasi-critical damping. 

Finally, if a completely general system is considered, with 
several non-zero v’s, a study of eqn. (12) shows that usually 
quasi-critical damping still gives a sharp minimum. There are 
also a number of smooth maxima and minima, corresponding to 
zeros of the numerators in eqns. (12) and (17). For sufficiently 
complex systems, it is at least conceivable that the smooth 
minima could give better performance than the sharp minimum. 
However, for the simpler systems, quasi-critical damping repre¬ 
sents an important minimum, and we confine attention to it in 
the paper. 

The results of this Section confirm an assertion due to Thaler 
and Brown 8 to the effect that “critical damping” gives the 
quickest approach to “absolute correspondence.” 

(4) QUASI-CRITICAL DAMPING CALCULATIONS 

It has been shown geometrically in the previous paper 6 that 
quasi-critical damping is a relatively easy condition to calculate, 
at least for a certain class of control systems. A somewhat more 
general approach will now be given, using methods from the 
theory of equations. 

From the definition given in Section 3, it is clear that when 
Q x = Q 2 we have a particular type of quasi-critical damping. 
For the remainder of the paper, we shall confine attention to this 
type, which is relevant to many practical control systems. 6 

Thus quasi-critical damping is reached when two roots of f(j>) 
become equal, and the condition for such coincidence is known 
to be 9 > 10 as follows: 


equation has two equal roots, their common value may be 
expressed by the ratio of two determinants involving the poly¬ 
nomial coefficients. 9 - 10 As applied to eqn. (7), this means that, 
if eqn. (18) is satisfied, the settling tune-constant, termed r sc for 
this condition, is given by 

r sc — mjm 2 .( 19 > 

where M x is the minor obtained from the determinant in eqn. (18) 
by deleting the first and last rows, and the first and last columns; 
and M 2 is the similar minor obtained by deleting the first and 
last rows, and the first and penultimate columns (an analogous 
expression exists 12 for the hunting frequency of a zero-damped 
system). 

By way of illustration, for a third-order system, the condition 
for quasi-critical damping is, from eqn. (18), 

Q 3 #2 Uq 

. d 3 Cl 2 CIq 

3a 3 la 2 a l — 0 

. 2 >ci 3 2a 2 ci j 

3a 3 2 a 2 a x • • .... (20) 

If this is satisfied, the expression for the settling time-constant is 

a 3 a 2 a { 

. 3 a 3 2a 2 

3 a 3 2 a 2 a x 

t sc ' 

Cl 3 Cl 2 Cl o 

3 a 3 a x 

3a 3 2a 2 .(21) 



fl/i-2 

a n —1 


na n 
0 n - 1 
(n - 2 )a n _ 2 


~ a x a 0 0 0 

a 2 a x a 0 0 

u 3 a 2 ci x ciq 


3a 3 2 a 2 a x 0 

2 a 2 a x 0 0 

a x 0 0 0 



The condition for quasi-critical damping given by eqn. (18) is _ ^ a 2 — 3 a x a 3 .(22) 

the same as that given in the previous paper, 6 except that,, in a x a 2 — 9a 0 a 3 

the latter, the rows of the determinant were rearranged to bring _ . . , 

out more clearly the analogy with one of the Routh-Hurwitz When loop gain .is the quantity which is to be varied to get 
criteria. 7,11 (An interesting property of the above determinant quasi-critical damping, the process of solving eqns. (18) and (19) 
is that its minors determine whether or not the system is “com- may often be replaced by the following quicker method. Cal- 
pletely” aperiodic. 11 ) culate the algebraically largest real root of f'(p) ~ 0, and 

A further result from the theory of equations is that, if an substitute this value for p in f(p) = 0. The latter equation 
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will then yield an expression for /x c , the loop gain which gives 
quasi-crideal damping. Furthermore, the settling time-constant 
is minus the reciprocal of the above root, as is clear from the 
geometrical argument used in the previous paper. 6 


(5) EXAMPLES 

The methods described in the last Section were used to derive 
the following results for some typical single-loop control systems. 
The values of /x c have already been given in the previous paper, 6 
but are included here for convenience: 


System (a). 

The dynamic loop elements are one large simple lag 7), and 
one small simple lag T 2 . Loop gain is given by 

/x c =H (TJTJ - 2 + (T 2 IT{)\ . . . (23) 

The settling time-constant is given by 

r, c = 2[(l/72) + (1/71)]-! . . . (24) 


System (b). 

One large simple lag T u and s small simple lags, each of 
value T 2 : 


P ,c = 


sTi 


' sc 


0 + i)l G? 


u+i 


sT 2 + r, 


r) 


. (25) 

. (26) 


System (c). 

One integrator, with rate of integration p, and one pure delay 
(or distance-velocity lag) of value 7): 


Pc = 1 IW .(27) 

r C s=T t .(28) 


The advantages and limitations of quasi-critical damping are 
demonstrated for this system in Fig. 2, which shows the response 
of the error following a step-change of input (this may be readily 
plotted from data provided by Kupfmuller, 13 who gives an 
extensive treatment of the present system). Three different 
adjustments of the system are illustrated: 

(i) P = \p c , givingTy = 1-887) 

(ii) p = p c , giving r s = 1 *007) (i.e. quasi-critical damping) 

(iii) p = 2 p c , giving t s = 4-31 7} 


Examination of these graphs confirms that quasi-critical 
damping gives the quickest settling for small errors (i.e. less than 
Ei — 0-055). On the other hand, the under-damped case (iii) 
gives the quickest settling for comparatively large errors (i.e. 
greater than E 2 = 0-239). 


System ( d). 

One large simple lag 7), and several small simple lags 
T 2 , T 3 , ... s T h : 

p c ~(0-3)T l KT 2 + T 3 + ...+T h ) . . (29) 

to within'about ±25%. 

r, c ~ i-5(r 2 + r 3 + ... + r A ) . . . (30) 

to within about ±33 %. 

This last result is perhaps not obvious, but it may be derived 
by an argument similar to that used in the previous paper 6 for 
obtaining eqn. (29) above. 



Fig. 2.—Responses of system (c), for three different adjustments of 
loop integration rate, to a unit-step input applied at t — 0. 

The above results indicate that, for systems having only real 
lags distributed round the loop and having a reasonably large 
loop gain, the following conclusions may be drawn: the value of 
the minimum settling time-constant is of the order of the sum of 
the minor lags T 2 , r 3 , ... , T h , i.e. of the effective “loop-delay”; 
and is nearly independent of the major lag 7), i.e. of the effective 
“loop-integration-rate. ’ 5 


(6) CONCLUSIONS 

The time taken for any linear system to attenuate considerably 
the error due to any sudden transient disturbance is dependent 
on only one system parameter, namely the settling time-constant. 
This parameter is optimized, i.e. the quickest approach to com¬ 
plete correction is obtained, when the system is adjusted to be 
quasi-critically damped (at least for a large class of control 
systems). The adjustment for this condition is relatively simple 
to calculate, as is also the corresponding value of settling time- 
constant. 

This favourable property of quasi-critical damping reinforces 
the argument for its use as a general design criterion of stability. 
It is especially appropriate for certain types of control system (as 
listed in Section 1). 
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SUMMARY 

A graphical method is given for obtaining the integral of error- 
squared for a servo mechanism supplied with a given input signal, and 
the usefulness of this criterion is discussed. The servo mechanism is 
characterized by its open-loop response locus, and the input signal by 
its power spectrum. The method is extended to allow for noise at the 
input. 

(1) INTRODUCTION 

It has been suggested 1 that the integral of error-squared, 


(2) GRAPHICAL METHOD 
From eqns. (2) and (3) we have 


s-l 

7T 


\di(a))\ : 

jl + G{co)\ 2 


day 


If now we plot y = 11 + G{co) | 


-2 


5 = 


e 2 {t)dt 


( 1 ) 


would form a simple and convenient criterion of performance 
for a servo mechanism. Under certain conditions which are 
usually fulfilled S can be obtained from information about the 
error as a function of frequency; in fact, 2 


against 


we have 


x = 


\Qj{pS)\ 2 doy 


. . (5) 

. • (6) 

. . (7) 


6)0 


ydx = 
£0 = 0 


-C0 dx , 

3> ckd a> 


r. CO 




1 + G(w)| J 


dco 


7 T 


e(oj) 1 2 dco 


( 2 ) 


= 7 TS 


( 8 ) 


Moreover, for a linear system having an open-loop transfer 
function G(p ) we have 

i , m, _ 10/Mi 2 ^ 

|! + G(m) 12. ( 

where |0,-M| 2 is proportional to the quadratic spectrum of the 
input. Thus the input signal may be characterized by its fre¬ 
quency spectrum alone, and in simple cases S can be evaluated 
analytically from eqns. (2) and (3). 

In those cases where S has been calculated, a step-function has 
often been used for the input 0,-. It is then found that the system 
which gives the least value of S has too little damping to be 
satisfactory in practice. Westcott, 3 following Hall, 1 has suggested 
that this is because the criterion penalizes a system for failing to 
respond immediately after a step change of input, which the 
system is physically incapable of doing. This is equivalent to 


When the signal 9 t has finite energy, co 0 may be zero, and it is 
convenient to use the dimensionless quantity P instead of S, 
where 


-co 


10/M I : 


p = 


|1 + G(co)\ 2 
_ 

\0 i{(jS)\ 2 d<x> 


dco 


(9) 


In Figs. 3 and 4, P is given by the ratio of the area under the 
curve y — |1 —j— C71 2 to that under the line y — 1. For such 
input signals as an infinitely-long step the integral (7) diverges as 
co 0 tends to zero, and the base-line of x is infinitely long, as in 
Figs. 5 and 6. 

system is physically incapable ot doing, ims is equivalent to ° f * afpropSies of tto se™ mediaS^i. 0 The 

S oT d y is invariable. We charts can easily be prepared 


In place of S, Westcott suggests as a criterion W, where 


W 


te 2 {t)dt 


A graphical method will now be given by which S may be 
found for a given system supplied with a given input signal. 
The system may be characterized by its open-loop harmonic- 
response locus, and the input by its power spectrum. Some 
examples will be worked out, and then the argument against S 
as a criterion of performance will be re-examined. 


Written contributions on papers published -without being read at meetings are 
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Dr. Rosenbrock is with Costain-John Brown Ltd. 


either for a given input characterized by a measured spectrum, 
or for inputs considered typical under given conditions. 

The value of |l + G\ is readily available from the open-loop 
(4) harmonic-response locus of the system, and is merely the distance 
from the locus to the point (-1, 0). The frequency response of 
the system need not be given analytically, but may be measured. 
The effect upon P of a change in the open-loop gain is particularly 
easy to find, since it is only necessary to choose a new point to 
be o), change the scale of the response locus appropriately, 
and plot the new values of |1 + G\ against the same scale of x. 

Besides giving the value of P (or S), the graphical method 
indicates the frequencies at which the greatest contributions to 
P (or S) arise. It therefore shows the frequencies at which an 
improvement of the system will be most profitable. 
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(3) EXAMPLES 

The servo mechanism which will be considered is that treated 
by Westcott 3 and shown in Fig. 1. It consists of a Ward Leonard 



Fig. i.—Servo system used as an example. 



set driving an inertia load, the generator having a split field fed 
differentially by a valve amplifier of adjustable gain. We have 

^ = -jo?T m T f - J(T„ + 2» +joi ' ' (10> 

where K v = K X K 2 = Velocity-error constant. 

K x = Amplifier output voltage per unit error angle, 
volts/rad. 

K 2 = Velocity-constant of the motor, rad/sec/volt. 

T m — Mechanical time-constant of the motor and its 
load, sec. 

T f — Time-constant of the generator field, sec. 

We shall put T m = 5 sec and 7} = 1 sec, and shall treat K v 
as the design parameter. Westcott has shown analytically that 
for a step-function input S is least for K v = 0-33, while W is 
least for K v — 0-21. This last setting gives a transient response 
which would be accepted as satisfactory on the basis of practical 
experience. 

The first example uses an input having a power spectrum 
proportional to b ~The form of the spectrum is shown in 
curve (i) of Fig. 2, with four scales (a), ( b ), (c) and (d), corre- 



Curve (i) shows the form of the assumed power spectrum, which is proportional 
to 6 -*-co. The four scales (a), (6), (c) and (d) are drawn respectively for k—2, 5, 10 
and 20. Curve (ii) gives kx where a: = The resonant frequency of the 

servo system is near co = 0 • 25. 


sponding respectively to k — 2, 5, 10 and 20. Increase of k 
from k x to k 2 is equivalent in its effect on P to reducing all the 
time-constants of the servo mechanism in the ratio kjk 2 - 


Curve (ii) of Fig. 2 shows kx, where x = 


e~ kcCi dco. 


o 

Fig. 3 shows the error chart for an input having its power spec¬ 
trum proportional to e _26) and curve (a) of Fig. 8 shows the 


variation of P with K v . The criterion here calls for very high 
damping. Fig. 3 represents a case which is likely to occur only 
if the system is required to give a smoothed representation of 
the input. 4 In such a case very high damping would, in fact, be 
used. Although the least value of P is nearly unity, Fig. 3 
shows that the low-frequency components of the input are 
accurately followed. 

Curve ( b ) of Fig. 8 is drawn for the input represented by 
scale ( b ) of Fig. 2. To the accuracy of drawing and measurement 
used, the minimum value of P has the same value as in the last 
example and occurs at the same value of K v . The only advantage 
derived from the increased relative value of the servo-mechanism 
resonant frequency seems to be a reduction in the penalty for 
using too large a value of K v . 



Fig. 4 and curve (c) of Fig. 8 show a more practical case. 
The servo-mechanism resonance is seen from scale (c) of Fig. 2 to 
lie above the frequencies carrying the greater part of the input 
energy. The criterion now calls for a value of K v of about 0-4, 
but shows that little penalty is incurred by using K v = 0-21 
in order to give a better margin of stability. The least value of 
P is about 0-64, which shows that the relative increase of the 
servo-mechanism resonant frequency has produced a great 
improvement in performance. The important parameter is no 
longer K v , as it was in the two previous examples, but it is now the 
speed of response. 

Curve ( d ) of Fig. 8 shows conditions when the servo resonance 
is at a relatively high frequency. The criterion now calls for very 
light damping, but it will be shown later that the presence of 
noise in the input signal modifies this conclusion. 

Fig. 5 is drawn for a step-function input, and curve (e) of 
Fig. 8 shows the corresponding values of S. These values are 
calculated, and are shown to an arbitrary scale since the signal 
energy is now infinite. Fig. 6 and curve (/) of Fig. 8 correspond 
to an input proportional to 1 + 10fi~T The least value of S 
occurs for K v ~ 0*05. 
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Fig. 5.—Error chart for the system of Fig. 1 when the input signal is a 

step-function. 



Fig. 6.—Error chart for the system of Fig. 1 when the input signal is 
proportional to 1 + 10e~ f . 


(4) EFFECT OF NOISE 

By an extension of the graphical method given in Section 2 we 
may take account of noise. If the signal 9, is applied to the 
input together with noise d ni , the output consists of a signal 9 0 
together with noise d n0- The difference between the output and 
0,- is 

8 =0o + 0„ o -0/ = -«+ 0„ o • • • 01) 

where e as before means 0,- — 0 O . We therefore take as our 
criterion 



-CO 

Ixo - 0„ o cop* 

J 0 


e 2 (t)dt + 
*u 


~00 




d 2 0 (t)dt - 



e(t)d nQ m 


. ( 12 ) 


We now suppose that 6 { and 9 ni are representative samples of a 
statistically uniform signal and its accompanying noise. If then 
the noise is uncorrelated with the signal, and if the samples are 
sufficiently long, it is physically evident that the last integral in 
eqn. (12) will be negligible in comparison with the first two. This 
can be proved from the mathematical definition of correlation, 2 
although the proof is not simple. 


Thus 


T = S + 


%co* 


= 5 + 


7T 


0 

-co 


= S + 


77 


ejfoWto) 


1 -(- G(of) 


dco 


and we find the value of the last integral by plotting 

G(to) ' 2 


against 


y = 


X — 


1 G(oj) 

CO 

\d,n(oS)\ 2 da) 


-CO 


As before it is convenient to divide throughout by 
thus obtaining 


77 


(13) 


(14) 

(15) 
|0,.(a>)| 2 do>, 




Q =P + 


0 ni (co)G( to) 


1 + G(cS) 


dco 


■Wi 


I «„,(“) 1 


pCO 1 

\9 ni (co)\ 2 dio 


| 0 ( (oj) | 2 dco 
J o 


(16) 


— P + N, say . . ..(17) 

The reason for writing N in the form given in eqn. (16) is that it 
is then a product of two dimensionless ratios, one of areas and 
one of energies, and no difficulty arises over scale factors. Any 
convenient value can be chosen for co u e.g. that value which 
makes 


-COl 

\9 ni (co)\ 2 dco = 


pCO 

\di(co)\ 2 dco 

J o 


(18) 


Fig. 7 shows noise charts plotted from eqns. (14) and (15) for 
the system of Fig. 1 when white noise is applied to the input. 
The variation of N with K v is shown by curve (g) of Fig. 8, the 



Fig. 7.—Noise chart for the system of Fig. 1 when white noise is applied 

to the input. 

scale of which is such that the noise energy in the band co = 0 
to co = 1 is equal to the energy in the signals for which P is 
shown in the same Figure. Curves (q) and (c 2 ) show respectively 
the effect of adding 10% and 20% of N to curve (c), which 
relates to Fig. 4. Thus curve (c 2 ), for example, shows the value 
of Q for the system of Fig. 1 when the spectrum of the signal is 
as shown by scale (c) of Fig. 2 and white noise is present with the 
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Fig. 8— Variation of P, S, N or Q with K v . 

The curves all relate to the system of Fig. 1 and show the following: 

( a ) P for signal with power spectrum proportional to 

( b ) P for signal with power spectrum proportional to e 
fc) P for signal with power spectrum proportional to 

(cl) p for signal with power spectrum proportional to e ZUCJ . 
tel S for step-function input (scale arbitrary). 

( f \ s for input proportional to 1 -1- 10 e t (scale arbitrary). 

( S ) n for white noise at input having energy m the band « = 0 to a 
that of the input signals for ( a ), (h), (c) or (a). 

( Cl ) Q for (c) with 10% of (g). 

(c.n) Q for (c) with 20% of (g). 

(d x ) Q for (d) with 10%of(g). 

(d 2 ) Q for (d) with 20% of (g). 

(d{) Q for (d) with 200% of (g). 


1 equal to 


signal and has the same energy in the band a> = 0 to co = 5 as 
the total energy of the signal. Curves (dj, (d 2 ) and (d 3 ) of 
Fig. 8 show respectively the effects of adding 10, 20 and 200% 
of N to curve (d). Curves (q), (c 2 ), (d { ), (d 2 ) and (d 3 ) illustrate 
the fact that the presence of noise requires greater damping. 


(5) DISCUSSION OF THE EXAMPLES 

From Figs. 3 and 4 it is evident that the important factor in 
deciding the value of K v for minimum P is the amount of energy 
in the signal at frequencies near the servo resonance. The 
criterion will require high damping if the servo resonance is 
within a frequency band where the input has appreciable energy. 
If the servo resonance is not within such a band, the criterion 
allows lower damping than experience shows to be desirable. 
The last result is not surprising, since by using P we ignore the 
effects of noise, and since the practical setting of a servo system 
must allow for possible changes in the parameters, which with 
very small damping might lead to instability. 

The transition from conditions which demand high damping 
to those which allow light damping is more sudden than might 
be expected, and it is accompanied by a sharp decrease in the 
least value of P. This result may be a consequence of the par¬ 
ticular choice of input signal spectrum. 

Returning to the criticisms which have been made of the integral 
of error-squared as a performance criterion, we see from Fig. 5 
that, with a step-function input, the criterion allows light damping 
because there is relatively little energy in the signal at the servo 
resonant frequency. The high-frequency region where G is 
negligible contributes to S a quantity which is nearly independent 
of K v , and has little effect in locating the minimum of S. This is 
clearly illustrated also in Fig. 6 , where the system is penalized 
more severely for its failure to respond to a sudden change of 
input, and yet the criterion requires greater damping owing to 
the greater energy in the signal near the servo resonant frequency. 


It is shown in Appendix 10 that the use of W is equivalent to 
retaining S as the criterion but altering the input signal. The 
modified input has, in fact, a smaller proportion of the highest 
frequencies, but this is of secondary importance. A more 
important effect of the modification is to introduce into the input 
a component at each of the (complex) natural frequencies of 
the system. It is for this reason that the use of W leads to more 
highly damped systems than are obtained with S. 

There seems to be a confusion of purpose in applying S as a 
criterion with a step-function input. We ought probably to 
distinguish two sets of conditions which a servo mechanism must 
satisfy: 

(a) The system must be stable, and it must have a sufficient margin 
of stability to cover variations of the parameters which may occur 
when it is in service. The practical criteria of phase margin, maximum 
modulus, step-function response, etc., all relate to the margin of 
stability.* They can all be applied regardless of the signals which the 
servo mechanism will in fact be called on to follow. 

(, b ) The output must fit as closely as possible, according to some 
accepted performance criterion, to the input. The integral of error- 
squared is one of many possible measures of this closeness of fit. All 
such criteria will, in general, give results which depend on the character 
of the input signal and of any noise which may be present. AH will be 
overridden if they suggest less damping than the stability criteria require. 

It may well be that, in many practical cases, the least value of 
Q occurs for rather less damping than is required by the stability 
criteria, but Q is little increased by the necessary increase of 
damping. This would explain why the stability criteria form a 
useful guide to the best practical setting. Thus it may be only 
in occasional cases that we need to use Q to fix the damping 
(Fig. 8 ). A performance criterion may, on the other hand, 
determine parameters about which the stability criteria give 
no information. It may also be useful in deciding whether a 
proposed alteration of the system is worth making, or in drawing 
up a specification of performance to be fulfilled by the servo 
mechanism when supplied with a given input. 

When it is used as a specification of performance, the restric¬ 
tion on P can be supplemented by limits on the contribution to P 
which may arise in given frequency bands. Testing an existing 
servo mechanism to see whether it conforms to such a specifica¬ 
tion requires only the measurement of the amplitude of error for 
harmonic inputs at appropriate frequencies. No measurements 
of phase are required. The use of Q for purposes of specification 
requires a little more care since, for a given input signal and 
given noise, there is an absolute minimum below which Q cannot 
be reduced . 2 


( 6 ) APPLICATION TO PROCESS CONTROL 
The typical problem of a single-loop process-control system is 
shown in Fig. 9. Here A, B and C represent the fixed transfer 


9d1 ®d2 



Pig. 9 —Process-control loop with disturbances. 
ABCF = G 


functions of parts of the process, F is the transfer function of the 
controller, 6 di and d d2 are disturbances, and 6 h the set value, 
remains constant and is therefore made equal to zero. There 
may be more than two disturbances such as u d i and u d 2 - the 
object is to reduce the output variations d Q , and if these may 
be measured adequately by their mean-square value we may 
apply the graphical method already given. 

* The accepted numerical values used with these criteria may, of course, have some 
_under tvuical conditions. as well as to stability. 
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We first transfer all the disturbances to the output, obtaining a 
disturbance Q d which is equivalent to 9 dl , 0 d2 , etc., and can be 
calculated from them. It is likely, however, that 6 d will be 
obtained by measurement, since it is equal to <9 0 when the feed¬ 
back loop is broken. Thus the quadratic spectrum of 6 d can 
be obtained by measuring that of 9 0 when F — 0. 

When the loop is closed we have 


r 1 
dim = 

0 


-00 


77 


|0 O M| 2 doJ . 




dcu 


77 J Q l 1 ^ ! ( cu )| 2 

We therefore take as the criterion of performance 

rjwp 
I p 

D = 


1 + GXaS) | 


,dw 


\d d (co)\ 2 da> 


(19) 


( 20 ) 


(21) 


which is similar in form to P, and may be found in the same 
way by plotting 

y = |l + G(to)\~ 2 .(22) 


against 


x 


\6 d (aS)\ 2 dci) 


(23) 


We then have to minimize D by adjusting the parameters of F, 
confirming afterwards that the setting so obtained gives an 
adequate margin of stability or, if not, making the necessary 
changes. It will be noticed that this analysis corresponds to 
that given in Section 2 for a servo mechanism in the absence 
of noise. 

(7) CONCLUSIONS 

The graphical method which has been given allows the integral 
of error-squared to be obtained without too much labour even 
for moderately complicated systems. It is suggested that when 
this integral is used as a performance criterion it should be 
evaluated for the type of input to which the system must respond 
(including noise, if this is appreciable) and that separate con¬ 
sideration should be given to the margin of stability. Under 
these conditions the evidence 2 seems to indicate that the criterion 
will give results in accordance with practical judgment. 
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(10) APPENDIX 


We define 


w„W\ = 


t n e 2 (t)dt 


(24) 


where eJt) is the error for an input g(t). Then we have 3 


w n \ g m 


(—)" lim 

a-> 0 


~b n 

'bcr' 1 




eKt)e~ a, dt 


6 


= (~) n lim 
cf—>■ oL 


U” 1 

C)<7" 277/ 


J 00 

e g (p)e g (a - p)dp 

-7 co 


(25) 


(26) 


provided that the poles of e g (p) are all in the left-hand half-plane. 
Now cr is initially real, but we may regard the integral in eqn. (26) 
as defining a function F(cr) of the complex variable a. Then for 
cr within a small region about the origin we can show 5 that F(cr) 
is an analytic function with derivatives of all orders which may 
be found by differentiating under the sign of integration. It 
follows that 
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where 


H(j>) = (-> 


tg'Kp) + d gK-p) 


(31) 


(32) 


2L e 8 (p) £ S (-P) J 

But H(p) — H(—p), and we may therefore write 

H(p) — h(p)h{—p) .(33) 

where all the poles of h(p) are in the left-hand half-plane, provided 
that e g (p) has no purely imaginary zeros. In general h(p)h{—p) 
has poles at the poles and zeros of e g (p)e g (—p). 


Then W n [g(P)\ 
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.7 oo 


e R (p)h(p)eJ —p)h{ —p)dp 


■g 
-7 co 


2t77J 
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(34) 


(35) 


The function h{p) will not generally be unique, as there will be 
some choice in the location of its zeros. 

It is evident from eqns. (32) and (33) that |^(a))/?(cu)| will be 
less than |g(o>)[ at very high frequencies, but that it may be 
considerably greater near the resonant frequency of the system. 
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The function g(p)h(p) has a pole at each complex natural fre¬ 
quency of the system, and if there is a lightly-damped mode the 
time-function corresponding to g(p)h(p ) will be oscillatory with 
the corresponding frequency. 

For example, if 

g(p) = - and e s (p) = - T ~ ———- —- 2 . . (36) ■ 

6 p 8 p 2 + cop + co 2 


we have 


+ <(■ 
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and we may take h(p) = -- 

+ COp + 0 >“ 


(37) 
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or 
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p 2 + cop CO 2 
The time-function corresponding to g(p)h(p) is then 
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(39) 


(40) 


/ -\/(3)ci)/ i /o • '\/(^) (zJ ^\ /"Alt 
(cos ——^—+ V3 sm—£—J . (41) 

Thus for the system of this example the value of fV ~ W 1 for a 
unit step-function input is the same as S == W 0 when the input 
is given by eqn. (40) or (41). By using the standard forms given 
in Reference 3 it is easy to verify this result, and the common 
value of W and S is found to be l/2co 2 . 


DISCUSSION ON 

“THE MANCHESTER-KIRK O’SHOTTS TELEVISION RADIO-RELAY SYSTEM”* 

WESTERN CENTRE, AT CARDIFF, 1ST NOVEMBER, 1954 
SOUTHERN CENTRE, AT PORTSMOUTH, 9TH MARCH, 1955 


Mr. J. S. Whyte (at Cardiff): On the T.D.2 relay system 
operating in the United States the required amplification at 
super-frequency is provided by triodes operating between 
suitable resonant cavities; the output amplifier has a gain of 18 dB 
when the output power is 0-5 watt. This arrangement has the 
advantage that an h.t. supply of only a few hundred volts is 
required compared with the 3kV stabilized supply demanded 
by the travelling-wave-valve amplifier and some 60 watts of power 
required by its focusing coil. What are the authors’ views on 
the relative merits of the two methods? Is it not a fact that 
the inherent broad-band characteristic of the travelling-wave 
amplifier, so often quoted as a great advantage, is reduced to 
a figure not greatly exceeding that of the T.D.2 amplifiers, by 
the input and output matching difficulties? Would the authors 
have used the travelling-wave-valve amplifier if suitable triodes 
had been available in this country when the system was designed? 

Is there a routine for checking the automatic-starting arrange¬ 
ments for the Diesel generators, and if so, how frequently do 
they fail to start without necessarily interrupting traffic? 

Mr. G. D. Curtis (at Cardiff ): It would appear that the use 
of supervisory equipment for the location of faults in unattended 
telephone radio-relay stations emanates from the desire to reduce 
the maintenance manpower required at such stations. 

I assume that selected maintenance men in the area are called 
out in the event of a fault on such a relay station. In view of 
the complexity and additional fault liability incurred by the use 
of supervisory fault detection, has there in practice been any 
saving in the cost of running such stations, or does the interest 
on the capital cost of the supervisory equipment plus its deprecia¬ 
tion total more than the calculated cost of manning such stations 
during working hours ? 

The authors have stated that the group-delay/frequency 
characteristics of the radio system vary with frequency from 
approximately 50 to 90millimicrosec. I assume that this delay 
shows up as a phase displacement varying with frequency. 

Would the authors give a comparison between the group-delay 
characteristics of a radio system and those which one would expect 
when using coaxial cable ? 

Mr. W. P. Warren (at Cardiff ): Could the authors give some 

* Dawson, G., Hall, L. L., Hodgson, K. G., Meers, R. A., and Merriman, 
J. H. H.: Pa er No 1623 R, January, 1954 (see 101, Part I, p. 93), 


indication of the electrical loading of the repeater stations used 
on the Manchester-Kirk o’Shotts radio-relay system, together 
with some indication of the relative efficiency? I recall that a 
load of approximately 200-300kW is required by a terminal 
station such as Wenvoe for an output power of only 60 kW. 

Is the requirement for standby supplies met at the repeater 
stations by two alternative Grid sources of supply, or by a standby 
generator? If standby generators are used, do the Post Office 
use the type of equipment which is at present on the market and 
in which a synchronous machine having a large flywheel is 
normally connected to the supply and is running continuously 
thereby under normal Grid supply conditions providing a measure 
of power-factor improvement ? On disconnection of the normal 
supply the inertia of the flywheel allows the machine to operate 
as a generator until the standby Diesel plant is run up to 

speed. . ■■ 

The authors have referred to the automatic operation of the 
repeater stations, and I should be interested to have further 
information on the method of remote control and indication. 
Is control by d.c. impulses or by voice-frequency _ impulses ? 
Are the pilots contained in a cable used solely for this purpose, 
or are they routed through normal Post Office exchange and 
repeater circuits? If the latter is the case, have the B.B.C. 
experienced any outages owing to interruption of the control- 
circuit pilots ? 

The authors indicate that if microwave working were also used 
for telephony circuits a spacing of 47 miles (the longest hop on 
the Manchester-Kirk o’Shotts route) would probably be too 
long to avoid fading. If we assume that a distance of 30 miles 
would be reasonably satisfactory for a microwave system, and 
we compare this with the repeater spacing of approximately 
12 miles for normal multi-core cable carrier working, do the 
authors think that there would be considerable saving in capital 
with the adoption of the microwave system as against cable 
working? 

Mr. H. J. R. Townsend (at Cardiff): To what extent does the 
quality of the picture suffer owing to its being “bounced” from 
point to point along the length of the country ? 

It is understood that, owing to the shortage of zinc, masts were 
aluminized and not galvanized. How is the aluminizing standing 
up to conditions of operation? 
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Mr. R. J. Harris {at Portsmouth ): Could the authors give some 
idea of the life of a travelling-wave-valve amplifier? Could they 
also give some information on the desirability or necessity of 
using a sine-squared type of pulse for testing such links? 

Mr. J. R. Hardwick {at Portsmouth ): What limit of angular 
deflection of the axes of the lOft-diameter paraboloids, owing 
to the effect of windage on the structure of the supporting tower, 
can be accepted? 

Mr. R. Goford {at Portsmouth ): We can now presumably look 
forward to the increased use of s.f. links in the Post Office tele¬ 
communication system, and for example, now that we have the 
Rowridge link we might expect to be able to beam a transmission 
from there to centres of population in the vicinity, i.e. Portsmouth, 
Ryde, Portsdown, Southampton, etc., and filter out appropriate 
channels. The foresight of the Television Advisory Committee 
in 1948 had made that a possibility by catering for transmission 
of frequencies over a wide band. 

I would like to pay tribute to the training facilities which have 
proved adequate to produce good maintenance staff from the 
rather raw material available. I think the projects and techniques 
involved, and the obvious efforts of the contractors and the Post 
Office to teach the men inspire them to show their talents to the 
best advantage, and I doubt whether we have ever been seriously 
disappointed at the staff’s response despite the complexity and 
novelty of the work. 

Interference problems in the Portsmouth telephone area have 
changed with the introduction of the Rowridge station, and I 
suppose this will be a common experience in any area where a 
poor field strength and signal/noise ratio have been experienced 
prior to the opening of a new station. Complaints of inter¬ 
ference with television reception have fallen to about one-half 
of the previous number owing to the disappearance of fringe-area 
interference and the fact that existing users are now becoming 
very satisfied with the improved quality of reception. New 
users have not yet become critical, and they never should while 
present quality is maintained. Interference with medium-wave 
radio reception, on the other hand, has risen to about twice its 
previous value; prevalent sources are television i.f. and line-time- 
base interference. In cases where several television sets are 
having an effect on one radio set we have found it worth while 
to install screened aerial lead and generally improve the aerial 
and earth system of the radio set rather than to pay primary 
attention to the radiation from the television sets. 

The Rowridge link has proved very reliable, and lost circuit 
time is very low indeed. 

Mr. K. L. Rao {India; communicated ): In Section 3.3 the 
authors state that, in order to minimize feeder losses, copper-weld 
waveguide is used for feeder runs. From the description of the 
system it appears that the feeder runs go up along the mast 
supporting the paraboloids at the top. No doubt the authors 
will be aware of the advances in technique made since the system 
was installed. Passive reflectors could be used with the para¬ 
boloids mounted at the base of the masts, and in many cases 
with advantage. A simple rearrangement may be necessary in 
the aerial and feeder arrangement. 

In the London discussion Mr. Faulkner asked whether the 
authors have considered other forms of aerial system which might 
lead to reduced wind loads and thus reduced cost of towers. 
The use of passive reflectors not only reduces wind-loading 
problems but also enables paraboloids of greater gains to be 
constructed in addition to reducing losses due to waveguide runs 
to antennas and minimizing associated problems of the main¬ 
tenance of aerial and feeder systems. 

Messrs. G. Dawson, L. L. Hall, K. G. Hodgson, R. A. Meers 
and J. H. FI. Merriman {in reply): The possibility of using a 
triode instead of the travelling-wave amplifier for amplification 


at 4000Mc/s with a consequent reduction in the h.t. voltages 
required in the equipment was mentioned by one speaker. We 
understand that the gain-bandwidth product of the s.f. triode 
is such that three valves would be required to provide the 18dB 
gain of a single travelling-wave amplifier, and that the circuit¬ 
tuning procedure is more complicated. 

We are convinced that the travelling-wave amplifier has definite 
advantages in terms of s.f. performance and ease of maintenance 
compared with the triode for this application. 

A minimum average life of 3000 hours was specified for all 
microwave valves, and this has been exceeded in every case. 

The video-frequency/group-delay characteristic of the overall 
system is shown in Fig. 14. Comparable results are achieved 
on coaxial-cable television links. 

No pilots are used on the landline or radio link for the control 
of the overall system, and no outage time on the link has been 
caused by faults on the landline. The remote-control signalling 
system is described in the paper. 

As stated by Mr. Warren, the average spacing of the s.f. 
repeaters is about 30 miles compared with about 12 miles for 
carrier cable and 6 miles for coaxial cable. It is not possible to 
give a general statement on the comparative capital costs of the 
different methods, as they differ considerably depending upon 
the specific requirements of a project and the terrain it traverses. 

In reply to Mr. Townsend, the overall performance require¬ 
ments are based on the use of four systems in tandem without 
introducing distortion in an amount which would be noticeable 
to the viewer using a good-quality domestic receiver. The 
performance figures achieved are given in the paper. 

It is not possible to use the passive-reflector scheme suggested 
by Mr. Rao if only two radio frequencies are used for a 2-way 
system, as the attenuation between the two directions of trans¬ 
mission at a repeater station would be too small. We doubt 
whether the use of a reflector would reduce the wind-loading 
problems, since the reflector would need to be larger than the 
paraboloid for the same overall gain. 

Automatic-starting arrangements for the standby engine 
generators are subject to maintenance routine check monthly, 
and to date only one failure to start on a mains-supply failure 
has been noted. This occurrence was examined and found to 
be due to a wholly incidental and non-engineering error. 

It is very likely that the continuously-running flywheel type 
of standby generator may be used on future systems. 

In any discussion of the respective merits and demerits of 
staffed versus unattended operation and the related problem of 
extent and complexity of supervisory or control equipment, two 
factors must be borne in mind. The first is that in this system 
—the first of its kind in the world—a deliberate policy of over- 
generous supervisory-facility provision was adopted in order that 
possible operational problems, whose real magnitude could not 
be accurately gauged during planning, could be accommodated. 
The second is that, with a possible future tendency towards 
multi-channel operation on one route and the sharing between 
channels of supervisory services, the already favourable economic 
position of unattended operation is enhanced. 

Overall electrical efficiency of microwave systems discussed by 
Mr. Warren is apt to be misleading. Station equipment loads 
upon the mains supply are of the order of lOkW. The total 
radiated power is of the order of 2 watts. On the other hand, 
not only do the aerial systems used have a power gain of 40 dB, 
but it might also be argued that electrical power is accepted 
from the mains supply at the supply frequency with a nominal 
zero bandwidth and converted into radio-frequency power 
with a bandwidth of about 5 Mc/s. Our difficulty in conceding 
that overall efficiency is a significant factor may therefore be 
appreciated. 
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SUMMARY 

The paper describes circuits and techniques of measurement developed 
for use in an electronic-analogue differential analyser running at high 
repetition rates. The object has been to explore the upper limits to the 
speed conveniently attainable in various basic operations. 

After a general description of the problem and the computer which 
was ultimately developed, these basic operations are treated in turn. 
Precision methods have been developed for resetting and releasing 
integrators and altering the coefficients electronically at repetition 
rates up to 25 000 per second, making possible extremely rapid auto¬ 
matic search processes of trial and error. A multiplier on the “quarter 
squares” principle has been developed, using biased diodes to control 
the feedback characteristic of an amplifier, giving an output which 
shows negligible phase-shifts at 50 kc/s. 

Arbitrary functions are synthesized by approximation in diode- 
controlled networks. 

Essential to the efficient use of such high operating speeds has been 
the development of projective multidimensional displays with an 
adequate frequency response. Three- and 4-dimensional systems 
using resistive resolvers are described, and the principles and techniques 
developed for accurate measurement at high speeds are discussed 
in detail. 

The final Section describes measurements made on each of the 
basic units to evaluate their performance. 

It is concluded that the potential information capacity of electronic- 
analogue computing methods is much higher than can be realized by 
conventional techniques producing single solutions on a 2-dimensional 
display. With multi-dimensional displays and electronic programming, 
a hundred- or even thousand-fold increase in information capacity is 
quite readily attainable with problems requiring systematic search 
processes for their solution. 


V'y — Depth-co-ordinate output of 3-dimensional 
display. 

a, j3, y — Rotation-angles in 4-dimensional display. 

6, <f> — Angles of azimuth and elevation in 
dimensional display. 
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LIST OF PRINCIPAL SYMBOLS 
v g = Instantaneous input-grid voltage of basic 
amplifier A. 

v 0 = Instantaneous output voltage of basic ampli¬ 
fier A. 

a = Negative gain of basic amplifier A. 

— Instantaneous input voltage to operating unit. 
<j) j 2 3 = Current/voltage functions of input elements 


Pi, Pz, P 3 


l l, 2,3 


ijj — Voltage/current function of feedback element Q. 
i f = Feedback current. 

Current in input elements P ( 2> 3 . 


V x [ V Y ~ Control voltages operating diode switch. 

R = Resistance between input grid and earth line. 


V V V V 
r w> r x> r yy r 2 


'f/tt T/' / 
r w , r x 


R f = Feedback resistance. 
g m = Transconductance of amplifier A. 


Input voltages to 4-dimensional display (w is 
normally the dependent variable). 

V' w , V' x , V' y - Input voltages to 3-dimensional display (w' is 
normally the dependent variable). 

= Output voltages of 3-dimensional display 
(w" is normally vertical). 

V"' = Depth-co-ordinate output of 4-dimensional 
display. 


Dr. MacKay is in the Wheatstone Physics Laboratory, King’s College, University 
of London. 
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(1) INTRODUCTION 

Towards the end of the 1939-45 War, electronic-analogue 
computing techniques had reached an advanced stage of develop¬ 
ment for various military purposes. Their limited accuracy and 
restricted range of application, however, combined to support a 
growing opinion that the possibilities of such methods had been 
virtually exhausted and that they were destined to obsolescence 
by the advent of high-speed digital techniques. 

The paper reports some of the results of a programme initiated 
in 1946 from a different aspect.* From a consideration of the 
current analogue techniques it was evident that great improve¬ 
ment in accuracy could not be expected, and that analogue 
differential analysers—like their prototype, the slide-rule—could 
hope to find applications only to those problems whose data 
were known or whose solutions were required to a comparable 
accuracy, say of the order of 1 %. 

But as the majority of physical problems belong to this range, 
at least in their exploratory stages, and as the theory of scientific 
information 1 (not to be confused with communication theory) 
suggested that an intelligent exchange of accuracy for speed was 
generally possible with a gain of informational capacity, it seemed 
not unprofitable to inquire how far the technique was, in fact, 
from the limits to performance set by physical necessity. Granted 
that accuracy could not be much improved, how far was it 
possible to increase speed without impairing accuracy to an 
unacceptable extent? 

A high speed of operation would usually be of little value 
unless the operator were able to follow the activity of the instru¬ 
ment at speed. The goal of increased speed thus presented two 
main problems, the maintenance of adequate accuracy and the 
devising of adequate means of display. In the following Section 
the main elements of a computer developed as a result of this 
programme are briefly described. The remainder of the paper 
deals in more detail with some of the novel features embodied 
in its design. 

(2) GENERAL DESCRIPTION 

The computer is essentially a general-purpose differential 
analyser designed for cyclic operation at a variable solution rate 
with an upper limit of 25 000 solutions per second. It is con¬ 
trolled by a conventional crystal clock which provides four 
principal outputs: 

(a) Main switching signals for cyclically releasing and resetting 
integrators and other units at the required rate, variable in binary 
steps between (25 000 H- 25) and 25 000 per second. 

(b) Pulse-trains for calibrating the time-axis at intervals from 10 to 

80microsec. „ 

(c) A binary group of subsidiary switching signals for auto¬ 
matically changing the coefficients of an equation in the interval 
between successive solutions. 

(d) A master time-base generator. 

* Described more fully in the author’s Ph.D. thesis, University of London, 1950 
entitled: “The Application of Electronic Principles to the Solution of Differential 
■Equations in Physics.” 
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The computer is constructed on the unit principle. A set of 
identical general-purpose amplifiers provide a basis for all linear 
operations such as addition, integration and the like, being wired 
into circuit as each problem demands. 

A set of general-purpose diode switching units driven by the 
mam switching signals from the clock can be connected to any 
circuit which requires resetting to prescribed initial conditions 
before the start of each computing cycle. 

Two coefficient-changing units controlled by the subsidiary 
. switching signals from the clock can provide 32 x 32 successive 
combinations of any two chosen coefficients or parameters in an 
equation, so that 1 024 different trial solutions can be obtained 
before the system repeats itself. 

A set of multiplying units capable of forming the instantaneous 
product of two rapidly-varying voltages make non-linear 
operations possible. 

High-speed function generators driven by the clock provide 
the equivalent of an input table” by means of which graphical 
data can be supplied at speed to the computer. The subsidiary 
switching signals already mentioned may be used to change the 
form of successive input-functions so generated, if required. 

A multi-dimensional cathode-ray tube display capable of 
unambiguously depicting functions of two or three independent 
variables enables the order and form of successive solutions to 
be distinguished. 



Fig. 2.—Typical operating unit with several inputs. 


An amplifier A, of the type shown in Fig. 1, has an element Q 
connected between its input and output, and is linked to voltages 
v i, v i> by P ls P 2 , P 3 . Since A is sign-reversing, it will tend to 
exert negative feedback via Q to maintain v g at a small value. 
If the gain of A is — a, then v g — — vja. Now if the current 
h in Pj is a function — vj of the voltage across it, and if 
the voltage (v g — v 0 ) across Q is a function of the current 
through it, it may readily be seen that 

v s ~ v o == 0(*i + h + h) 

= - v s ) + cf> 2 (v 2 - v s ) + <f> 3 (v 3 - v )] 

or 


Specially designed measuring equipment, making use of 
null-observations wherever possible, is provided for use in setting 
up problems and for reading off information from the display. 

(3) LINEAR OPERATING UNITS 
(3.1) Amplifiers 

The basic amplifier circuit (Fig. 1) comprises a single pentode 
Y 1? d.c. coupled to a cathode-follower, V 2 , from which cathode- 

+A 


v o = ~ !>/(« + l)]#i0h + vja) 

+ H v 2 + Void) + cf) 2 (v 2 + vja)] . (1) 

When a > 1 and i Jj and the <^’s are linear operators, eqn. (1) 
becomes 

v o = - IH\( V \) + + # 3 (^ 3 )] ... (2) 

For example, if Pj were an inductance L u P 2 a resistance R 2 , 
P 3 a capacitance C 3 , and Q a resistance R f , eqn. (2) would 
become 



to-cathode feedback is derived through a preset control, RVj. 
This enables the effective gain of the circuit to approach infinity 
under normal conditions. Frequency compensation in the 
network R D , C D , R c , C c keeps the gain substantially constant 
from zero, to several hundred kilocycles per second. 

(3.2) Linear Operations 

The well-known principle on which linear operations such as 
addition and integration are carried out is illustrated in Fig. 2. 


v o=- [(RjfLJ^vJt + (R f JR 2 )v 2 + R f C 3 dVjdt\ . (3) 

Where P l5 P 2 and P 3 are resistances Rja x , R r /a 2 and RJa 2 , 
eqn. (2) becomes 

V o~ \ a l V \ ” 1 " a 2 v 2 + # 3 ^ 3 ] .... ( 4 ) 

To maintain accuracy at high frequencies it is often worth while 
in this case to shunt all resistances with small capacitances of 
proportionate reactance. 

(3.3) Integration and Resetting 

The most convenient integrator comprises a circuit of the 
type shown in Fig. 2 with P 1 a resistance R, and Q a capacitance C. 
Then (if P 2 and P 3 are omitted) 

v o ~ ~ ( MRC) J v x dt .(5) 

The principal problem is then to devise a method of discharging 
C at the end of each computing cycle and releasing the circuit 
with prescribed initial conditions at the beginning of the next 
cycle. To avoid loading the input circuit with the cathode- 
heater capacitance of diodes, the circuit shown in Fig. 3 was 
developed. Dj and D 2 are normally held open by a positive 
voltage, Vy , applied to R 2 . When C is required to be discharged, 
the input V Y is reversed in polarity, and a positive voltage, V x , 
is applied to Rj. This voltage is large enough to bring the 
output v q down to zero from its maximum possible positive value 
before the end of the resetting period. Thus even under the 
worst conditions there is a point at which Dj and D 2 both 
conduct,_ and the input and output of A are thereafter held 
automatically at the same potential until the voltage V Y is 
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Fig. 3.—Integrator with diode-controlled resetting circuit. 
A single neutralizing amplifier A' does duty for all integrators. 


reversed in polarity, and V% is once again leduced to zero, to 
start a fresh cycle. 

The self-capacitance of Dj tends normally to transfer an 
appreciable fraction of the switching voltage V Y to the input of 
A. To obviate this the cathode voltage of Dj is inverted in a 
sign-reversing amplifier A and fed back through a neutralizing 
capacitance C^. A single amplifier A supplied with a typical 
input serves to provide the neutralizing signal for all diode- 
switches. Its gain is -1/4, so that C N can have four times the 
self-capacitance of D t and hence be mechanically robust. 

Diode switches are assembled in units complete with neutraliz¬ 
ing capacitors and other components, and are wired to the input 
and output of standard amplifiers to convert them to integrators 

as required. 

(3.4) Coefficient-Switching Units 

The basic principle of the automatic coefficient switches is 
shown in Fig. 4 a . Sj _ 5 are diode switches of the type shown 



in Fig. 4 b , and the network is so designed that the proportion 
of V x passed to the input of the amplifier A when S ; - is closed is 
proportional to 2'. Thus the 2 s possible combinations of Si _ 5 
provide 32 equal steps in gain. RV) makes it possible to adjust 
the magnitude of these steps, and RV 2 in conjunction with R 6 
provides a means of adjusting the minimum value of overall gain. 
The feedback element Q may be a resistance if only a variable- 
gain amplifier is required, or a capacitance (plus diode-switch) 
if an integrator is required with a swept time-constant of 
integration. 


+ 50V -25V 

— 25 V +50V 



RVj and RV 2 are connected in the positions shown rather 
than at the input or output terminals, to take advantage of the 
low impedance of the virtual earth at the input of A. This means 
that low-impedance potentiometers may be used to minimize 
phase-shift without the disadvantages of presenting a low input 
impedance to the preceding unit or of placing a heavy load on 
the output stage. It is easily shown 2 that the effect of a shunt 
impedance R g at the input of A is to raise the output impedance 
only by an amount R^fg m R g , where g m is the transconductance 
of A. 

The diode switch shown in Fig. 4b was devised in order to 
maintain a low output impedance under all conditions and to 
minimize the effects of self-capacitance and voltage drop in the 
diodes. Germanium rectifiers were used, driven by push-pull 
switching pulses alternating between -f-50 and —25 volts. 
Steady current flows through R 3 . Under one condition, D 3 and 
D 4 are rendered non-conducting by a negative voltage applied 
to R 2 , while D t and D 2 conduct and bring the output Vj to the 
same potential as Vj. Under the other condition, D x and D 2 
are rendered non-conducting by reversal of the voltage applied 
to Rj, while D 3 and D 4 conduct and bring the output to earth 
potential. Thus under all conditions the dynamic output 
impedance is only the forward resistance of two diodes in series, 
so that any unwanted signals transferred by stray capacitance 
are strongly attenuated. 

At the same time, if the diodes are similar, the net voltage 
drop between the output and the operative input is zero. 

(4) MULTIPLICATION 

The high speed at which the computer was required to function 
demanded a higher frequency-response than could be provided 
by the electrodynamic multiplier (using crossed electric and 
magnetic fields in a cathode-ray tube) devised earlier . 3 - 4 The 
method finally adopted was based on the well-known principle 
of “quarter squares,” whereby the product xy is obtained as the 

difference between i(x + y) 2 and i(x — y) 2 . 

To synthesize a square-law characteristic in an amplifier, the 
method shown in Fig. 5 was devised. A series of diodes, Dj-Dg, 
biased at different levels, control the effective transconductance 
of the feedback path of the sign-reversing amplifier A in such 
a manner that the gain varies linearly with the input current i- r 

The use of biased diodes to control the feedback path, rather 
than simply to synthesize a non-linear impedance in the input 
circuit , 5 has the advantage that a low impedance-level, and hence 
a short time-constant, can be maintained in the diode network 
without entailing a low input-impedance and a heavy (and 
variable) load on the preceding stage. It also makes it easy to 
compensate to a large extent for the self-capacitance of the 
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diodes by means of small trimmers across each of the feedback 
resistances. 

No attempt was made to synthesize a symmetrical parabolic 
characteristic. The complete multiplier is shown schematically 
in Fig. 6 , where it will be seen that the need for symmetrical 


therefore proportional only to 4c 1 xy. The constant c 2 is con¬ 
trolled by the voltage v c supplied to R 7 and Rg- A 5 is constructed 
on the lines of a general-purpose amplifier, so that, for example, 
the integral of the product xy can be obtained directly if required 
by the use of a capacitor with a diode switch unit as the feedback 
element Q instead of a resistor. 


(5) FUNCTION GENERATION 
To generate functions with frequency components up to a 
few kilocycles per second, the photo-electric curve-follower 6,7 is 
adequate. For higher-speed work, however, a general-purpose 
function synthesizer was built, comprising a set of standard 
amplifiers and a set of germanium diodes and adjustable bias 
supplies. 

By applying a standard sawtooth waveform to the set of 
biased diodes, discontinuities of voltage gradient can be obtained 
at any point along the time axis, and integrated as many times 
as required before combination in an adding circuit to form the 
required waveform. A simple example is shown in Figs. 7a 
and 7b, by which a “potential well,” defined by 


y — — V (constant) 


y — b(x — a) 2 — V 


x — a 
x = 0 

x — 00 
x = a 


is synthesized with the help of a single diode and integrator. 



Fig. 6 .—Block diagram of multiplier using two square-law amplifiers, A 2 and A 3 . 


characteristics is obviated by adding a constant input to each 
square-law amplifier and subtracting a suitable fraction of one 
input from the output. 

The outputs of the non-linear amplifiers A 2 and A 3 are of the 
form 

v 2 — - c x (x - y + c 2 ) 2 

and v 3 — — ci(x + y + c 2 ) 2 

respectively, the sign of y being reversed in A x . 

The sign of v 3 is reversed in A 4 , so that the input current to 
A 5 through R u and R 12 is proportional to ( 4c t xy + 4c 1 c 2 y). 
R 13 is adjusted so that R n JR n — 4cjC 2 and the term 4 c x c 2 y in 
the input to A 5 from R n and R 12 is thus cancelled by the input 
from R 13 . The total current in the feedback element of A 5 is 


( 6 ) DISPLAY 

The projective principle 8,9 on which the 3-dimensional display 
is based is now well known, and the block diagram of the trans¬ 
formation unit is shown in Fig. 8 . Potentiometer P 0 is a ganged 
sine-cosine unit which, via the adding amplifiers A l9 A 2 , A 3 
provides output voltages 

V" - F;cos0 - Vy sin 8 

V” — —[V' x sin Q + V' y cos 0] 

representing the projection of the vector {x, /) on a pair of 
axes rotated through an angle 9 about the w' axis, where V' x and 
V y , are the voltages representing the two basal co-ordinates of 
the display and w' is the third variable. V" is applied directly 
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to a push-pull d.c.-coupled amplifier feeding the X-plates of the 
cathode-ray tube. V” supplies one input to a second ganged 
sine-cosine potentiometer P*, which receives also the voltage 
V' w representing the third co-ordinate. 

P,£ in the same manner provides output voltages 

r; = - [V' w cos <f> + Vy sin $ 

V' y " = - [V' w sin </> - F;' cos cj>] 

representing the projection of the vector (w\ y") on axes rotated 
through an angle cf> about the x" axis. V w supplies a second 
d.c. amplifier feeding the Y-plates of the cathode-ray tube. 
p 9 and P f/) thus enable the display to be rotated in azimuth and 
elevation respectively, V' y " is proportional to the depth of the 
point depicted by the co-ordinates (w", x") and is used optionally 
to modulate the grid and/or the final-anode voltage of the 
cathode-ray tube, so as to add perspective by making the nearer 
portions of the picture brighter and/or larger. 

A simple extension of this principle was devised to enable 
4-dimensional subjects to be displayed (Fig. 9). The projection 
from four dimensions to two is carried out in two stages, first 
from four to three, then from three to two as already described. 
Although this involves more controls than the minimum mathe¬ 
matically necessary to resolve ambiguity in the display, it seemed 
the best way of aiding the intuitive perception of the resulting 
picture. 

The vector represented by the four components (w, x, y and z) 
is resolved in three steps by sine-cosine units, P a , Pp and P Y > 
identical with those already described. The first rotates the 
(y, z) axes through an angle a about the plane (w, x) giving 
components y', z 1 , represented by voltages V y and V z . V y is 
■sent to the three-dimensional display unit, while V' z and V x 
are supplied to P p . This rotates the (x, z') axes through an 
.angle ft about the plane (y, w), producing a component V' x 
which goes to the 3-dimensional display, and an input V” for P Y . 
P Y enables the (w, z") axes to be rotated through an angle y 
about the plane (x\ y"), producing the third input V' w for the 
3-dimensional display, together with a voltage V' z " representing 
the depth co-ordinate (in the fourth dimension) of the point 
represented in the 3-dimensional projection by (w', x , /). This 
voltage V' z ' can conveniently be used for brightness modulation 
•of the display when V y " is used to modulate the final-anode 
voltage. 

The 3-dimensional projection is displayed in the usual manner 
and can be rotated by P 0 and P^, to enable its “solid” form to be 
appreciated, and to resolve ambiguities. It is worth while in 
many such applications to use a stereoscopic pair of cathode- 
ray tubes, adding small fractions of V y ' (in opposite senses) to 
ithe x" deflections of the two tubes. 8 * 9 

The usefulness of such displays depends naturally. on the 
•density of detail. The 4-dimensional display in particular is 
useful chiefly when some form of strobing can be used to eliminate 
from the picture all solutions except those that are of interest, 
«e.g. those satisfying given boundary conditions. In many cases 
.a delay of one solution-period may be inevitable, but this is 
.often acceptable. 



Fig. 7 b—T ypical potential function generated by the circuit shown 

in Fig. 7a. 

The parameters a, b and V are controlled by the voltages or potentiometer settings 
correspondingly marked in Fig. 7 a. 


A, A 2 



Fig. 8.—Basic circuit of 3-dimensional display. 

As an accessory for use when null-observations on the main 
display can give sufficient accuracy, the transformation unit has 
provision for rapidly and repeatedly transferring all four inputs 
to four variable metered voltages. 8 The operation is performed 
by high-speed relays running at a sub-multiple of the solution 
rate, and results in the appearance in the display of a standard 
spot whose co-ordinates can be altered at will until the spot 



614 


MacKAY; HIGH-SPEED ELECTRONIC-ANALOGUE COMPUTING TECHNIQUES 



Perspective 

signals 

Fig. 9.—Block diagram of 4-dimensional display. 

Pq and represent the complete transformation units shown in Fig. 8. 

coincides with the point whose position is to be measured. The 
rotation controls are used to reveal any errors due to parallax, 
and when these have been corrected the required co-ordinates 
can be read directly on the corresponding voltmeters. 

(7) MEASURING EQUIPMENT 

(7.1) General Principles 

Since analogue computation is essentially the performance of 
an experiment, the principles and procedure adopted in the 
design of measuring equipment were those of physical experi¬ 
mentation. In particular it was decided that 

(a) The number of independent standards should be kept to a 
minimum. 

( b ) Wherever possible, measurement should take the form of a 
comparison and null observation, enabling any distortion in the 
links following the comparison to be ignored. 

(c) Setting-up, or at least final adjustment, of coefficients and 
parameters should be carried out by measurements on the complete 
stages in situ. 

Measurement (and hence computing procedure) on these 
principles is not always as convenient as the reading of calibrated 
dials would be, but since the object was to explore the limits of 
techniques rather than to develop a desk computing instrument, 
questions of convenience were not much considered. 

(7.2) Sources of Error 

Sources of error in the operation of an analyser may be con¬ 
veniently classified under three headings, namely 

{a) Systematic errors in the setting up of equations. 

( b ) Systematic errors in the measurement of results. 

(c) Random errors. 

Under (a) are strictly included errors due to the fact that an 
element never precisely represents the operator for which it 
stands; this question has already been considered in Section 3 . 
The chief errors which remain under (a) are those in setting up 
time-constants, coefficients and initial conditions when these 
are given. 

Under (b) are included errors of observation of amplitudes, 
time co-ordinates, initial and final conditions when these are 
“unknowns” and coefficients adjusted by trial and error. 

Under (c) come all errors which set a limit to the repeatability 
of results. 

(7.3) Measuring Unit 

In the analyser all measurements are referred to a single 
calibrated attenuator in a central measuring unit designed to 


minimize errors under these headings; the essential components 
are shown in Fig. 10. The attenuator P has cathode-follower 
input and output coupling when required. A null-indicating 
amplifier A 2 supplies a cathode-ray tube CRTj, and a second 
tube CRT 2 has both Y-plates available for direct comparisons 
when required. 



Fig. 10.—Block diagram of central measuring unit. 

A universal time-base generator, TBj, supplies both tubes, 
and two auxiliary generators, TB 2 and TB 3 , can optionally be 
used to expand selected portions of the trace on either tube. 
A brightening-pulse amplifier enhances the brilliance of both 
tubes over the expanded portions of the trace and so identifies 
on one tube the portion shown expanded on the other. 

(7.4) Measuring Techniques 

(7.4.1) Gain. 

The essential components used to measure the gain of a net¬ 
work are shown in Fig. 11. Rj and R 2 are matched resistors 
(see Fig. 10) supplied from the input and output of the network N. 
The standard sign-reversing amplifier Aj shown in Fig. 10 
(gain — — 1) is used to invert one signal if both are of the same 
sign. The attenuator P is introduced into the lead carrying the 
larger signal, and is adjusted until, at balance, its attenuation 
equals the gain (or reciprocal gain) of the network. Since the 
gain is measured in situ, it is possible by observing the computer 
display to verify that the attachment of the measuring apparatus 
has caused no serious disturbance. Cathode-follower probes 
were constructed to minimize such risks, but have seldom been 
found necessary. An obvious alternative is to set up the required 
conditions with the measuring apparatus connected, and then 
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-Integrator under test 
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C.R.T 1 ) 


it is disconnected. _, ~ .... , 

The input impedances used are all of 100 kilohms, to facilitate 

free interconnection of units, and small preset shunt capacitances 
of the order of 3 uaF are liberally used to maintain accuracy up 
to high frequencies. The balance of R X C X and R 2 C 2 is readily 
checked by interchanging their inputs, and the gain of A* can 
then be checked using R x and R 2 to add its input and output. 
A step input having a rise time of less than 0 • 5 microsec is used 

for such tests. 


pig, 12.—Method of measuring the time-constant v fan integrator. 

is measured at the operating frequencies, and that any error in 
integration is directly observed on CRT). 

(7.4.3) Amplitude. 

A similar null method enables ordinates of waveforms to be 
measured by comparison with the standard voltage step. In 
linear operations the absolute magnitude of this step need not be 
known, provided that initial conditions are measured m the 

Even in non-linear operations it is only the ratio between the 
ordinate concerned and the magnitude of the voltage standard in 
the non-linear element which is significant. The height of the 
standard step is accordingly adjusted to be a constant fraction 
of the voltage standard used for biasing the diodes in the multi¬ 
plier, and is checked periodically against a step voltage generated 
from the bias standard by a vibrator, as shown in Fig. 13. The 
system is thus almost entirely scale-free. 


(7.4.2) Voltage Gradients and Time-Consuuasi. 

The basic standard of time in the computer is the pulse 
calibrator mentioned in Section 2, which delivers 10-, 20-, 4 
and 80-microsec pulses. These may be used to determine 
integrating time-constants directly, by observation of the time 
taken by the output of the integrator concerned to become equal 

(and opposite) to a given steady input. 

Where two integrators are used in series the product oi their 
time-constants can similarly be found by coupling the input ot 
the first to the output of the second through the standard sign- 
reversing amplifier Aj and measuring the period of the resulting 
simple-harmonic oscillation, which is 2 tt times the square root 

of the required product. _ . 

For convenience, however, a substandard of time is incor¬ 
porated in the measuring unit. This comprises a 100-kilohm 
high-stability resistance chain R in conjunction with one ot 
three silvered-mica capacitors C (selected by the switch 

Fl Rates of change of voltage are measured by applying the 
signal voltage to the free terminal of C and balancing it by 
applying to R, via P, a standard voltage step of adjustable 
magnitude and opposite sign produced in the crystal clock. At 
balance, the rate of change of the unknown voltage is 1 IRC times 
the height of the calibrated voltage step. 

In these switch positions a variable feedback resistor R f 
effectively converts A 2 into a differentiating unit, in order to 
discriminate in favour of changes in voltage gradient, but its 
setting does not affect the null reading obtained. 

To measure integrator time-constants it is necessary only to 
supply R and C with the input and output of the integrator in the 
running analyser (Fig. 12), adjusting the attenuator P until the 
potential of the junction of R and C remains steady. If the 
attenuator must be set to a ratio b for balance, the time-constant 
of the integrator is RCJb. If the time-constant is greater than 
RC, P must be used in the lead to C instead of to R. 

This method has the advantage that the effective time-constant 


R, 



( 7 . 4 . 4 ) Summary of Measuring Technique. 

(7.4.4.1) Setting Up. 

Irrespective of the accuracy of their component values, 
integrators can be set up to have specified time-constants within 
about 0-1% (the accuracy of the standards used m the centra 
unit) Any systematic error (e.g. unwanted phase-shift) 
detectable and can be measured or compensated for while the 

C °Numerical' l coefficients can be set up or measured with the 
same accuracy, and phase-shift can be detected or compensated 

f ° Initial rates of change of all outputs can be set up or measured 
in terms of the amplitude of a single standard voltage step. 

( 7 . 4 . 4 .2) Results. 

The same standard voltage step is used in the measurement of 
ordinates, and is itself set up against the reference voltage of the 
non-linear circuits, so that the system is scale-free. 
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Time co-ordinates are measured against crystal-controlled 
pulses, scale expansion being used to give more than adequate 
precision. 

Unknown initial conditions are measured as in setting up. 
Final conditions are normally measured at a definite calibration 
point on the time scale rather than at the end of the solution 
period. They are most easily determined from the total effective 
amplitude of the inputs to an integrator rather than from the 
rate of change of output. The reference level of the input can be 
determined if the initial rate of change of output has been 
measured. 

The accuracy of trial-and-error measurements is ensured by 
using the facilities described in Section 3.4 for adjusting the 
mean value and steadily reducing the range of variation of a 
trial coefficient until the required single value has been selected. 
This eliminates any errors introduced in the diode-switching 
system. 

The close control of operation afforded by this technique 
makes the above errors small compared with those of such weak 
links as multipliers, whose errors cannot be easily compensated. 
In the present analyser the errors introduced in multiplication 
justify the measurement of many variables directly from the 
display, with a corresponding increase in the speed of operation. 

Random errors due to supply-voltage ripple, valve noise and 
the like are in practice small compared with the systematic errors 
mentioned. 

(8) TESTS OF PERFORMANCE 

(8.1) Amplifiers 

(8.1.1) Gain. 

Without cathode-to-cathode feedback the amplifier shown in 
Fig. 1 was found to have a gain of 70 up to a half-value band¬ 
width of 750kc/s, with a capacitive load of the order of 
25 [xjj, F. A by-pass capacitance of 0-001 /xF across R K raised 
the half-value bandwidth to some \\ Mc/s, but led to instability 
when the amplifier was used in an integrating circuit. 

(8.1.2) Phase-Shift. 

Supplied with 100-kilohm input and feedback resistors by¬ 
passed by trimmer capacitors of the order of 4 /x/xF, the amplifier 
showed no perceptible phase-shift when supplied with a 60-kc/s 
square wave, after adjustment of the trimmers. 

(8.1.3) Step Response. 

Its response to a step function under the same conditions was 
tested by subtracting its output from its input in the (carefully 
matched) mixing network R ls C.* and R 2 , C 2 shown in Fig. 10. 
The residual error-voltage, with a 0-002-/xF capacitor in parallel 
with R K , took the form of a spike of about 0 • 5 % of the input 
in amplitude, with a duration of about 0-5microsec. 

The time-constant of response to a step function in the absence 
of feedback was observed to be of the order of 1 microsec. 

(8.1.4) Stability. 

The direct output-voltage level was observed to change by 
+0-2, -0-1, 0, 0, and —0-2 volt in response to increases of 
10 volts in the A, B, C, D, E supply voltages respectively (Fig. 1), 
when 100-kilohm input and feedback resistors were used, the 
former being earthed. 

(8.1.5) Output Impedance. 

With a 100-kilohm feedback resistor and no input, the ampli¬ 
fier was found to have an output impedance of about 2 ohms, 
which is in good agreement with theory. 


(8.1.6) Noise Level. 

With 100-kilohm input and feedback resistors the noise level 
for a bandwidth of 100 kc/s was of the order of 2 mV. Vibration 
was found to give rise to voltages of the order of 5 mV, but all 
these random error-signals are, in practice, too small to be 
troublesome on the display. 

(8.2) Coefficient-Switching Units 

As already noted, the performance of the diode switches does 
not limit the accuracy of a final measurement, but tests were 
made to ensure that residual signals due to the switching pulses 
should not produce visible artefacts in the display* 

With careful screening the output for zero input was reduced 
to a series of pulses of the order of 100 mV in amplitude and 
5 microsec in duration, together with stepwise changes of the 
order of 5 mV. Since the coefficients are changed at the beginning 
of each resetting period (which is never less than 15 microsec in 
duration) these spurious effects are negligible. 

(8.3) Integrators 

The integrator circuit shown in Figs. 1 and 3 was tested for 
the effectiveness of compensation against break-through of 
switching signals and cathode-to-cathode feedback. 

(8.3.1) Capacitive Compensation. 

With the input connected to earth and trimmer capacitor C N 
out of circuit, the output contained as an error term a voltage 
step 130 mV in amplitude, owing to the self-capacitance of D. 
With C N in circuit the error term could be reduced to a transient 
of some 20 mV lasting only 1 -3 microsec. 

(8.3.2) Cathode-to-Cathode Feedback. 

When cathode-to-cathode feedback had been optimally 
adjusted, it was found that the grid voltage varied by only some 
5 mV in order to produce an output swing of 25 volts in each 
direction. With varying inputs a residual grid-voltage change is 
always present, in phase with the input. Its magnitude is deter¬ 
mined by the integrating resistance R and the (irreducible) 
resistive component of the virtual input impedance of A under 
feedback conditions. For typical sinusoidal inputs between 5 
and 100 kc/s it may vary between 5 and 30 mV peak-to-peak for 
an output of 15 volts, but since it is in phase with the input it 
introduces no error in the voltage across C, and its effects are 
not normally serious if the null methods described in Section 7.4.2 
are used to set up the equivalent time-constant. The error term 
could be subtracted from the output either by inserting a suitable 
small resistance in series with C or by normal neutralizing methods, 
if the accuracy of other operations warranted this. 

It should perhaps be said that, although optimal cathode-to- 
cathode feedback gives the amplifier A infinite (internal) gain, 
the presence of the heavy external feedback through C prevents 
any instability from arising from this cause, so long as C is 
regularly reset by the diode switch. It is possible to make the 
grid voltage (for a given output) reverse its sign, as R f (Fig. 1) 
is reduced below the optimal value, without any sign of in¬ 
stability. The chief source of instability is in cumulative phase- 
shifts around the external loop at very high frequencies, par¬ 
ticularly in integrators, which can give trouble in this respect 
even in the absence of cathode-to-cathode feedback. 

(8.4) Multiplier 
(8.4.1) Square-Law Circuit. 

The accuracy of a typical Square-law circuit may be gauged 
from Fig. 14, which shows the gain as a function of input voltage. 
The graph was obtained by supplying a linearly rising input and 
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differentiating the output, and it indicates an accuracy in slope 
of the order of ±2\% Higher accuracy could evidently be 
obtained by using more diodes or by reducing the voltage scale 
so as to profit more from the curvature of the diode characteristic. 
An alternative device for which provision was made, but which 
has not as yet been tried, would be to inject into the bias circuit 
a high-frequency sawtooth signal just large enough to make the 
transition zones of neighbouring diodes overlap, and high enough 
in frequency to make the transitions practically continuous on 
the normal' time-scale. 

An indication of the frequency response is provided by Fig. 15, 
which shows the input/output characteristic drawn on a cathode- 
ray tube at 50 kc/s. The fact that the trace is only slightly 


Fig. 16.— Three-dimensional display of a family of s.h.m. solutions. 

(а) Showing exponential increase in amplitude due to phase shift at high frequencies 
rotal time-base — 40 microsec.) 

(б) Showing effects of phase, compensation. 


(8.4.2) Overall Characteristics. 

The complete multiplier was tested by measuring^ the gain 
between one input terminal and the output, as a function of the 
(steady) voltage applied to the other input terminal. For steady 
inputs between ±5 volts, the deviations from linearity of the 
gain/input characteristics were of the order of ± 1 % of maximum 
gain. Over a range of input between ±10 volts, the maximum 
error found was of the order of ±2% in each case. 

With one input earthed and the other supplied with ± 10 volts 
a.c., a zero-error signal of the order of ±1% of full scale was 


Fig. 15.—Input/output characteristic of square-law amplifier at 50 kc/s. 


thickened indicates the effectiveness of the phase-compensatmg 
trimmers shown in Fig. 5. 


ig. 14.—Oscillogram of gain versus input voltage for the square-law 
amolifier shown in Fig. 5. 
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observed at low frequencies, rising to ±5% of full scale at 
50 kc/s. 

With a steady input of 10 volts to one terminal and ±10 volts 
a.c. at 50 kc/s to the other, the input/output characteristic 
showed negligible phase shift. 

(8.5) Computing Networks 

Two integrators and a coefficient-switching unit were set up 
to solve the s.h.m. equation 

d 2 yjdt 2 + a) 2 y = 0 

in order to test the performance of a simple network of units at 
high frequencies. It was found as predicted by theory 4 that the 



(a) 


limited bandwidth of the sign-reversing amplifier in the switching 
unit caused the amplitude of higher-frequency solutions to 
increase exponentially with time. This is illustrated in Fig. 16(a), 
which shows the 3-dimensional display of 32 solutions for a 
succession of values of a> 2 . It seemed likely, however, that to 
a first order the effect could be regarded as equivalent to that 
of a capacitance in parallel with the feedback resistance of the 
sign-reversing amplifier, and it seemed worth while to try a 
simple neutralizing scheme. The output of the amplifier was 
inverted in a further unit with a gain of —1/4, and fed back to 
the input grid through a small trimming capacitance. 

An impression of the result may be gained from Fig. 16(6). 

Solutions which normally [Fig. 16(a)] would build up to 
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Fig. 17.—Solutions of s.h.m. equation for varying values of co 2 . 

(a) Repetition rate of 1 562 • 5 solutions per second. 

(b) Repetition rate of 12 500 solutions per second; calibration spots are lOmicrosec apart, 
(e) Side view of solutions shown in (b). 
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saturation in a few cycles can now be held constant in amplitude 
within 1 % at all frequencies up to 120 kc/s for a single setting 
of the neutralizing trimmer. 

Since the s.h.m. equation sets the most stringent test in this 
respect, serious error from this cause would seem to be avoidable 
up to about 200 kc/s. Above 200 kc/s the compensation was 
not satisfactory, owing no doubt to the many other causes of 
phase-shift significantly operative at these frequencies. 

(8.6) Displays 

Figs. 16(h) and 16(h) were taken with a recording camera 
from a small cathode-ray tube. A better indication of the 
performance of the display is given by Figs. 17 and 18, which 



Fig. 18.—Tesseract (4-dimensional “cube”) on 4-dimensional display. 


have been taken from the main 12in display tube. Fig. 17 
shows solutions of the s.h.m. equation for various values of u> 2 
at repetition rates of 1 562-5 per second and 12 500 per second 
respectively. In the first the calibrator pulses accentuate every 
second and fourth 10-microsec mark. In the second, identical 
pulses mark each interval of lOmicrosec. Fig. 17(c) shows a 
side view of the surface shown in Fig. 17(h). The calibration 
spots here can be seen to trace out isochronous curves of ampli¬ 
tude as a function of the third variable co 2 —a typical example of 
the new kind of facility offered by a multi-dimensional display. 
It will be seen that solutions are grouped in fours and eights on 
the display for ease of identification. 

Pictures on the 4-dimensional display are not readily under¬ 
stood unless the rotation controls can be used to resolve ambi¬ 
guities, but Fig. 18 shows one of the simplest subjects, the 
tesseract, or 4-dimensional analogue of the cube. From the 
photograph it is easily seen that from any point there are four 
basic directions in which to move. That these are orthogonal 
can be shown only by rotation of the subject; but if the fact is 
granted, Fig. 18 can be seen to illustrate other interesting features 
of 4-space, such as the existence of orthogonal pairs of planes 
which meet in only one point. The Figure was produced simply 
by supplying the four inputs of the display with fourasychronous 
oscillatory signals. 


(9) CONCLUSIONS 

The principal conclusion drawn from the work described is 
that a large reserve of information capacity has hitherto* been 
untapped by conventional electronic differential analysers. With 
the novel high-speed techniques described, something nearer to 
the theoretical limit for normal electronic components can be 
achieved. In linear problems involving only constant coefficients 
or parametric variables, it has been found that solutions con¬ 
taining frequency components up to 200 kc/s can be handled by 
suitably compensated operating units without undue difficulty. 

As to accuracy, compensated amplifiers have been found to 
introduce less than 0 • 1 % distortion at frequencies up to 1 Mc/s 
or so. The simple integrators used have proved capable of an 
accuracy better than 0-2% at all frequencies up to 100 kc/s. 
The multiplier constructed had an accuracy of the order of 
±2% and introduces negligible phase-shift at frequencies up to 
50 kc/s. The effect of finite bandwidth in a complete system can 
be neutralized for frequencies up to 120 kc/s to within 1 % in the 
case of the s.h.m. equation. 

Accordingly, it is concluded that, for linear problems involving 
only parametric variables, a solution rate of 12^-25 kc/s may 
often be practicable. High-speed switching techniques developed 
for these rates have proved satisfactory, enabling the values of 
parameters to be altered and initial conditions reset within 
15 microsec, up to 25 000 times per second. At rates below 
10 000 per second an overall accuracy of the order of ±£% or 
better is attainable in linear problems and ±2{-% in problems 
requiring the multiplication of variables. The evidence suggests 
that the latter figure could be considerably improved by the 
more generous use of diodes in the non-linear circuits. | 

The one hundred- to one thousand-fold increase in speed over 
conventional analysers attainable in this instrument has been 
made worth while by using multi-dimensional displays to make 
an adequate volume of information space accessible to the 
operator. The extension of the projective principle to the display 
of 4-dimensional data provides a new facility of which the 
possibilities are largely unexplored, but which has obvious 
applications to complex trial-and-error problems. 

Since improved performance has here been achieved more 
through the use of novel circuit techniques than by meticulous 
care in design, it is not felt that the limit of performance has 
been closely approached by the present equipment, and the 
performance figures quoted should be considered as stimulants 
rather than as standards. Probably not more than 10% of 
available information capacity is utilized by the apparatus in its 
present form. 

It appears in fact that analogue technique has more to oiler. 
The programme here described has done little more than open 
up the possibilities. 
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DISCUSSION BEFORE THE MEASUREMENTS 

Mr. D. J. Mynall: Function generation receives relatively little 
attention in the paper, and the method described as a higher- 
speed alternative to the photo-electric curve-follower cannot 
always be used as a substitute. When a network contains 
integrators, it may be arranged to generate a pre-assigned function 
of the variable identified with time, but it cannot do this for 
any other variable in the system. The photo-electric curve- 
follower does not have this limitation. Diode networks not 
containing integrators may be employed, of course, but it is 
then usually necessary to use a considerable number of diodes 
in order to approximate the desired function sufficiently closely. 
Further complications arise when the function contains maxima 
or minima. The paper may give the impression that function 
generation is simpler than it often turns out to be in fact. 

For basic amplifiers, I found it better to start with a relatively 
high gain (100000, as compared with the 70 quoted in the paper), 
even when increase of the gain by positive feedback was employed. 
With an initial basic gain of 100000 it is still desirable to use 
positive feedback to obtain the best performance from inte¬ 
grators, but one has the advantage that drifting of circuit con¬ 
ditions has far less effect on performance than when the bulk of 
the necessary gain is obtained by positive feedback. Further-' 
more, a negative-feedback sign-reversing amplifier using a basic 
amplifier of high gain has, ipso facto, a wider frequency pass-band 
than one using a basic amplifier of low gain, and effects such as 
that shown in Fig. 16(a) are usually of negligible proportions, 
thus requiring no special adjustment of the amplifier such as the 
phase compensation described in the paper. 

A point worth noting with this type of computer is that it is 
extremely easy to find out what is happening in all parts of the 
circuit merely by connecting various points in turn to the display. 
This means that precise computation of all scale factors prior to 
set-up is unnecessary, since one can rapidly find out whether any 
element is over- or under-loaded and correct accordingly. 

There is no fundamental high-accuracy requirement with three- 
dimensional display (the chief function of which is to assist one 
to understand the significance of what is on the screen), and an 
entirely satisfactory practical simplification of the apparatus can 
be used when limitation of the angles of rotation is acceptable. 
This is effected by using linear potentiometers, in conjunction 
with sign-reversing amplifiers, appropriately connected to give 
approximate sines and cosines. The need for special sine-cosine 
potentiometers is thus avoided. 

Four-dimensional display is fascinating, but there is a con¬ 
siderable risk of including enough information on the display to 
give oneself mental indigestion. A possible field of use for 
4-dimensional display would be as an educational aid in the 
teaching of mathematics. 

Mr. E. H. Cooke-Yarborough: I am very glad that this work 
has been done, because I have thought for a long time that, in 
an ordinary analogue computer working in real time, valves 
working in circuits with time-constants of many seconds were 
not really earning their living. Indeed, the valves themselves 
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AND RADIO SECTIONS, 5 TH APRIL, 1955 

often seemed to express their dissatisfaction with the situation by 
oscillating at a frequency of several megacycles per second. 

I thought at first that the author had also overcome one of the 
biggest difficulties in analogue computers d.c. drift because his 
computer goes through the whole process so quickly. However, 
it appears that d.c. drifts will not only displace the display 
bodily but will also change the shape of the picture by altering 
the multiplying factors. It therefore seems that the circuits 
must not drift appreciably in the time taken to set them up, 
interpret the picture and make the necessary measurements. 
Probably this computer is therefore not much less sensitive to 
d.c. drifts than an ordinary analogue computer working in 
real time. 

In this respect I note that Fig. 1 shows no provision for 
eliminating spurious direct voltages produced by variations in 
valves or component tolerances. If valves are selected at 
random and inserted into the circuit and a feedback resistor is 
connected from the output cathode back to the input grid, then, 
with no input signal, the input and output voltages will be equal 
but not necessarily zero. If the output is not zero for zero input 
signal, difficulties will arise in the coefficient switching unit shown 
in Fig. 4(a), in which resistors are switched between the amplifier 
output point and earth. I presume, therefore, that the author 
has used some expedients which he has not mentioned to bring 
the output voltage of his amplifiers to zero for zero input signal. 

From Section 8.2 it would appear that the germanium-diode 
switches introduce errors of the order of 5 mV. This presumably 
represents the difference between the forward voltages of the two 
diodes in the switch. I am surprised that the performance is 
as good as this, for we have noticed differences of as much as • 
i volt between diodes. Does the author select his diodes to 
achieve these good results ? 

If diode switches are as good as this, the author might be able 
to take this switching technique further. One of the things that 
make many analogue computers such large complex devices is 
the need to provide d.c. compensation in the amplifiers, which is 
usually done by use of electro-mechanical chopper amplifiers. 
Could not the germanium-diode switches be used in a similar 
way, probably providing a d.c. stability intermediate between 
that of an uncompensated d.c. amplifier and that of one com¬ 
pensated by the conventional chopper amplifier? 

Regarding the multiplier, I am a little dubious about adding a 
large voltage to the input to make sure the resultant voltages 
never go negative, and then subtracting a large voltage after¬ 
wards. When small voltages are being handled by the multiplier, 
it appears that the obtaining of an accurate result depends upon 
an accurate measurement of a small difference between large 
voltages, and this may detract from the accuracy. 

Incidentally, there appears to be considerable difficulty in 
defining the accuracy of an analogue computer. The user is 
apt to think that the figure quoted is a guaranteed accuracy and 
that results can be expected to lie within the limits quoted. In 
practice, however, errors can easily become large, particularly if 
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some quantity is small or becomes small in some part of the 
computation. It is safer, therefore, to regard the accuracy 
figures which may be quoted as representing the lower limit of 
the likely errors rather than an upper limit. 

Lt.-Cmdr. F. R. J. Spearman: Both this paper and another" 
given recently before the Royal Aeronautical Society confirm 
my belief that analogue computers have a big future in the 

computing field. . . 

I have been mainly concerned with the slower real-time single¬ 
shot analogue computers, such as are used in aeronautical 
research, in which real time is used because real components 
can then be used in the system. One point which impresses me 
is the great difference which there can be in the design of analogue- 
computer components, even amongst those which might be con¬ 
sidered to be standard. The positive-feedback amplifier described 
in the paper is very different from the high-gain drift-corrected 
d.c. amplifier of the type used in real-time analogue computing. 

It is this difference in the components that makes the develop¬ 
ment of a general-purpose computer very difficult. There is a 
real requirement for a general-purpose computer, but it is very 
difficult to specify. Does the author consider his positive-feed¬ 
back amplifier suitable for use in such computers, or would the 
drift be a major problem? Would it be possible to fit some type 
of drift corrector to his type of amplifier without either com¬ 
plicating it unduly or causing any oscillation ? 

A start is now being made in this country in producing com¬ 
mercially some items of analogue-computing equipment which 
will meet the limited objective of simulating, either in real time 
or repetitively, events such as occur during the high-speed flight 
of aircraft or guided missiles, either controlled automatically or 
by human operator. The design of an amplifier with low drift 
and high gam over a wide bandwidth is one which would 
materially assist the design of a general-purpose computer. 

The author’s efforts appear to have been devoted mainly to 
developing techniques for high-speed analogue computing, for 
which he has contrived some very ingenious methods and circuits 
and also the means of presenting the results. In all these matters 
the presentation of results is very important: one can use an 
analogue computer to produce so many results that there is no 
time in which to analyse them, so there must be some means of 
' presenting the results. However, to persuade others to use such 
equipment, it is necessary to show that the techniques developed 
can be usefully applied to a number of different problems. I do 
not see this in the paper. The author has since given some 
examples on how to apply his computers to different types of 
problem, and I should be grateful for further details of problems 
to which he thinks they could be applied. 

Lastly, has the author attempted to assess whether such, a 
computer has sufficient uses to justify its design as a commercial 
instrument for use either in industrial research or in any labora¬ 
tory which provides computing facilities? 

Mr. E. G. C. Burt: For the “quarter squares” multiplier the 
author uses a pedestal voltage V c to ensure that the input to each 
squaring unit is always positive, whatever the size of the inputs 
jc and y. This involves subtracting a voltage proportional to y 
from the output, and it also assumes that the two circuits are 
sufficiently balanced to eliminate the square of the pedestal 
voltage which arises from each. Since V c must be greater than 
the arithmetical sum of the maximum values of x and y, the 
range of voltage input to the squaring circuits is unnecessarily 
great. I am not convinced that anything is gained by this 
procedure, since, although only two diode networks are used, 
the circuit requires five amplifiers. 

In an alternative arrangement which we use a good deal at the 

* DrpROSE, K. V.: “Analogue Computing applied to Aeronautical Problems,” 
Journal of the Royal Aeronautical Society, 1955, 59 (to be published). 


Royal Aircraft Establishment, two symmetrical diode> 
teristics are provided, i.e. four diode units, bu on y 
fiers are required. This gives the correctly signed product ) 
when x and> are unrestricted in sign. Either the positive m: the 
negative product is selected by a switch, so that the mu!up 
includes its own sign-reversing element-—a useful facil y 
analogue computer. Either output is availa e 

• drift-corrected d.c. amplifiers with a large^voltage 
swing (±50 volts), and accuracies of the order oi 0 2/ 0 <■ 

been achieved. . o time- 

As the author points out, it is possible to obtain a time 

dependent function of the product, such as the time integral, 

rather than the product itself, by suitably modifying the feedback 

element of the final amplifier. . f , 

It seems to me that the non-linear function generator is useful 
only when the independent variable x is directly related to ti . 
Non-linear systems involve non-linear functions of the dependent 
variables; the diode technique, as used in the multiplier, can 
extended to include such functions even when they are 
monotonic. In fact, at the R.A.E. we have used and are 
using, such units to generate various kinds of functions, tor 
example, to provide trigonometric functions for axis transform - 
tion, and to simulate non-linearities arising m aerodynamic 
equations, where accuracy and speed of response are ot grea' 

importance. , , . , 

Mr. K. W. Thwaites: The author has succeeded in showing 

that the development of analogue computing techniques is tar 
from complete and that further work in this field will be amply 
repaid. The advantages peculiar to the analogue system are 
well known, particularly the ease with which problems may be 
set up without the need for long experience of programming, ana, 
in certain applications, the speed of solution, which may con¬ 
siderably exceed that of an equivalent digital computer. 

The significant feature of the author’s work is his success m 
resetting integrators and the values of coefficients in the computer 
chain at high speed and at predetermined intervals. Could not 
this technique be carried further if, instead of changing coefficients 
in a predetermined order, the choice of coefficients could be 
determined by certain characteristics of the answer obtained 
from the previous computation ? A very powerful weapon wou 
then be available for the rapid solution of problems by the 
process of iteration. The fitting of mathematical functions to 
practical curves is an example of the type of problem which could 

be handled. , , 

I note that a positive feedback amplifier has been used as the 

fundamental unit of the computer, and previous speakers have 
already asked whether this is good enough in terms °1 bi¬ 
stability. The paper describes this amplifier applied to adding 
circuits and integrating circuits, but not to a differentiating circuit. 
The latter case provides a more difficult condition for stability, 
since the phase margin is reduced in the presence of capacitive 
input and resistive feedback. Has the author achieved stabi lty 
in this type of circuit while still maintaining a useful forward gain . 

Does hysteresis of the condensers give rise to any trouble in 
the resetting cycle of the integrators, since the interval between 
resetting and integration must, in this application, be very shoit. 

Mr. C. A. A. Wass: The Royal Aircraft Establishment has a 
collection of analogue computers claimed to be the largest in 
Western Europe, all of which work substantially in one-to-one 
time. This is not because we are unaware of the attraction of 
doing things rapidly, but there are good reasons. For instance, 
one can include parts of a real system; we are interested in 
aeroplanes, and it is difficult to describe in mathematical terms 
the behaviour of the servo motor driving the rudder. We can 
remove the motor, and put it in the machine, and then subject 
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it to mpu. signais of a much more reaHstio kind than can be »^ “"at” %£££%%£ ™ 
^There^anodter'important aspect of one-to-one time scales: are creating difficulties inside the computer for no profitable 

with all kinds of repetitive simulators—the kind which give a propose. information at the rate of 12500 times per 

steady picture on a screen—the experiment is limited to rather S gpner ate nerhans 30 solutions on the display, we are 

brief stimuli. The author has used step functions throughout, seco g of solutions in the order of a millisecond. 

“ d ^ prowem very much easier - and taken a photo ‘ 

The manoeuvres are very often complicated functions of time ^pi. the difficulties of making an analogue 

which become very difficult to simulate on an accelerated time op * rate } I Qmicr0 ^ we must have a way of efficiently 

"t using repetitive devices, there is a gain in apparent con- 

venience: one can turn a knob and watch things happenmg a very real and important problem , ... ^ _ 


V Vltwilw * v/rrv --- # , 

rapidly. For our kind of problem, however, this is not neces¬ 
sarily an advantage. We are interested in the kind of problem 
for which one-to-one time-scale computers can produce answers 
faster than digital machines by a ratio of something like 500 or 

possible 1000. , — 

I have one small point concerning the use of diodes. . I he 
author says that he devised an arrangement with biased diodes. 
I do not think he intended to suggest that he invented the diode 
technique, for the idea was comparatively well known before the 
date of any of his references. My attention was recently drawn 
to an American patent, according to which the germ of the idea 
of using a diode or even triode with bias on it to obtain various 
shapes was handled by the United States Patent Office in 1919. 

Professor C. Holt-Smith: In generating our solutions at a 
very rapid rate we are solving one problem but creating another 
and perhaps more difficult problem of how to handle the data 


we can take full advantage of the material m the paper. 

Instr. Cmdr. D. K. McCleery: In Section 3.3 the author says 
that the diodes D t and D 2 (Fig. 3) are “normally held open by 
a positive voltage applied to R 2 .” I understood that when a 
valve was “open” it was passing current: a positive voltage 
applied to R 2 shuts down the valves (cathodes positive), according 
to my way of thinking. In these pulse circuits everything 
opens and shuts,” so I think it is important to avoid any 
ambiguity. It seems clear that the author is thinking of the 
analogy of a mechanical switch, not a valve, and I agree that an 
“open” switch should not pass current. The word valve is 
of course, another analogy from mechanics, but the snag is that 
it works the other way, whether gases, fluids or electrons are 
passing through it. I suggest that the terms off and on 
would resolve this ambiguity, and would apply equally to a 
mechanical or an electronic switch. 


THE AUTHORS’ REPLY TO 


Dr. D. M. MacKay (in reply ): Mr. Mynall and Mr. Burt are 
right in emphasizing that integrators cannot be used in generating 
functions of variables other than time. But, as suggested in the 
original thesis (Reference 2), the same general-purpose unit 
can be used for stepwise approximation in such cases, and 
maxima and minima can be produced by subtracting part of the 
input from the output. The curvature of the diode characteristic 
fortunately reduces the number of elements required in making 
such approximations to smooth functions. 

I imagine that Mr. Mynall’s figure of 10 s for basic gain repre¬ 
sents the gain of three cascaded stages. Since the overall gain 
in a computing amplifier must be negative, this, represents the 
next higher figure conveniently attainable; but in solutions of 
relatively low logon content, such as ours, the reduction in error 
so obtained would be negligible compared with other errors 

accepted in the system. . 

I agree entirely about the risk of over-filling a 4-dimensional 
display. In almost all computing applications I imagine that 
some form of selective “strobing” will be required to single out 
those portions of the picture which are of operational interest. 

It is true, as Mr. Cooke-Yarborough suggests, that operation 
at high speeds does not eliminate all the effects of d.c. drift. . It 
does, however, render negligible the fluctuations occurring during 
a single solution, which cannot normally be corrected or even 
spotted. Since we normally measure the operating conditions 
while, or immediately after, the required solution is on the screen, 
the chances of error due to drift are much smaller than if we 
relied on the stability of initial setting-up. We do in fact use 
chopper-type stabilizing circuits* when conditions demand it, 
supplying the corrective bias to the cathode of Vi in Fig. 1. In 


* Defley E. M.: “The Design of an Electrodynamic Multiplier,” Proceedings I.E.E., 
Monograph No. 87 M. December, 1953 (101, Part IV, p. 187). 


THE ABOVE DISCUSSION 

other units R K is adjustable; but the normal measuring procedure 
(Section 7.4) determines input conditions irrespective ot d.c. 
level, and even in the coefficient switching unit shown m Fig. 4 (a) 
the initial conditions for any particular solution of the series ot 
32 can be determined without error from this cause.. 

The germanium diodes used in the circuit shown in Fig. 4(0) 
(types CG4C and CG6C) were not specially selected; R t and R 2 
are 47kilohm resistors, so that our forward current is only 1mA, 
and this may account for the small differences in forward voltage 
observed. It should also be remembered that the input irom 
each switch in Fig. 4(a) is attenuated, so that the output steps 
observed are smaller than the discrepancies produced by bi_s- 

If the input, V c , supplied to the multiplier (Fig. 6) is well 
stabilized, I do not think that our system need introduce much 
greater error than one using symmetrical parabolae. In both, 
we must tolerate the subtraction of large quantities to give small 
differences; the systems differ mainly in the regions of the (x, y) 
plane over which the error from this cause is significant.. 

The concept of accuracy in a computer is potentially as 
ambiguous as that of noisiness in an amplifier. The user must 
recognize that the extent to which the apparatus corrupts the 
information supplied to it will depend on the efficiency with 
which he utilizes its information capacity. The percentage of 
full-scale” in which accuracy normally is expressed is only an 
indication of this limiting capacity, as Mr. Cooke-Yarborough 
points out. 

In reply to Lt.-Cmdr. Spearman, I would recommend the 
addition of a drift corrector if the amplifier shown in Fig. 1 were 
to be used for real-time work or. for any problem requiring runs 
of the order of seconds in duration. It has no special immunity 

from drift. . . 

My paper was concerned with research into the limitations ot 
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techniques rather than with persuading others to use them. It 
might be most helpful to say first that such computers are not 
suitable for problems involving many independent variables or 
those requiring accuracies better than (PI per cent. They are 
at their best with ordinary non-linear differential equations of 
moderately high order, especially when a large number of rela¬ 
tively short exploratory solutions are required, and parameters 
■or functional relationships have to be flexibly adjusted by trial 
and error. A good example is offered by eigenvalue problems 
in atomic physics, where one wants to see how the shape of a 
potential function affects the eigenvalues of energy. The rapid 
computation of system response under a wide variety of con¬ 
ditions offers another obvious field. It seems likely too that 
a computer of this sort could serve as a useful adjunct to a 
digital machine in many problems,, saving time by indicating 
approximately the region within which the more accurate solu¬ 
tion should be sought. But I have not attempted to assess the 
possibilities in commercial terms. 

Mr. Burt, I think, is under a misapprehension. The range of 
input to the squaring circuits is no greater because v c is added 
t0 + y)' xhe bias levels, moreover, are chosen so that the 
output of the squaring amplifier covers its full working range 
as (x ± y) varies from maximum to minimum. 

The two amplifiers A 2 and A 3 , of course, form part of the 
associated squaring circuits. Had we been prepared to tolerate 
the disadvantages of simple diode networks, this system would, 
like Mr. Burt’s, have required only three amplifiers. The use 
of extra feedback amplifiers in the squaring circuits to improve 
the high-frequency response has nothing to do with our avoidance 
of symmetrical characteristics; (the same improvement added 
to Mr. Burt’s system would bring his total number of amplifiers 
up to seven). It is most encouraging to learn that he has 
achieved such high accuracy. 

I share with Mr. Thwaites the vision of a self-programmmg 
analogue computer (discussed briefly in Reference 2). As soon 
as one tries to sketch the outlines of such a machine, however, 
the interrelation of the necessary digital and analogue processes 
suggests as the logical conclusion a digital computer with built-in 
facilities for making analogue computations when required. 


Between analogue and digital computing processes there is a 
clear and fundamental distinction, but there seems to be a wide 
field for the fruitful combination of these processes in the design 
of analytical engines. 

I have found no instability when using the positive-feedback 
amplifier in a differentiating circuit; but we do not normally use 
this arrangement because of its susceptibility to overloading by 
transients in the input. With the silvered-mica condensers used 
we have had no noticeable trouble from hysteresis. 

Mr. Wass correctly emphasizes that this computer is designed 
for problems other than the continuous simulation of aircraft 
in flight. We are not, however, restricted to step-function inputs, 
as Section 5 and References 6 and 7 indicate. 

The only novelty claimed for the square-law circuit shown in 
Fig. 5 is in its use of diodes to control the feedback transfer 
characteristic of an amplifier, as distinct from other ways of using 
diodes in function synthesis which are well known. 

Prof. Holt-Smith will see from Section 2 that, altogether, 
32 x 32 different trials can be carried out before the system 
repeats itself. A rate of 12 500 solutions per second is then just 
sufficient to give a persistent display at about 12ic/s on a 
cathode-ray tube, enabling the user to rotate the picture as a 
whole or to adjust manually a third trial-variable and see its 
effect on the trends displayed. Where the number of combina¬ 
tions to be tried is smaller, a somewhat lower rate is, of course, 
advantageous; and as indicated in Section 2, a basic clock rate 
as low as 800 c/s can be selected for use in such circumstances. 
Even this speed would be unnecessarily high unless the purpose 
were to observe the effects of automatic or manual adjustment 
of parameters or functional relations or angles of projection. 
For such purposes an intermediate film process would be rela¬ 
tively unsatisfactory. A practical consideration is that the sizes 
of integrating capacitors can be conveniently smaller at higher 
rates, and the effects of lower-frequency hum and drift are more 
readily detected and allowed for. 

Instr.-Cmdr. McCleery has made a fair point. To speak of 
diode switches as “open” when non-conducting is a well- 
entrenched custom, but I think he is right to dig at it and I wish 
him success. 
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SUMMARY 

The demand for a source of artificial reverberation in sound trans¬ 
mission systems is commonly met by the use of reverberation rooms, 
but attempts have been made to fulfil the requirements by devices 
involving the transmission of the signal through a number of delay 
channels. The design and operation of such devices can be treated 
by simple theory, but in the present state of the art, the quality of 
artificial reverberation, like that of the natural product, cannot be 
completely assessed except by ear. 

The characteristics of artificial-reverberation apparatus employing 
delay channels with overall feedback are discussed and illustrated by 
the results of early experiments using acoustic-delay tubes. The 
acoustic-tube system, while simple in principle, involves in practice 
much instrumental complication and becomes uneconomic if good 
sound quality and long reverberation time are required. 

Artificial-reverberation apparatus employing a magnetic-recording 
delay system, which is free from the defects associated with the acoustic 
tube, is described. By means of an artifice involving the use of a 
double recording track, the effective number of delay paths is greatly 
increased and a high standard of performance is thus attained. This 
equipment has been in regular use by the B.B.C. for 2\ years. 

Artificial-reverberation systems involving a finite number of delay 
paths tend to produce flutter effects when transmitting impulsive 
signals. Such effects can be mitigated by the use of a small auxiliary 
reverberation chamber. By temporarily transferring the signal to the 
ultrasonic-frequency region, the required effect can be conveniently 
obtained with a small water-filled reverberation tank. Details are 
given of equipment of this type which has been designed for use in 
conjunction with the magnetic recording system referred to. 


Part 1. THEORY AND EARLY DEVELOPMENT 

(1) INTRODUCTION 


trical feedback, for which acceptable performance had been 
reported in the literature, was selected as the most promising 
for further study. A series of experiments was carried out which 
led to a better understanding of the potentialities and limitations 
of this system and artificial-reverberation systems in general; it 
became apparent that while relatively crude reverberation effects 
could be obtained from acoustic-delay tubes without great 
difficulty, the standard of performance then envisaged could be 
obtained, if at all, only by bulky and elaborate equipment. 
Concurrent developments in magnetic recording, however, 
offered an alternative form of delay element free from many of 
the difficulties associated with the acoustic system. It was 
therefore decided to continue the investigation with a magnetic- 
recording device as the delay element, and the project was 
carried to the point of designing an artificial-reverberation unit 
capable of satisfying many of the operational requirements of the 
service. The first of these units has been in regular operation in 
television transmissions since July, 1952, while others are now in 
limited use in sound broadcasting and in the Transcription 
Service. 

In the course of the early experiments it was found advan¬ 
tageous to supplement the delay system by a reverberation 
chamber having a relatively short reverberation time. As a 
result of later research this refinement has been provided by the 
more convenient method of temporarily transferring the greater 
part of the signal spectrum to ultrasonic frequencies and trans¬ 
mitting it as a pressure wave through water contained in a 
miniature reverberation tank. Equipment incorporating this 
device has been in experimental service since April, 1954, as 
an addition to one of the magnetic-recording units already 
referred to. 


Since the earliest days of broadcasting, there has been a demand 
for some means of supplementing the natural reverberation of the 
studios. Initially, the chief requirement was for exaggerated 
reverberation to be used for dramatic effects, and this was 
obtained from bare-walled reverberation rooms, commonly 
known as “echo rooms,” in which the sound from the studio 
was reproduced by a loudspeaker. Later, the technique was 
extended in a more refined form by using an acoustically treated 
auxiliary studio instead of a reverberation room; this device was 
employed to introduce a more natural effect in a few special 
cases where the amount of reverberation at the source of pro¬ 
gramme was abnormally low. In recent years, a similar require¬ 
ment has arisen in connection with television, since the acoustic 
environment in television studios is frequently very “dead,” so 
that for certain types of programme some method of increasing 
reverberation artificially is essential. 

As reverberation rooms are expensive and possess certain 
technical disadvantages, other methods of producing artificial 
reverberation have from time to time been proposed. In 1949 
various alternatives were considered by the B.B.C. Research 
Department, and a system using acoustic delay tubes with elec- 


In Part 1 of the paper, the principles common to all forms of 
artificial reverberation are discussed and the various known 
devices reviewed. The general theory of delay channels with 
feedback is. given, together with data obtained by experiments 
with acoustic-delay systems, and the practical limitations of such 
systems are discussed. In Part 2 the theory is extended to deal 
with special effects obtainable with magnetic-recording channels, 
and a complete artificial-reverberation unit employing this form 
of delay is described. Part 3 deals with reverberation phe¬ 
nomena occurring in two- or three-dimensional models, and 
describes the development of the ultrasonic reverberation tank. 

(2) CHARACTERISTICS OF NATURAL REVERBERATION 

Before considering devices for imitating the effects of natural 
reverberation, it may be well to examine briefly the phenomena 
to be counterfeited and the criteria by which the result is to 
be judged. 

Any source of sound of varying intensity introduced into a 
room having reflecting walls gives rise to a number of charac¬ 
teristic acoustic effects which are collectively known as reverbera¬ 
tion. These effects may be grouped under one of two headings, 
according to whether the response of the room is to be considered 
as a function of time or of frequency. 


The authors are with the British Broadcasting Corporation. 
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(2.1) Response as Function of Time 

<4 

If a source of sound is suddenly started, the resulting sound 
pressure at any given point reaches its steady state in a series of 
steps, corresponding to the arrival, first of the direct and then 
of the reflected sound, the latter by a great number of paths of 
different length. Similarly, when the source of sound is suddenly 
stopped, the pressure at any point returns to zero in a discon¬ 
tinuous fashion. Because the number of paths by which sound 
can arrive at a given point is very large, the steps in the growth 
and decay of reverberant sound are numerous but individually 
small. The rise and fall in sound level therefore appear to the 
ear as a continuous process which, in the case of halls and broad¬ 
cast studios having good acoustics, approximates to an expo¬ 
nential law. In such rooms, even the discrete reflections of 
impulsive sounds, such as a handclap or pulse of tone, are not 
separately resolved by the ear. 

(2.2) Response as Function of Frequency 

At certain frequencies a sound wave reflected from one 
boundary of a room will arrive back at a given point, after 
reflection from the other boundaries, in such phase as to reinforce 
the original, and a state of resonance is thus produced. Every 
room has a series of such resonance frequencies, at which the 
level of the reverberant sound is relatively great. The higher- 
order modes of resonance occur at quite small intervals. The fre¬ 
quencies of the lower modes, however, may be sufficiently far 
apart to be separately identified by the ear; the results may be 
subjectively interpreted as an unpleasant timbre or “coloration” 
imparted to all sounds produced in the room. This effect is most 
common in small rooms and is an important factor in determining 
the “goodness” or otherwise of the acoustics. 

(3) PRINCIPLES OF ARTIFICIAL REVERBERATION 

Artificial reverberation is obtained by modifying the signal in 
a sound transmission system in a manner imitative of the natural 
processes described above. The resulting product is then com¬ 
bined with the unmodified signal (with due precautions against 
unwanted feedback) so as to give an illusion of reverberation 
occurring at the point of origin. The possible operations that 
may be carried out on the signal can be divided in principle into 
one of the following categories: 

(3.1) Artificial-Reverberation Systems involving Transmission in 

Two- or Three-Dimensional Space 

The signal is reproduced in a reverberation room or auxiliary 
studio containing a microphone so placed as to receive a high 
proportion of reverberant sound; the electrical output of the 
microphone constitutes the artificial reverberation. Variants on 
this principle include the substitution of media other than air in 
the reverberant space and the virtual reduction of this space 
fibm three dimensions to two by propagating the sound in a flat 
box containing a liquid or gaseous medium or in a thin layer of 
solid material; the use of such devices to supplement other forms 
of artificial reverberation is discussed in Part 3. 

(3.2) Artificial-Reverberation Systems involving Transmission in a 

Single Dimension 

The effect of multiple reflections in a reverberant room is 
imitated by dividing the incoming signal between a number of 
parallel channels designed to give different time delays. The 
attenuation in the individual channels is so adjusted that the 
delayed signals appearing at the output of the system progres¬ 
sively decrease in amplitude. Each signal may be regarded as 


an artificial reflection,* and if the series is continued to the point 
at which further reflections would be inaudible, artificial rever¬ 
beration can be obtained. To avoid noticeable discontinuities 
in the growth and decay of sound, the reflections must be closely 
spaced in time. If each delay channel produced only one 
reflection, the number of channels would in many cases be incon¬ 
veniently large. The required end may, however, be achieved 
more economically by using relatively short delay times and 
making each signal traverse the delay system repeatedly; an 
infinite series of reflections can thus be produced. Where trans¬ 
mission can take place in both directions and the attenuation in 
the medium is sufficiently low, this result may be produced by 
back-and-forth reflection between the terminations; in other 
cases, feedback is used, the output signal being amplified and 
returned to the sending end at a level a little short of that required 
to produce sustained oscillation. 

(3.3) Criteria of Reverberation Quality 

The salient feature of natural reverberation is the gradual 
decay in the sound level after the source has been stopped; the 
rate of change of energy density in these circumstances, as 
expressed in the form of reverberation time, is thus the most 
important single criterion of room acoustics. A mere statement 
of reverberation time does not, however, give a complete picture 
of the acoustic properties of a room. The subjective quality of 
reverberant sound is influenced, in a manner which is as yet 
imperfectly understood, by the spacing of the resonance modes 
on the frequency scale or by the spacing of the times of arrival 
of reflected sound travelling by various paths, both quantities 
representing different aspects of the geometry of the room. The 
same considerations apply with even greater force to artificial- 
reverberation systems, which, while simulating broadly the 
effects of natural reverberation, do not reproduce the fine struc¬ 
ture of the process. It must be emphasized that, in the present 
state of the art, the quality of reverberant sound, whether natural 
or artificial, cannot be completely assessed except by ear. 

(4) EXISTING ARTIFICIAL-REVERBERATION SYSTEMS 

The principles outlined in the last Section are exemplified by 
a number of artificial-reverberation systems which have been 
described in the literature. 

(4.1) Reverberation Room 

The use of reverberation rooms is too well known to require 
detailed reference. It should be noted, however, that these 
rooms, although frequently intended to simulate the acoustic 
properties of large studios or halls, are for economic reasons 
made relatively small, the required reverberation time being 
achieved by the use of highly reflecting material for the walls. 
As already indicated, the quality of the reverberant sound is a 
function of the geometry of the enclosure, and in fact the rever¬ 
beration in a small space always has an unpleasant timbre. For 
this reason, reverberation rooms of practicable size are unsuitable 
for use in high-quality music transmissions. 

The reverberation time of a given room is fixed, and only the 
ratio of direct to reverberant sound can be readily controlled. 
Attempts have been made to overcome this defect by dividing 
the reverberation space into two or even three sections connected 
be remotely-operated doors, 1 but such expedients add greatly to 
the cost of an already expensive installation. 

(4.2) Mechanical Delay Line 

An artificial-reverberation device using mechanical delay lines 
was developed by Hammond for use with electronic organs, 2 * 3 
and has also been used in film recording. 

* For want of a better word, the use of the term “reflection” has been extended for 
the purpose of the paper to include the individual delayed signals which occur in 
artificial-reverberation systems. 
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In this apparatus, the incoming signal is applied to a moving- 
coil driver unit which sets in vibration a number of wire helices. 
The reverberant output is obtained from a piezo-electric contact 
microphone attached to the vibrating system. The vibratory 
motion is propagated along the helices with relatively low 
attenuation and reflected back and forth between the various 
points of discontinuity, giving rise to a series of additional signals 
at the microphone terminals. The reverberation time of the 
system is controlled by oil damping of the helices. The device, 
while possessing the merit of extreme compactness, is subject to 
certain limitations, to be discussed later, which are inherent in 
any system having only a small number of delay paths. 

(4.3) Acoustic Delay Line with Feedback 

The use of acoustic delay lines to give artificial reverberation 
has been dealt with by Olson 4 in a patent covering, in principle, 
the use of tubes of different length, each with a loudspeaker at 
one end and a microphone at the other, or a single tube having a 
series of microphones mounted on subsidiary tubes branching 
off at intervals. The delayed signals generated by the various 
microphones are combined at the output of the system to simulate 
the effect of a small group of reflections. By the application of 
overall feedback, the same group of reflections is repeated again 
and again with progressively decreasing amplitude to form an 
infinite series. 

In a practical embodiment of the above system, described by 
Curran, 5 the delay paths were arranged to produce a reflection 
every 23millisec. Such a series of equally spaced reflections is, 
of course, an over-simplified substitute for natural reverberation, 
since it gives only the effect of a single pair of parallel walls. 
The system described was, however, claimed to give acceptable 
performance for certain applications in broadcasting. 

(4.4) Delay by Magnetic Recording System 

Goldsmith 6 and Wolf 2 have described an artificial-reverbera¬ 
tion system using a magnetic-tape recorder. The incoming 
signal was recorded on a continuous loop of tape having 13 
reproducing heads followed by an erasing head. The delayed 
signals generated by the passage of the recorded matter past the 
successive reproducing heads were combined at the output, thus 
imitating the effect of a finite series of reflections. The maximum 
delay provided was half a second, at the end of which time the 
series came to an end; this effect set a limit to the amount of 
artificial reverberation that could be used. 

(4.5) Delay by Magnetic Recording System with Feedback 

A reverberation device specified by Berth-Jones 7 in , 1947 con¬ 
tained a magnetic recording system employing a single repro¬ 
ducing head with the addition of feedback, thus giving an infinite 
series of equally-spaced reflections. In a commercial device 
advertised in 1950 two reproducing heads were provided, but the 
combined output from both was fed to the input. Each reflec¬ 
tion, on being passed again round the loop produced two more 
of its kind, the total number being much larger than could be 
obtained by feedback from a single reproducing head. A 
similar system was later described 8 utilizing two similar magnetic 
recording machines running at different tape speeds. 

The application of feedback to parallel channels having dif¬ 
ferent delay times, while producing a relatively large number of 
reflections, leads to some undesirable effects, which are discussed 
in Sections 6.3 and 13. 

(4.6) Delay by Optical Recording on Moving Phosphor 

In an artificial-reverberation system described by Goldmark 
and Hendricks 9 the incoming signal was made to modulate a 


light source and was optically recorded on the rim of a rotating 
phosphor-coated disc, a finite series of reflections being produced 
by a number of photocells arranged around the periphery of the 
disc. The same series of reflections was repeated with each 
revolution of the disc, the amplitude diminishing as the glow of 
the phosphor faded away, and by this means an infinite number 
of reflections was produced without recourse to feedback. The 
design appears to have been attended by considerable instru¬ 
mental complications. 

(5) EXPERIMENTS ON ACOUSTIC-DELAY SYSTEMS WITH 

FEEDBACK 

Of the devices reviewed in the last Section, those involving the 
use of a time-delay system with electrical feedback seem the most 
promising, if only because the reverberation time can be readily 
controlled by adjusting the attenuation in the feedback loop. 

At the time when the B.B.C. Research Department began to 
study such systems, the acoustic-transmission tube appeared to 
be the most convenient means of obtaining the necessary delay. 
Such a transmission system, while involving elaborate electrical 
equalization and other instrumental complications, should be 
capable of operating with little attention for long periods, and 
has no mechanical parts subject to wear. 

A series of experiments with acoustic delay tubes was therefore 
undertaken; a simple system giving equally spaced reflections was 
taken as a starting point, and progressively elaborated in the light 
of subjective tests. 

The instrumentation involved in this work is not of great 
interest for the present purpose, and will not be further con¬ 
sidered here. Of greater importance are the general theory 
underlying the experiments and the principles established there¬ 
from, since these apply also to the design of the equipment 
described in Part 2. 

(6) THEORY OF DELAY CHANNELS WITH FEEDBACK 
(6.1) Delay Channel with Single Outlet 

It will simplify the discussion if the action of a single delay 
channel with feedback is first considered in some detail. Such a 
system is shown diagrammatically in Fig. 1 (a); the delay channel 
is illustrated as a loudspeaker, acoustic-delay tube and micro¬ 
phone, together with such amplifiers and equalizers as are 
necessary to give zero gain over the working frequency band, but 
the ensuing discussion applies equally to a recording channel or 
to any other transmission medium having a constant time lag 
between input and output. For simplicity, it is assumed that 
any phase shift in the amplifiers, equalizers, loudspeaker and 
microphone is negligible compared with that occurring in the 
tube itself, and furthermore, that the feedback is positive in sign. 

Consider first the relationship between the reverberation time, 
delay time and attenuation in the feedback loop, the last-named 
quantity representing the margin of safety of the system against 
self-oscillation. 

Let t be the time delay in seconds, and 7'the reverberation tim£, 
i.e. the time after which a signal passing repeatedly round the 
feedback loop falls by 60 dB. In the course of time T, the signal 
must traverse the loop Tjt times, suffering each time an attenua¬ 
tion of A decibels, whence 

A = 60t]T decibels, or T — 60t/A seconds. 

To simulate natural conditions it may be required to make the 
reverberation time vary with frequency, and to this end, the 
response of the feedback circuit may be made frequency- 
dependent by the insertion of an appropriate network. It 
should be noted that when A is small, as must be the case if the 
delay time required is to be kept to a minimum, slight changes 
in the response of the feedback loop cause large changes in 
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reverberation time. For example, with a 50millisec delay, for 
which the path length in air would have to be about 55ft, and a 
reverberation time of 1 ■ 5 sec, the feedback loop must be adjusted 
to have an attenuation of only 2dB. A variation of ±ldB in 
the loop response will then cause the reverberation time to vary 
between 3 and 1 sec, while the system will oscillate if the response 
rises by 2dB at any of the frequencies (occurring at intervals of 
lft, or 20c/s throughout the band) at which the loop phase shift 
is zero. It will be seen that there is little latitude for uninten¬ 
tional variations in the loop attenuation and that stringent 
requirements are imposed on the frequency response of the delay 
element. 
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Fig. 1.—Artificial-reverberation system using single delay channel with 

feedback. 

(a) Simplified schematic. 

( b ) Response as a function of time. Pulse input. 

(c) Response as a function of frequency. Tone input. 

Key to graphical symbols used in all the Figures. 

|>) Amplifier. □ Equalizer. 

I(j] Loudspeaker 


jp] Attenuator. 


-Of- Microphone. 


Consider next the response of the system as a function of time. 
Fig. 1(6) shows the output resulting from a transient signal, such 
as a burst of tone, entering the circuit at zero time. This output 
consists of a series of reflections of the original signal (the 
envelope amplitude only being shown), occurring at equal time 
intervals t, each reflection being attenuated by A decibels with 
respect to the previous one, so that the overall envelope represents 
an exponential decay. The response of the system superficially 
resembles that of a reverberant room but differs from it in two 
respects: 

(а) With the large values of t likely to occur in practical artificial- 
reverberation systems, the silent interval between individual reflec¬ 
tions may be perceptible to the ear, giving an impression of flutter. 

(б) The series of reflections can be regarded, apart from its 
exponential decay, as a repetitive phenomenon having fundamental 
frequency 1 ft plus a series of harmonics. Thus, even when t is 
too short for flutter effects to be recognized, the system may still 
be capable of giving the subjective impression of an assignable 
pitch. 

It will be seen, in fact, that the circuit of Fig. 1(a) reproduces 
all the phenomena associated with reflections between two 
parallel walls. 

Consider finally the overall frequency characteristic of the 
system. The response passes through a series of maxima, as 


shown in Fig. 1(c). Each peak represents a condition in which 
the signal fed back from the output of the delay channel is in 
phase with, and thus reinforces, the incoming signal, a state of 
affairs which can readily be shown to occur at frequency intervals 
of 1 ft. Here again, the response of the system has a superficial 
resemblance to that of a reverberant room, with its series of 
resonance modes; in the neighbourhood of each “mode” in 
Fig. 1(c) the circuit, in fact, exhibits the characteristic resonance 
phenomena, such as beats between free and forced oscillations 
on the sudden application of a signal having a frequency slightly 
different from the frequency of maximum response. In an 
artificial-reverberation system, however, the value of t is likely 
to be such as to place the modes much further apart in frequency 
than those of a reverberant room. The reinforcement of indi- 
dividual components of a complex waveform, such as that of 
speech or music, may then be noticeable to the ear, the effect 
being known as “coloration”; the situation is aggravated by 
the fact that the peaks in Fig. 1(c) form a harmonic series. 

The time and frequency response described in the last two 
paragraphs are not, of course, independent, but are alternative 
aspects of the same* performance. The close relationship 
between the two can be illustrated if the incoming pulse of 
Fig. 1(6) is considered to be applied to a circuit having the 
frequency response of Fig. 1(c); the resulting impression of pitch 
could then be attributed to the shock excitation of the series of 
harmonically related resonance modes. 

For more complicated systems involving several parallel paths 
giving different delay times, the relationship between the time 
and frequency response is of a more complex character. More¬ 
over, the ear recognizes in all cases a fairly clear distinction 
between time phenomena of the flutter class and frequency 
phenomena involving the imposition of a characteristic timbre or 
coloration—of which Figs. 1(6) and 1(c) illustrate the simplest 
form. It is therefore convenient to examine the performance of 
artificial-reverberation systems directly from either or both points 
of view. 

(6.2) Delay Channel with more than One Outlet: Feedback oyer 

Single Path 

To increase the number of reflections, the incoming signal may 
be made to follow a number of parallel paths of different lengths. 
The same effect may, however, be achieved with greater economy 
by a single delay channel having outlets at a number of points 
along its length. Fig. 2 shows how the simple system of Fig. 1 



Fig. 2.—Artificial-reverberation system using single delay channel with 
more than one outlet. Feedback over single path. 

can be elaborated in this way by employing four microphones 
m x , m 2 , m 3 and M, spaced along an acoustic delay tube. It 
should be noted that the feedback is taken from the last micro¬ 
phone M only; signals from the intermediate microphones m h m 2 

* To give a complete description of the system, Fig. 1(c) would need to be supple¬ 
mented by a phase/frequency curve. 
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and m 2 , while contributing to the output of the system, do not 
circulate in the feedback loop. 

If the four microphones were equally spaced along the 
tube, the system of Fig. 2 would produce a series of reflec¬ 
tions at equal time intervals t/4. As has already been pointed 
out, however, a series of equally spaced reflections may pro¬ 
duce unwanted effects, and it is therefore desirable that the 
microphones should be placed at irregular intervals along the 
tube. The effect of this artifice will be seen from Fig. 3(a), 
which shows the amplitude and spacing of the reflections pro¬ 
duced by the system of Fig. 2; here the amplitude is plotted 
on a logarithmic scale, so that an exponential-decay envelope 
would appear as a straight line, and the individual reflections 
appearing in the output of the system are marked according to 
the microphone by which they are picked up. It will be seen 
that the irregular spacing of the microphones does not entirely 
remove the periodic element from the series, for the time pattern 
of the group of reflections generated by these microphones is 
repeated at each passage of the signal round the feedback loop. 
The subjective effect of this recurrent pattern will be referred to as 
“group repetition flutter.” 

Successive signals from microphone M, being attenuated by a 
constant fraction at each passage round the feedback loop, de¬ 
crease exponentially in amplitude. The signals from m j, m 2 , and 
m 3 , however, have to be adjusted in amplitude, by regulation of 
the individual attenuators shown, to produce the smooth decay 
envelope of Fig. 3(a ); if this is not done and conditions as shown 
in Fig. 3(b) obtain, the artificial reverberation becomes amplitude- 
modulated at the group repetition frequency 1 ft, and the corre¬ 
sponding flutter effect is considerably aggravated. For the same 
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If the microphones are irregularly spaced, these frequencies of 
reinforcement are irregularly spaced also; moreover, the peaks 
in the frequency response curve differ in height, according to the 
number of microphone outputs in phase. The multi-path 
system, with its irregularly spaced “modes,” thus gives a better 
approximation to the response of a reverberant room. There 
remains, however, the possibility that one of these modes may 
be so far separated in frequency or amplitude from its neighbours 
as to lead to a conspicuous coloration. Such effects cannot be 
entirely avoided, but can be minimized by appropriate spacing 
of the microphones. The determination of the best condition 
involves a detailed study of the relationship between the spacing 
and the wavelength of the signal in the delay medium and will 
not be considered here; the problem is fully discussed in Part 2 
in relation to the spacing of pick-up heads in the magnetic 
recording system. 

(6.3) Delay Channel with more than One Outlet: Feedback 
Over Parallel Paths 

In the circuit of Fig. 2, the number of reflections produced 
would clearly have been increased if, in addition to the output 
from M, the outputs from m u m 2 and m 3 had been fed back to 
the input. However, such an arrangement is in general im¬ 
practicable, since it involves the application of feedback to a 
circuit which consists of several parallel paths of different lengths 
and which must therefore have already an irregular frequency 
characteristic. The points of maximum response of the feedback 
loop will occur at those few frequencies at which all the micro¬ 
phone outputs are in phase, and when feedback is applied, 
reverberation will be practically confined to the vicinity of these 
points. 

A border-line case arises with a circuit such as that of Fig. 4, 
in which the number of parallel paths in the feedback loop is 
only two. Here, the loop response reaches a fixed maximum 
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Fig. 4.—Artificial-reverberation system with feedback over two 

parallel paths. 


F g 'm,ik^SS d ! a H d pacing of reflections produced by a single 

artl ® cial_ J?verberation system of Fig. 2 with 
control^ 5 d 3) mCorrect ad J ust ment of the individual reflection 

mason any change in the reverberation time requires a readjust- 
ment of the gam controls associated with m h m 2 and m 3 , and 

with f SyStem 1S designed t0 have a reverberation time varying 
wth frequency the attenuation in the individual microphone 
circuits will have to be made to vary appropriately with frequency 
if the exponential-decay envelope is to be preserved. 

liJtL S t e nf d t y h State r f P ° nSe of the m ulti-path system of Fig. 2, 

« r P SyStem ° f HS ' ’’ passes throu S h a series 

however fr ! c ? ,enCy mtervals Vt- Additional maxima, 

wever, appear at frequencies at which the outputs of two or 

more microphones are in phase and thus reinforce the signal 


alue the sum of the responses of the two microphones M, and 

h! 2 h at a S f neS ° f frequencies lending throughout the working 
band and having a constant separation 1/r, where r is the dif¬ 
ference in time delay between the two. At each of these fre- 

wmb C e ie tL^m eVerb fu tl0n time obtained b y applying feedback 
nf w th ?’ T d t le sy ' stmi ’ whiIe object to the disadvantage 
of having regularly spaced modes, is therefore workable. 

t ® of ^terest t0 examine the response of the circuit in 
g. 4 as a function of time; it is assumed that both M, and M, 
are connected to give positive feedback. A single short tone 

femr’,? 1 ?! 111 ® ? succession at M i and M 2 , produces two pulses 
^parated by a time interval r. These, on retraversing the delay 

from ? r< H dl S e successi Y el y a Pulse from alone, a pulse 
™ M + l and M 2 a uhng simultaneously, and a pulse from M, 
alone, the second of these pulses, being the sum of two others^ 
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has the largest amplitude. Continuation of the process produces 
a complicated effect which is best illustrated by an example. 
Fig. 5(a) shows the decay process following the arrival, at zero 
time, of a single tone pulse; as in Figs. 1 and 3, only the envelope 
amplitude is shown. For the purpose of this example, it is 
assumed that the attenuations in the feedback loop, when the 
output is taken from M t or M 2 alone, are 8 dB and 11 dB respec¬ 
tively, whence it can readily be shown that the margin of safety 
against self-oscillation is 3 • 3 dB. It will be seen that the decay 
envelope shows a high degree of amplitude modulation; this may 
be expected to appear as a flutter effect and is a further dis¬ 
advantage of the arrangement. For comparison, Fig. 5(b) shows 
the series of reflections which would be obtained using the same 
delay tube and microphones and with the same safety margin, 
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From the foregoing it may be concluded that feedback over 
even two different paths produces undesirable effects, and a 
single feedback path is therefore to be preferred. 

(7) EXPERIMENTAL RESULTS 

It is not proposed to describe in detail the delay-tube experi¬ 
ments already referred to. The main steps in the investigation 
and the conclusions reached are summarized in the following 
Sections. 

(7.1) Simple System giving Equally Spaced Reflections 

The subjective effect produced by the simplest types of artificial- 
reverberation system, giving regularly recurring reflections, was 
investigated. When the interval between reflections exceeded 




Fig. 5.—Amplitude and spacing of reflections produced by a single pulse applied to 

(a) Circuit of Fig, 4. ( b ) Circuit modified by taking feedback from M 2 alone. 


but with feedback taken from M 2 alone, the output of M r being 
connected in a similar way to that of m u m 2 , and m 3 in Fig. 2 
and adjusted to fit the exponential-decay envelope. It should 
be noted that the wide gaps between the reflections in Fig. 5(b) 
could be filled, as in Fig. 2, by the addition of further microphones 
not included in the feedback loop, but that the same expedient 
applied to the circuit of Fig. 4 could not produce a smooth decay. 

No precise value of reverberation time can be assigned to 
Fig. 5(a), but even if the largest reflections only are counted it is 
clear that the rate of decay is much greater than in Fig. 5(6). 


some 25millisec, the subjective result could be described as a 
flutter echo. As the interval was reduced, there appeared in 
addition an effect referred to by observers as a “honk” or 
“twang,” giving an impression of definite pitch and imparting a 
characteristic coloration to the signal. At lOmillisec spacing, 
the flutter effect was negligible and the coloration effect was 
predominant. Of the two phenomena, the flutter was con¬ 
sidered slightly less objectionable, but the amount of artificial 
reverberation that could be added to the original signal without 
one or other of these defects becoming evident was very small. 
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(7.2) Combination of Three Simple Systems 

To simulate more closely the conditions obtaining in a rever¬ 
berant room, three independent artificial-reverberation circuits, 
each similar to that of Fig. 1, were combined, thus imitating the 
natural reflections which occur between opposing pairs of side 
walls and between floor and ceiling. Such a combined system 
has three series of resonance modes, which correspond to the 
axial* modes of a room having dimensions equal to half the 
lengths of the three delay tubes used. The remaining modes of 
the loom, involving transmission of sound along oblique paths 
between adjacent walls, are not, of course, reproduced by this 
method, but it was hoped that a satisfactory approximation to 
natural reverberation might be achieved without them. In fact, 
this hope was not realized; the flutter and coloration effects 
associated with the individual systems were still evident to the 
ear. This result is of some interest as a sidelight on the theory of 
room acoustics, since it suggests that the axial modes alone are an 
inadequate criterion of performance; the point is further discussed 
in Part 3. 

From the foregoing it was concluded that satisfactory artificial- 
reverberation effects could not be obtained by a system giving 
equally spaced reflections. 


(7.3) Multi-Path Systems 

A series of experiments was next carried out on multi-path 
systems similar to that of Fig. 2 in order to determine the 
minimum overall time delay t and the maximum interval between 
reflections which would give tolerable reverberation quality. 

For a given reverberation time, t is proportional to the loop 
attenuation A. The latter quantity is governed in turn by the 
gain stability; of the feedback loop and the smoothness or other¬ 
wise of its frequency characteristic; in a practical acoustic-delay 
system, its minimum value may be 3-4dB. Apart from these 
considerations, however, a large value of t is desirable on account 
of the group repetition flutter, which was found to become 
progressively less objectionable as the frequency 1/t was lowered. 

The upper limit to the mean interval between successive 
reflections appeared to be in the neighbourhood of 30millisec, 
and at least four microphones had to be employed to allow the 
necessary degree of irregularity in their spacing. 

The following data, relating to two of the experimental 
systems employed, serve as an example of practical operating 
conditions : 


System A 

Overall delay time.50millisec 

Frequency of group repetition flutter .. 20 c/s 

Number of delay paths . 4 

Mean interval between reflections.. 12+millisec 

Frequency range. 50 _ 7 O00c/s 

Reverberation time at 100 c/s .. .. lsec 

Reverberation time at 4 OOOc/s .. . ^-sec 

System B 

Overall delay time .. .. .. .. 135millisec 

Frequency of group repetition flutter .. 7 c/s 

Number of delay paths .. ,. 5 

Mean interval between reflections.. ” 27millisec 

Frequency range.50-4 000c/s 

Reverberation time at 100 c/s .. .. 2 sec 

Reverberation time at 4 OOOc/s .. [ ’ 1 S ec 


System A roughly simulates the acoustics of a small broad¬ 
casting studio, but has too short a reverberation time to be of 
much use for musical programmes. 

In system B the increased delay time is accompanied, for 
reasons given later, by a reduction in bandwidth. Flutter effects 
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were still noticeable at high levels of reverberation, particularly 
with impulsive signals. The quality was nevertheless considered 
sufficiently good for use with certain types of music. 

(7.4) Variation of Reverberation Time and Amount of Reverbera¬ 
tion with Frequency 

In all cases a more natural effect was obtained by making both 
the reverberation time and the amount of reverberation fall with 
rising frequency. These measures may be regarded as simulating 
the natural increase with frequency of the absorption in rooms 
and of the directivity of sound sources; however, they served also 
to mitigate the defects of the artificial reverberation. 

(7.5) Use of Auxiliary Reverberation Chamber 

Flutter effects in the artificial-reverberation systems described 
were appreciably reduced by transmitting the incoming (or out¬ 
going) signal through a loudspeaker and microphone placed in a 
small reverberation chamber; the reverberation in this chamber 
served to fill the intervals between reflections and did not there¬ 
fore require to be very long. The improvement was, however, 
obtained at the cost of introducing the unpleasant coloration 
which is a characteristic of small rooms, and for this reason the 
use of an auxiliary reverberation chamber did not become a 
practical proposition until the development of the ultrasonic 
tank described in Part 3. 

(8) FURTHER DEVELOPMENT 

The reverberation time so far attained was still insufficient for 
many purposes, and a further increase in delay time was therefore 
desired. Unfortunately the delay time which can be achieved by 
an acoustic tube is severely limited by the heavy attenuation 
suffered by the transmitted sound. For lengths up to 100ft, 
giving delay times of about 90millisec in air, tubes of 1 in bore 
may be employed to transmit frequencies up to about 7 OOOc/s. 
For greater lengths it may be necessary to reduce the attenuation 
by increasing the bore and to tolerate some limitation of the 
upper frequency range through transverse resonance effects. 
While a certain deficiency at high frequencies is a common 
feature of natural reverberation, and may therefore be tolerated 
in the artificial product, an increase in tube diameter involves a 
serious increase in the space taken up by the equipment. An 
example of this is the experimental system B, in which a tube of 
l^in bore was used to transmit frequencies up to 4 OOOc/s. The 
tube had an overall length of 165ft, of which the last 14ft was 
filled with sound-absorbent material to minimize reflection; when 
mounted in the form of a coil it occupied some 70 ft 3 . To obtain 
a greater delay time without further reduction in bandwidth, two 
or more complete channels could be connected in cascade, but 
apart from the cost of the extra loudspeakers, microphones, 
equalizers and amplifiers, the equipment would then require for 
its accommodation a room comparable in size with the reverbera¬ 
tion chamber which it was intended to replace. 

It was clear, therefore, that any further development would 
require the use of a more compact delay medium, and the possi¬ 
bilities of magnetic recording were reconsidered. This form of 
delay had hitherto been open to some practical objections on 
account of the wear on the tape and heads, which set a limit to 
the length of time that the equipment could be operated without 
maintenance. Fortunately, later developments in magnetic 
recording had made it possible at this stage to construct a delay 
channel with the heads working out of contact with the magnetic 
medium. It was therefore decided to construct a magnetic- 
recording machine for producing artificial reverberation. The 
construction and operation of this machine are described in 
Part 2. 
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Part 2. THE MAGNETIC-RECORDING ARTIFICIAL- 
REVERBERATION MACHINE 
(9) INTRODUCTION 

A description will be given in this Part of the paper of an 
artificial-reverberation apparatus which employs a magnetic- 
recording delay system. Fig. 6 is an external view of the delay 
unit in which the programme signals are recorded on the inside 
rim of a basin-shaped wheel, which is coated with magnetic 



Fig. 6 . —Magnetic-recording delay unit of artificial-reverberation 

equipment. 


material, and are reproduced at subsequent intervals by a series 
of reproducing heads spaced round the rim. With suitable 
spacing of the reproducing heads, and by suitable attenuation of 
the signals reproduced from them, it has been possible to achieve 
a satisfactory simulation of the decay of sound in a reverberant 
enclosure. The general principle by means of which the same 
sound is made to traverse the delay chain repeatedly, until its 
reproduced intensity reaches noise level, has been explained in 
Part 1. For reasons of space, flexibility and economy, a similar 
feedback system is used in the magnetic-delay unit, and every 
signal appearing in the last reproducing head is fed back into the 
recording chain for re-recording on the wheel rim. The basic 
delay in the magnetic system can, without inconvenience, be 
made greater than in the acoustic-tube system, and in the appa¬ 
ratus to be described it is some 250millisec, i.e. the group 
repetition rate is about four per second. 

The rate of decay and the shape of the decay pattern associated 
with each signal fed into the apparatus depend on the relative 
attenuation of the outputs from the successive reproducing 
heads and on the level at which the signal is re-recorded 
from the feedback chain. It is possible to obtain a series of 
reverberation times by suitable choice of these factors, the upper 
limit being determined by the inherent liability of the feedback 
system to go into oscillation. 


(10) THE MULTI-TRACK SYSTEM 

It is desirable that the number of artificial reflections generated 
in a given time should be as high as possible, otherwise when the 
apparatus is fed with an impulsive sound its output acquires an 
unpleasant “chopped” character owing to amplitude flutter. A 
difficulty arises here with the finite dimensions of reproducing 
heads, which set a limit to the minimum spacing possible between 
the reproducing gaps of adjacent heads. The time interval 
provided by this spacing may, of course, be made shorter by 
increasing the speed at which the recording medium passes the 
heads. However, this cannot be carried too far without serious 
inconvenience, for each such increase of speed entails a reduction 
of the overall delay available. Consequently the level of signal 
which must be fed back to the input of the system from the feed¬ 
back head becomes higher, and, as shown in Part 1, this imposes 
increasingly stringent tolerances on the accuracy to which the 
system must be equalized if self-oscillation, or coloration, is to 
be avoided. A compromise must therefore be made between 
the factors of head spacing, recording speed and feedback level. 

A reasonably numerous and complex occurrence of reflections, 
with acceptable values of feedback level and recording speed, 
has been obtained by the use of a multi-track recording system. 10 
This can simulate the effect of a multitude of reproducing heads 
whilst requiring the physical presence of only a fraction of that 
number of heads. Fig. 7 illustrates the basic means by which the 
effect of many reproducing heads may be obtained. A simul- 
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Fig. 7.—Multi-track recording and reproduction. 

A, B, C .Recording heads. 

a, b, c .. .. .. Recorded tracks. 

S, T, U, V.Reproducing heads. 


taneous multi-track recording of two or more tracks is made in 
the magnetic medium, the various recording heads being displaced 
longitudinally with respect to one another so that at some 
subsequent reproducing head, which spans all the tracks and 
reproduces them simultaneously, there is a time interval between 
the reproduction of corresponding parts of the programme on 
each track. Suppose that A, B and C are three recording heads 
which are recording the same programme on magnetic tracks, 
a, b and c, whilst S, T, U, V, etc., are reproducing heads which 
can reproduce the recorded signals from the three tracks simul¬ 
taneously. The longitudinal displacement of the tracks a, b and 
c, when reproduced by head S, introduces differing time lags in 
the reproduction of any given signal fed to the apparatus, the 
recorded signal of c being reproduced first and that of a last. 
If the tracks c, b and a are recorded at a progressively lower 
level, the output of the head S is identical to that which would be 
obtained using a single track (with one recording head) repro¬ 
duced by three displaced reproducing heads, the outputs of which 
are progressively attenuated. When more than one reproducing 
head is introduced into the system the advantages of this multi¬ 
track method become evident. Three recording heads (A, B and 
C), two reproducing heads (S and T) and three tracks will 
produce six separated responses for the use of five heads. A 
single-track recording would require seven heads to attain the 
same result. Similarly, three recording heads (A, B and C), 
three reproducing heads (S, T and U) and three tracks will 
produce nine responses separated in time, a result which the 
single-track recording would require ten heads to accomplish. 
Tire more reproducing heads which are employed in the system, 
the greater is the relative number of responses obtained by multi- 
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track recording. Increasing the effective number of reproducing 
heads in this manner, and using suitable feedback arrangements, 
enables a reverberation pattern to be produced which meets most 
normal requirements except those involving impulsive sounds 
such as pistol shots. 


(11) THE DELAY UNIT 

The mechanical arrangement of the recording and reproducing 
unit which provides the delayed reflections is shown in Fig. 8. 
In the present apparatus the decay pattern is provided by the use 



of two recording heads (and tracks) and eight reproducing heads. 
The magnetic coating is sprayed, in the form of an endless track 
iin wide, on the inner edge of the basin-shaped rotating member. 
This basin, which has an inner diameter of 9^in, is supported 
and enclosed in a bearing unit and is rim-driven by the driving 
wheel D which is fixed on the shaft of a synchronous motor (not 
shown). The basin is rotated at about 3r.p.s. and the magnetic 
medium is thus travelling at a speed of approximately lOOin/sec. 
The various erasing, recording and reproducing heads are hung 
from a plate into the well of the basin so that their gaps face 
outwards on to the magnetic medium. With this arrangement 
the whole system can be well screened magnetically, and it can 
also be made fairly dustproof. To avoid wear, and the necessity 
of frequent renewal of the magnetic track, the various heads 
work out of contact with the medium, and are separated by 
approximately 0-001 in from it. This separation must be main¬ 
tained fairly accurately in the normal range of temperature 
variation. Accordingly, the basin-shaped rotating member and 
its enclosure (which supports the heads) are made of the same 
non-ferrous alloy, so that the radial movements of the track and 
heads, when the structure expands or contracts, are for practical 
purposes identical. 

Ri and R 2 are the two half-track recording heads which record 
the programme on the upper and lower halves of the magnetic 
track respectively, whilst H, I . . . N, are reproducing heads of 
conventional design which reproduce the signals from both 


tracks simultaneously. The output from the reproducing heads 
is suitably attenuated, as described previously, and the relative 
displacement of the recording heads, R } and R 2 , doubles the 
number of reproduced reflections in the time interval, of 
250millisec in which any part of the recorded track passes from 
Rt to the last reproducing head. 

The head O provides feedback, through suitable amplifiers, to 
both of the half-track recording heads, but it is made to repro¬ 
duce, and provide feedback from, one track only. Taking feed¬ 
back from both tracks through a common head would introduce 
another source of amplitude flutter into the output of the 
apparatus. This is an instance of flutter, arising when feedback 
is taken over two parallel paths, which was discussed in general 
terms in Part 1. The mechanism of the effect in the present 
apparatus is described in more detail in Section 13. 

The head E is an erasing head which removes the signal from 
the medium, leaving it neutral and ready for a new signal to be 
recorded by the heads R T and R 2 . All the heads are suitably 
screened in Mumetal boxes in order to avoid hum and crosstalk, 
and the outside of the basin is screened by a Mumetal ring S 
(except where it is in contact with the driving wheel D) to reduce 
pick-up from motor-drive and power units. 

(12) ELECTRONIC EQUIPMENT 
(12.1) General Scheme 

A block schematic of the arrangement of the electronic equip¬ 
ment necessary to enable the delay unit to fulfil the functions 
previously described is given in Fig. 9. The programme, which 
may come direct from the microphone chain or from an existing 



Fig. 9.—Simplified block schematic of artificial-reverberation 

equipment. 


recording, passes into a control unit from whence it proceeds in 
two parallel paths, one straight through to the transmitter or 
other terminating equipment, and the second to the artificial- 
reverberation side chain. From the mixer equalizer, which is the 
first unit in the side chain, the programme passes to the recording; 
amplifier with which is associated the normal high-frequency 
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oscillator to supply bias current. The same oscillator also 
supplies the erase head with the required erasing current. The 
recording-amplifier output passes into the half-track recording 
heads, and the programme is then recorded on the two magnetic 
tracks. The outputs of all eight reproducing heads are fed into 
a reproducing-head mixer which attenuates the separate outputs 
in the desired manner to reproduce a suitable decay curve. 
After suitable amplification in the reproducing amplifier, the 
output of the reproducing-head mixer passes once more into the 
control unit to join the original programme line for feeding to the 
transmitter or other terminating equipment. The final head in 
the reproducing chain (the feedback head) also feeds, through 
another reproducing amplifier, into the mixer equalizer so that 
it is recorded again at suitable level to continue the decay curve 
in the manner previously described. 

(12.2) Amplifiers 

The recording amplifier is a conventional two-stage amplifier 
which uses current feedback to maintain a constant-current/fre¬ 
quency characteristic in the recording heads. 

The two reproducing amplifiers employed in the apparatus are 
identical and follow conventional magnetic-recording practice. 
Special precautions have been taken against hum and microphony. 

(12.3) The Oscillator 

The oscillator, which supplies both bias and erase currents, is 
of the Wien-bridge type and feeds two pairs of valves in push-pull, 
one pair being associated with the recording heads and the other 
with the erase heads. High levels are required in the bias and 
erase signals, and attention has been paid to the reduction of 
even-harmonic distortion in order to obtain a satisfactory noise 
level. Final reduction of noise due to imperfect oscillator wave¬ 
form is carried out using a small rectified current fed to the 
recording and erase heads in the manner suggested by Stott. 11 

(12.4) Reproducing-Head Mixer Unit 

It has been explained, in general terms, that the reverberation 
time can be controlled by suitable attenuation of the individual 
outputs from each successive reproducing head and from the 
final feedback head. In laboratory equipment, suitable voltage 
dividers may be provided to enable the attenuation introduced 
in each output to be continuously variable so that any required 
rate or shape of decay may be obtained. With equipment for 
operational purposes, however, the careful setting-up which 
would be required becomes impracticable, and the potentiometers 
are replaced by a wafer switch containing banks of fixed resistors. 
The wafer switch installed in the present apparatus has ten 
separate positions, and attenuating resistors are fitted so as to 
provide nine preset reverberation times. The function of the 
tenth position is described in Section 12.6. The attenuating 
resistors must be carefully adjusted so that in each case the 
fall in the amplitude of the signal reproduced from successive 
heads follows a smooth exponential curve of the type shown in 
Fig. 3(a). Faulty adjustment of these resistors will lead to 
flutter effects as illustrated in Fig. 3(b). The reverberation times 
available range from 0 • 6 to 5 sec. 

(12.5) The Control Unit 

When conventional echo-mixing facilities are available, the 
apparatus may be fitted into a normal studio control system in 
precisely the same way as a reverberation room. The control 
unit is employed with the artificial reverberation machine when 
such facilities are not available. To obtain the maximum 
signal/noise ratio, the mixing of the direct and reverberant signals 
is carried out at the output of the machine, and by the use of 
Vol. 102, Part B. 


suitable attenuators (and/or faders) the ratio of direct to rever¬ 
berant sound may be varied over wide limits, in conjunction with 
the available reverberation times on the machine itself, to 
provide the desired subjective effect. Therefore, although the 
artificial-reverberation machine may be employed directly in 
place of a reverberation room in studio control equipment, it 
can, in addition, provide a variable reverberation time which a 
normal reverberation room does not. 

(12.6) Monitoring of Individual Head Outputs 

The use of a wafer switch to provide nine predetermined 
reverberation times has been described earlier. The tenth 
position on this switch, in conjunction with a second rotary 
switch adjacent to the delay unit, enables the output of any 
individual head to be monitored separately. In this tenth 
position of the switch the attenuating resistors in the output 
circuits of the various heads are short-circuited and the individual 
outputs become equal. The second switch within the apparatus 
then enables any one particular head to be monitored. This 
facility is useful in the setting-up and checking of the machine 
and also enables straightforward “echo,” as opposed to “rever¬ 
beration,” effects to be obtained from the machine. The eight 
reproducing heads provide eight set delay times, up to a maximum 
of about 250millisec. The studio control facilities, or the control 
unit with which the apparatus is used, enable the ratio of direct 
sound to echo intensity to be set up as required. 

(13) THE OCCURRENCE OF AMPLITUDE FLUTTER 

The amplitude flutter which can occur owing to the finite 
spacing between reproducing heads has been briefly mentioned 
in describing the multi-track recording system. A very sharp 
impulse of sound, occurring with little or no background of other 
sound, appears in the output of the apparatus with some of the 
qualities of reverberation but with a “chopped” quality which 
lacks naturalness. This occurs when there is a period of actual 
silence between the signals reproduced by successive reproducing 
heads. In a continuous type of sound, or when an impulse is 
heard against a fairly high-level background of other continuous 
sounds, the effect may not be apparent at all because the actual 
amplitude changes involved are of much lower order. The 
effect also becomes less unpleasant as the length of the impulse 
is increased, and when this length becomes larger than the 
maximum spacing between two consecutive heads, the flutter 
disappears. This is because the sound fills in the maximum 
time interval between any two consecutive responses and there 
is no break in the output from the apparatus. For the same 
reason the flutter disappears when dealing with sounds whose 
frequency spectrum lies below a critical frequency which has a 
wavelength in the recording medium equal to the maximum 
spacing between two consecutive heads. Not unexpectedly, in 
view of the last result, subjective experiments also reveal that the 
flutter is reduced if the impulse has a gently sloping build-up 
and decay. 

The mean spacing of the reproducing heads, in conjunction 
with the multi-track system, is thus the critical factor in avoiding 
the more obvious subjective effects of this amplitude flutter. In 
the present delay unit the mean reproducing-head spacing repre¬ 
sents a time delay of about 30millisec, so that in the two-track 
system a short recorded impulse will be reproduced at mean 
intervals of about 15millisec. In practice it has been found 
that the earlier reproducing heads, such as H, I and J, which are 
producing the highest level of output, should be closer together 
than the mean spacing. If they are too widely spaced the flutter 
associated with the disappearance of the signal is both of large 
amplitude and low frequency and becomes very noticeable. This 
restriction is less important in the later heads which are repro- 

23 
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during at lower level. It is of some interest that the first traversal 
of the delay chain, although it occupies only a total of 250millisec, 
is so critical in this matter. 

The effect on impulsive sounds is also less obvious if the sound 
is originating from an enclosure which possesses some reverbera¬ 
tion of its own, when the sharp edges of the pulse tend to 
be blurred before reaching the artificial-reverberation machine, 
and the periods of silence between the outputs from successive 
heads tend to get filled up. This is in conformity with the 
observations that the “chopped” effect is less noticeable when the 
impulse is rounded off or is heard against a continuous back¬ 
ground of sound. It may also be demonstrated, as indicated in 
Part 1, by first feeding the impulsive sounds originating in a 
“dead” enclosure into a small studio of comparatively short 
reverberation time, which provides partial diffusion, before pass¬ 
ing them to the reverberation machine to obtain the much longer 
reverberation times of which it is capable. 

Amplitude flutter will also arise from any arrangement of 
the feedback system which corresponds to feedback over parallel 
paths of different length. It may arise, for example, if the 
head O feeds back the signal from both tracks, and in this case 
the two parallel paths are from the recording head Rj to the 
feedback head and from the recording head R 2 to the feedback 
head. If a sharp impulse of sound is fed into the apparatus it is 
recorded on each track, and the subsequent feedback results in 
four more impulses. It may be shown, as in Section 6.3, that the 
two middle impulses of this set are directly opposite to one another 
on the magnetic tracks, so that they will add, when reproduced, 
to give double the intensity of the impulses on either side. The 
effect is cumulative, so that when these impulses are fed back 
for the second and subsequent times an increasing series of 
evenly-spaced impulses, the amplitude of which rises and falls, is 
produced and there is introduced a noticeable amount of ampli¬ 
tude flutter. This is eliminated if the feedback head O reproduces 
from one track only, although its output may be fed back into 
both recording heads. In this connection it is interesting to 
observe that at recording speeds of the present order, which 
result in very long wavelengths, the spread of flux from the 
upper half-track is still sufficient to induce a noticeable signal 
into the half-track feedback head O facing the lower track. A 
Mumetal strip must then be placed immediately above the single- 
track feedback head to divert the unwanted flux from the upper 
track into a path away from the feedback-head core. 

(14) THE OCCURRENCE OF FREQUENCY COLORATION 

(14.1) Reproducing-Head Spacing and Coloration 

The reproducing-head sparing is, as shown, partly determined 
by the requirement that flutter in the apparatus shall not reach 
objectionable proportions. However, the relative spacing can 
also have a marked influence on the occurrence of frequency 
colorations. The distance between any pair of heads must 
correspond to some recorded wavelength and to a multiple of 
the harmonically-related shorter wavelengths. When the fre¬ 
quency corresponding to any of these wavelengths is being fed 
into the apparatus the two heads concerned will be reproducing 
exactly in phase, thus giving a maximum combined amplitude 
which depends on the relative attenuations in their output circuits, 
i.e. on the reverberation time chosen. Minima in the response 
will exist, also, when the distance between any pair of heads is 
an odd multiple of a half-wavelength of the frequency being 
recorded. In fact, when any frequency is fed into the apparatus 
the resultant output at some instant later can be represented by 
the vector sum of a set of vectors, each of which represents in 
phase and magnitude the output of one reproducing head. The 
magnitude of each vector, with respect to the other vectors in 


the set, will depend on the reverberation time chosen and the 
position of the head along the delay chain. The phase of each 
vector will depend both on the position of the head and the 
recorded wavelength. A very large number of randomly-spaced 
heads would provide a set of vectors whose sum varied little with 
wavelength for any given setting of reverberation time, i.e. the 
frequency characteristic of the apparatus would be flat as regards 
these considerations. The greater the number of reproducing 
heads in the delay chain the more nearly can this ideal condition 
be approached. In the present machine, using eight reproducing 
heads, the maxima and minima from this cause are fairly 
numerous and closely spaced (as in the frequency response of a 
normal enclosure), and noticeable colorations do not arise unless 
two or more pairs of heads near the beginning of the delay 
chain, where the reproduced levels are high, are reproducing in 
phase at the same frequency. This would occur, for example, 
if the distances between the heads IT and I and I and J (Fig. 8) 
were related in the ratio 1 : n, where n is a whole number. Then 
frequencies of recorded wavelength equal to the distance between 
H and I, or to sub-multiples of it, would be reproduced in phase 
by all three heads, and there would be a peak in the overall 
response of the apparatus at this fundamental frequency and its 
harmonics. A suitable arrangement of spacings between the 
heads is adopted to avoid this effect, due regard being paid to 
the flutter requirements previously described. 

(14.2) Recording-Head Spacing and Coloration 

Coloration also occurs when the recording heads, R t and R 2 , 
are recording in phase on the medium, i.e. when the signals on 
the two tracks are in phase as they arrive at the first and subse¬ 
quent reproducing heads. If the coils of the heads, R, and R 2 , 
are fed in phase (i.e. in series-aiding) the distance between R t 
and R 2 must represent an integral number of wavelengths in 
order to produce coloration. If the heads R t and R 2 are fed 
in anti-phase (i.e. with their windings reversed) the distance 
Rj-R 2 must equal an odd number of half-wavelengths to produce 
coloration. In the present apparatus R t and R 2 are fed in 
anti-phase, and the distance R r -R 2 is covered in 19-3millisec. 
Therefore the fundamental coloration frequency of this arrange¬ 
ment is given by 

10 3 

f = -—— = 25-9 cycles per second. 

2* X I y * 3 

Further frequencies of coloration will arise when R 1 -R 2 = 3A/2, 
5A/2, 7A/2, etc., i.e. at 77-7c/s, 129-5 c/s, 181 -3 c/s, etc. Minima 
will also occur in the frequency response from this cause, for 
when the recording-head spacing equals one wavelength (anti¬ 
phase feeding) the recorded waveforms on the two tracks are in 
anti-phase, so that the two currents induced in the reproducing 
heads will cancel. This particular source of coloration is, of 
course, avoided in single-track working, but then the disadvantage 
of increased flutter (which is more noticeable subjectively) must 
be accepted. In any event, the broad maxima of this effect are 
broken up by the many other variations in the frequency response, 
such as that due to the reproducing heads discussed in the 
previous paragraph, and that due to the position of the feedback 
head, which is now to be considered. 

(14.3) Coloration due to Feedback 

The method of feeding back signals from a reproducing head 
into the recording heads, to enable a long reverberation time to 
be produced from a short-time delay element, necessarily intro¬ 
duces yet another source of coloration at various frequencies. 
In Fig. 10, R x and R 2 represent two heads recording on two 
tracks, H is any reproducing head spanning both tracks, whilst 
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0 represents the feedback head which is feeding back from the 
lower track only. In considering the origins of reinforcement 
it is convenient to imagine that a steady tone is fed into the 
apparatus, so that both recording heads will still be recording 
tone from the external source when the head O is feeding back 
the reproduced signal into them. Reinforcement then occurs 
when the feedback head returns a signal into and R 2 in phase 
with the signal being fed to them by the external source, i.e. 
when the distance 0-R t is an integral multiple of the recorded 
wavelength. Thus maxima in the overall frequency response 
will arise when O-R, = A, 2A, 3A, etc., whilst minima will occur 
when O-Rj = A/2, 3A/2, 5A/2, etc., when the signal from O is 
in anti-phase with the external signal entering the recording head. 
This case corresponds to the coloration produced in the tube 
system discussed in Part 1. The degree of coloration, or the 
amplitude of the undulations in the frequency response, depends 
on the level fed back, so that both become more marked at long 
reverberation times. 

The cyclic rise and fall of level with frequency which arises 
from this cause will be superimposed on that due to the recording- 
head spacing discussed previously. It is obviously undesirable 
that maxima due to the two causes should coincide, and the 
position of the feedback head is therefore chosen to provide 
minima at the frequencies at which the disposition of the two 
recording heads provides maxima. This is achieved by making 
the distance O-R! in Fig. 10 an exact odd multiple of the distance 
R 1 -R 2 . Thus at frequencies of 25-9c/s, 77-7c/s, etc., where 
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Fig. 10.—Distances governing occurrence of colorations. 

maxima occur owing to recording-head spacing, the signal led 
back to the two heads is in anti-phase to that being ted from the 
external circuit. In the present machine the distance 0-R[ is 
13 times R^R^ so that maxima (and minima) occur owing to 
feedback at intervals of just under four cycles, with minima 
falling at 25-9, 77-7c/s, etc., as required. 

(15) SEPARATION BETWEEN THE HEADS AND THE 

MEDIUM 

It has been shown that to avoid amplitude flutter in the 
artificial-reverberation system and to make conditions more 
realistic, the time spacing which must be arranged between the 
original sound and the first head “reflection,” or between two 
adjacent reflections, must be as small as possible. 

A given design of reproducing head determines the minimum 
possible distance between the gaps of adjacent heads, and the 
minimum time delay which is required must therefore be achieved 
by a suitable choice of recording speed. From considerations of 
simplicity, cheapness and sensitivity, conventional recording 
heads about lin in diameter were chosen for the present 
apparatus. This dimension, in conjunction with the maximum 
time delay of about 30millisec permissible between adjacent 
reflections, dictated a recording speed of 100 in/sec. Any loop 
or rotating surface of conventional size would have to be fre¬ 
quently renewed if recording and reproduction were carried out 
in contact with some 11 heads (such as are used in this system) 
at this speed. Consistency of performance and ease of main¬ 
tenance thus necessitate out-of-contact working. Various factors 
not normally met with in conventional magnetic recording then 
become of importance. The effects of separating the head from 
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the recording medium are most marked in the reproducing 
process, the response at any given wavelength being proportional 
to exp (— 277 x/A), where x is the separation of the recording 
medium from the pole tips of the reproducing head and A is the 
recorded wavelength. This amounts approximately to a loss of 
55 dB of signal per wavelength of separation from the medium. 
At lower speeds such a loss would be very serious, but in the 
present apparatus, where the recording speed is high, the losses 
in the range of wavelengths which are of interest are acceptable. 
This range is determined, as noted in Part 1, by the absorption 
properties of a normal enclosure, which introduce a marked 
attenuation of sound frequencies above about 4kc/s when succes¬ 
sive reflections take place. In the artificial-reverberation system, 
therefore, the output from the reproducing heads can begin to 
fall as the frequency rises above about 4kc/s. The loss at high 
frequencies which occurs with separation can, in fact, be utilized 
with convenience to provide the required characteristic. 

In the case of the erasing and recording processes, separation 
from the medium means increasing the power fed to the recording 
and erasing heads to obtain the required field strength. Too 
large a separation involves very high power and can result in 
over-heating of the recording and erasing heads. 

Another factor determining the separation chosen arises in the 
manufacturing process, where the limits of accuracy to which the 
disc circumference can be turned and ground set a minimum to 
the spacing. Excessive eccentricity of the disc in its bearing, 
apart from necessitating a corresponding separation, will intro¬ 
duce an appreciable amplitude modulation of the signal as the 
recording medium approaches and recedes from both the repro¬ 
ducing and the recording heads. With reasonable care in manu¬ 
facture the eccentricity of the wheel can be kept fairly consistently 
below 1/5 000in, so that the separation distance could be of this 
order if required. In practice, a figure of 1/1 000in has been 
chosen, which reduces the possibility of damage to the magnetic 
coating in the setting-up process or as wear takes place in the 
bearing, and is satisfactory with respect to the other considera¬ 
tions discussed. 

(16) FURTHER FACTORS AFFECTING THE OVERALL 
FREQUENCY RESPONSE 

Various factors which affect the overall frequency response of 
the apparatus have been examined in previous Sections, notably 
those concerned with separation and with resonance effects which 
arise from the use of the two recording heads, the many repro¬ 
ducing heads and the feedback system. In addition, the normal 
factors which determine the overall frequency response in any 
magnetic recording system are present and in some cases in an 
exaggerated form not met with in conventional recording systems. 
These exaggerated effects arise from the high recording speed, 
and hence the long wavelengths, which are employed. For 
example, when the wavelengths become very large compared with 
the size of the reproducing head an appreciable proportion of the 
flux emanating from the recording medium does not proceed 
through the core but flows around the back of the head and so 
does not link with the coils in such a way as to produce a useful 
voltage. In the present apparatus the diameter of the repro- 
ducing-head core is about lin and the wavelength at 30c/s is 
some 3 in, so that the effect is becoming important near the 
bottom of the frequency response, resulting in a loss of 
signal/noise ratio. More important, however, are the inter¬ 
ference effects connected with the structure of the reproducing 
head and screening box. The interference effect which occurs 
in the normal gap of the reproducing head is well known. This 
results in zero output from the reproducing head when the 
effective gap length cl is an even multiple of half the wavelength 
being reproduced, and maximum output when the effective gap 
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iength is an odd multiple of half the wavelength being reproduced, 
for the factor, sin ( -nd/X ), which determines (approximately) the 
output at shorter wavelengths, is zero when d = A, 2A, etc., and 
unity when d = A/2, 3A/2, etc. In the long-wavelength range, 
which occurs at the lower frequencies, this particular gap (or 
discontinuity in the flux path) ceases to have much significance, 
however, and larger secondary gaps assume importance. These 
secondary gaps are formed by other symmetrical discontinuities 
in the path of the flux entering and leaving the head. Fig. 11 
shows the plan view of a conventional reproducing head con- 



Fig. 11.—Plan view of conventional reproducing head and screening 

cover. 

tained within its Mumetal screening box SS. The Mumetal 
screen is open between A and B in order that the gap G may be 
brought into proximity with the recording medium. When the 
recorded wavelength is much larger than the width G, the spread 
of flux from the tape is considerable so that it enters the core of 
the head not only through the gap G but also through the areas 
between C and G and between G and D. A second effective 
gap, defined by the ends of the coils C and D, can then become 
important, and the opening AB of the screening box may provide 
yet a third effective gap. The frequency response which results 
cannot be equalized by conventional means without serious 
reduction of signal/noise ratio. Now the configuration of the 
delay unit is such that AB must be fairly wide to allow the 
normal gap G, which is the operative gap at short wavelengths, 
to be brought into the required proximity to the magnetic track. 
If the dimensions CD and AB then become roughly equal, the 
two secondary gaps combine to create very marked undulations 
in the response. Conversely it has been found possible to reduce 
the undulations to acceptable proportions by the simple expedient 
of making the lengths CD and AB in the ratio of 2 : 3, when, 
at the lowest frequencies, the minima created by one reduce the 
maxima created by the other, and for the present piactical pur¬ 
poses, satisfactory equalization is achieved. It is found that the 
further widening of the gap AB to conform to this requirement 
does not, in the present design, seriously increase unwanted 
pick-up of hum or other signals. 

Part 3. THE REDUCTION OF FLUTTER EFFECTS 
IN ARTIFICIAL-REVERBERATION SYSTEMS 

(17) INTRODUCTION 

In Part 1 it was shown that an impulsive sound passed through 
an artificial-reverberation system, involving transmission in a 
single dimension, will be heard as a flutter when the successive 
reflections generated in the system are separately audible. This 
effect is reduced in the design of the magnetic system by the use, 
already described, of double-track recording and by careful 
attention to head spacing. Nevertheless, it still remains an 
obstacle to the use of the equipment in connection with some 
types of broadcast programme. 

This Part of the paper deals .more fully with the flutter effects 
and describes auxiliary equipment by means of which they are 
virtually eliminated by the interposition of large numbers of 
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reflections between those generated in the artificial-reverberation 
equipment. 

(18) METHODS OF REDUCTION OF FLUTTER 

(18.1) Survey of Possible Methods 

It will be appreciated from the previous discussion that the 
effects and severity of a flutter arising in an artificial-reverberation 
system depend upon the spacing of the separate reflections. It 
has also been noted that, in the magnetic system, the time interval 
between reflections is of the order of 15millisec, and at this 
repetition rate it is often possible to hear the successive reflections 
of an impulsive sound. 

The problem therefore becomes that of generating a large 
number of additional reflections, irregularly spaced, to fill the 
intervals between the reflections from successive reproducing 
heads. This not only follows from the discussion above but is 
closely analogous to the problem of “flutter echo” in room 
acoustics. It has been known for a long time that flutter echo 
will occur in any room having one pair of opposite surfaces suffi¬ 
ciently reflecting. Recent investigations in the B.B.C. Research 
Department have shown that it is the ratio of the reflection 
coefficient of one pair of walls to that of the other pair which is 
significant; a reverberation room having all its surfaces highly 
reflecting is free from flutter echo, whereas a highly-damped talks 
studio may cause flutter if the absorption coefficient of one 
opposite pair of surfaces is lower than about 0 • 65 times the mean 
of the other pair. A cure may be effected in this case either 
by reducing the absorption coefficient of the more highly absorb¬ 
ing walls, or by increasing that of the reflecting pair, until equal 
reflections are obtained from all three directions. 

It follows that the most promising method of introducing the 
required additional echoes is to make use of actual reflections 
from the inside walls of a room or box, thus adding the effect of 
two more dimensions. The requirement that there should be 
numerous reflections within a time limit of 15millisec implies 
that the room should not be very large, but too small a space is 
also undesirable owing to the probability of severe colorations. 

(18.2) Reduction by Interposition of Room Reflections 

A preliminary design experiment made use of rooms ot 
1 000-2 000ft 3 in volume, the original sounds being radiated into 
the room by means of a high-quality loudspeaker and picked up 
by a moving-coil microphone in one corner of the room. The 
output of the microphone, consisting of the original signal and a 
series of reflections from the six walls, was then passed to the 
magnetic reverberation equipment. A small reverberation room 
with a mean reverberation time of .3 sec and an experimental 
talks studio of 0-35 sec reverberation time were found to be 
equally effective in suppressing the flutter, but only the talks 
studio was sufficiently free from colorations. From previous 
study of coloration in talks studios, it was judged inadvisable 
to reduce the room dimensions or to increase the reverberation 
time to any great extent. The addition of a normal-sized room 
to the artificial-reverberation equipment, however, would clearly 
offset many of its advantages, and indeed, for many purposes 
render it superfluous. Other means of providing short-term 
reflections within a small space of time without adding serious 
colorations were therefore sought. 

(18.3) Heavy-Gas-Room Model 

The minimum permissible dimensions of the room, being 
dependent on the wavelength of the sound, are reduced if the air 
is replaced by a medium in which sound travels more slowly. 
The only media having sound velocities substantially lower than 
that in air are gases, notably radon (0-38 of that in air), chlorine 
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(0-64), krypton (0-59), xenon (0-47), sulphur hexafluoride (0-45) 
and a few organic gases (down to 0-49). In no instance was the 
reduction in velocity, and therefore room dimensions, sufficient 
to justify further consideration of this method. 

(18.4) Flat Model 

Two other methods were accordingly tried, both of which may 
be regarded as practical solutions to the problem. In the first, 
the room was replaced by a flat rectangular cavity in which two 
of the dimensions were comparable with living-room dimensions, 
but the third was only 10 cm. The wanted reflections were 
provided by the four narrow walls of the cavity, cross-reflections 
between the two large walls having little effect. This form of 
construction requires less space than a room with three com¬ 
parable dimensions; it could be built in the form of a cavity wall 
between two rooms. 

The reverberation time of the laboratory model was adjusted 
to a value of 0-3sec at all frequencies within the range 100- 
5 000c/s, and the positions of the loudspeaker and microphone 
were chosen by listening tests to give minimum coloration. 
The performance was tested thoroughly using pulses of tone, 
impulsive noises, octave bands of white noise, speech and musical 
programmes. It was found to be almost entirely successful in 
eliminating flutter effects, and was fairly free from serious 
colorations. 

(18.5) The Ultrasonic Reverberation Tank 

The second practical method 12 to be developed was to replace 
the echo room by a small tank filled with water, and to transmit 
the programme through the water in the form of a modulated 
carrier. By this means the wavelength of the signal in water 
could be reduced to a small fraction of the dimensions of the 
tank, and simple standing-wave systems avoided. A full 
description of the equipment, which is now undergoing trials 
in the Sound and Television Services in conjunction with the 
artificial-reverberation apparatus, follows in the next Section. 
Its performance is better than that of the flat model, and it has 
the additional advantages of transportability and adaptability. 

(19) THE ULTRASONIC REVERBERATION SYSTEM 
(19.1) General Description 

Fig. 12 is a block schematic, and Fig. 13 a photograph, of the 
first complete equipment. The original signal is separated into 


two parts, one going through a 250 c/s low-pass filter to the out¬ 
put mixer, the other passing through a complementary high-pass 
filter to the ultrasonic system before reaching the mixer. The 
reason for this will be made clear. After modulation of the 
carrier signal by the programme, the upper sideband only is 
selected and fed to a barium-titanate transducer dipping into 
water contained in a glass tank, through which it is transmitted 
as ultrasonic wave motion; a similar transducer reconverts this, 
together with numerous reflections from the sides of the tank, 
into electrical signals. Finally, the output of the tank is demodu¬ 
lated by the receiver and recombined by the mixer with the low- 
frequency part of the original signal, before passing to the 
artificial-reverberation apparatus. If desired, the ultrasonic 
system may be introduced at the output of the reverberation 
apparatus instead of the input as here described; the effect is the 
same, and the position may be decided solely from the standpoint 
of engineering convenience. 

(19.2) The Acoustics of the Ultrasonic Tank 

The main design features of the tank were determined by the 
requirement that the whole reverberation system should be 
transportable, and preferably that it should be accommodated 
in an ordinary apparatus bay. For the system to be reasonably 
free from the worst standing-wave effects, the greatest wavelength 
of the sound in the tank should be small in comparison with 
the smallest dimension. If the tank were filled with air, the 
lowest permissible frequency would be of the order of several 
thousand cycles per second. A carrier system is clearly indicated 
as the only means of making a substantial reduction in wave¬ 
length, and in order to avoid acoustic interference from its 
surroundings, including the moving parts of the reverberation 
apparatus itself, the transmitted band should be outside the 
audio-frequency range, say above 15kc/s. At this frequency the 
attenuation of sound in air, which increases as the square of the 
frequency, already limits the possible reverberation time to 
approximately 0-4sec, and at the upper limit of the band the 
highest possible time would be 0-2sec. Any absorption of 
sound by the walls would reduce the reverberation time to lower 
figures. Furthermore, in order to obtain a fiat response over the 
required band of frequencies, it would be necessary to use piezo¬ 
electric transducers without appreciable tuning; the insertion loss 
would therefore be large, and it would be difficult to achieve a 
good signal/noise ratio. For these reasons, it was decided to 



Fig. 12.— Block schematic of ultrasonic reverberation tank chain. 
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Fig. 13.—Ultrasonic reverberation tank: apparatus. 


use water as the transmission medium in the tank. The attenua¬ 
tion loss in water is only one-eightieth ol that of sound of the 
same wavelength in air, and by good design the insertion loss 
of the two transducers with a water path between them may be 
made very small. The velocity of sound in water is, however, 
about 4 ■ 3 times that in air, and it is thus necessary to increase 
the frequency in the same ratio to obtain the same wavelength. 

The tank at present in use is a rectangular glass accumulator 
vessel, with a base measuring 30 cm X 20 cm and a height ol 
50cm to the surface of the water. A carrier frequency of 80kc/s 
was chosen, thus permitting the use of tuned crystal transducers 
of convenient size. 

(19.3) Standing-Wave Systems and Reverberation in the Tank 

At this frequency the wavelength of sound in water is approxi¬ 
mately 2cm, giving ten wavelengths across the smallest dimension 
of the tank! The total number of possible normal modes in a 
500 c/s bandwidth on either side of this frequency is 320—a 
number of the same order as that in the band 0-500c/s in a room 
and sufficiently large to ensure that they would be too close to be 
separately distinguishable if all were of comparable significance. 
Mayo’s work, 13 however, shows that the harmonics of the axial 
modes will be very much more important than any individual 
tangential or oblique modes, and in an ordinal y loom they aie 


the only audibly significant modes. The remaining modes in a 
room do, however, serve a useful purpose in acquiring and dissi¬ 
pating some of the reverberant energy which would otherwise be 
concentrated in the axial modes, with the result that the colora¬ 
tions in a room are less severe than those heard from a combina¬ 
tion of three delay systems as described in Section 7.2. 

With the ultrasonic tank, the axial modes may be shown to be 
relatively more important than with the room, but they are more 
widely spaced within the frequency band, and it is found that the 
colorations may be made small by choice of transducer positions. 

Reflection of the sound at the outside surface of the tank is 
almost complete, owing to the great differences between the 
characteristic resistance of the glass or water and that of the air 
outside, and since the attenuation in water is so small, the present 
reverberation time of 0-3sec was very easily attained. By 
attention to detail, much higher values are possible. Materials 
other than glass would be equally satisfactory for the container; 
a galvanized iron cistern sprayed with a high-gloss paint was used 
for the early experiments giving reverberation times up to 0 ■ 75 sec, 
and a non-corroding thin sheet metal will be used in future 
versions. 

(19.4) Distortion due to Double-Sideband Modulation 

In the first experimental system, the 80kc/s carrier was ampli¬ 
tude-modulated by the a.f. signal, giving double sidebands 
(74-861cc/s). This resulted in a very serious distortion, similar 
to the selective fading heard on long-distance radio transmissions, 
because the two sidebands corresponding to any given'frequency 
reached the receiving transducer with different phases and ampli¬ 
tudes. It was therefore decided to change to single-sideband 
modulation, and the adoption of this system as described resulted 
in acceptable transmitted quality. 

Experiments were also made on the reduction of coloration 
by the use of rectangular projections on the walls of the tank. 
The results were promising, and diffusers of this type will be 
incorporated in the sheet-metal tanks now being designed. 

(19.5) The Transmission Chain 

The required frequency range of the ultrasonic tank is limited 
at both ends. The upper limit need only be high enough to 
correspond to the highest frequency transmitted by the rever¬ 
beration apparatus with which it is used. The lower limit is 
chosen from a consideration of the spacing between tire lepio- 
ducing heads of the magnetic-recording apparatus. Flutter is 
heard only when the duration of a sound is shoit in comparison 
with the time spacing between the heads, and it follows that the 
lower-frequency spectral components of the sound, which have 
periodic times comparable with the spacing of the heads, do not 
contribute to the flutter. On the other hand, they are affected 
by any remaining colorations due to the ultrasonic tank, and 



Fig. 14.—Frequency characteristic of ultrasonic system. 
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it is the low-frequency colorations which are invariably the 
most obvious and persistent. The low-frequency components of 
the incoming programme are therefore separated from the rest 
by the low-pass and high-pass filters shown in Fig. 12, the low- 
frequency components being transmitted through a side chain 
and recombined with the high-frequency components after they 
have been through the flutter-suppressing equipment. 

The output of the 250c/s high-pass filter is fed to a balanced 
ring-modulator supplied with 15kc/s tone from an oscillator in 
the same chassis. The modulated output consists of two side¬ 
bands, the upper sideband, 15-25-25 kc/s, and the lower one, 
5-14-75 kc/s, together with any remaining carrier which has not 
been completely balanced out. The 15-25-25 kc/s band-pass filter 
selects the upper sideband, which is passed to the second modu¬ 
lator where it modulates a 65 kc/s oscillation generated in the same 
chassis, giving sidebands at 80-25-90 kc/s and 40-49-75 kc/s. 
The latter is removed by the 80-90 kc/s band-pass filter. 

The two-stage modulation was adopted in the prototype 
equipment because single-stage modulation would, of course, 
have given a lower sideband extending up to 79-75kc/s. To 
remove the 80 kc/s carrier and the sideband from 79-75 kc/s 
downwards without affecting the lower end of the upper sideband 
would require the development of a special quartz-crystal electro¬ 
mechanical filter giving an extremely sharp cut-off. It was 
possible, however, to design an electrical filter using Ferroxcube 
inductance cores to perform the same operation, provided that 
the carrier frequency was not higher than about 15 kc/s, and the 
double modulation system was therefore used as described. The 
limitation of the frequency band to 250c/s at the lower end had 
the additional advantage of simplifying the design of this filter. 

The output from the receiving transducer is passed to the 
receiver (Fig. 12), to which is also fed in correct phase an 
80kc/s carrier derived from the 15 and 65 kc/s oscillators, and 
the resulting a.f. signal passes to the output mixer. The fre¬ 
quency characteristic of the whole chain is shown in Fig. 14. 


(19.6) The Transducers 

The transducers consist of tubes of barium titanate, each 
having inside and outside diameters of 1-905 and 2-540cm. 
Their lengths, approximately 2-3cm, were adjusted by grinding 
to give staggered resonance frequencies of 84 and 86kc/s 
respectively, thus flattening the overall response of the system. 
The inner and outer curved surfaces of the crystals are silvered, 
and contact is made by spring pressure and soldering respectively 
at points on the transverse plane of symmetry, as shown in Fig. 15. 
A radial field thus applied causes changes of length by the Poisson 



Fig. 15.—Section through barium-titanate transducer. 


effect. The tube is mounted in a watertight container, one end 
being held by light spring pressure against the diaphragm 
through which the vibrations are transmitted. These transducers 
are very well matched to the water, the combined insertion loss 
being of the order of lOdB. 


(20) GENERAL CONCLUSION 
The discussion in the paper has underlined many of the tech¬ 
nical difficulties which must be overcome in order to provide an 
artificial-reverberation system, other than a reverberation room, 
giving realistic quality. When these technical difficulties can 
be surmounted a choice is available between a reverberation 
room and some form of artificial-reverberation system involving 
one or more delay channels. If long reverberation times are 
required the reverberant room itself must be of fairly large 
dimensions, and there is therefore great economic advantage to 
be gained by installing a comparatively small delay system and 
using the room space for other purposes. This economic 
advantage may be very great where broadcasting premises are in 
densely populated areas such as Central London, where rateable 
values are high and the possibilities of expansion are limited. 
If a choice is made in favour of an artificial-reverberation system 
using delay channels, consideration must be given to the type of 
delay system which is to be adopted. In Part 1 a description has 
been given of a delay mechanism consisting of an acoustic tube. 

A performance adequate for some types of programme can be 
obtained with this system whilst still maintaining the bulk and 
capital cost of the apparatus within reasonable limits. A com¬ 
pletely general application of this form would, however, require 
an increase of the bulk of the acoustic tube, and of the com¬ 
plexity and cost of the apparatus associated with it, to a degree 
where the economic advantages of the artificial method would no 
longer be very marked. A rather smaller and more convenient 
form of delay mechanism is required, and, as shown, a magnetic 
recording system can be designed to fulfil this function. With 
this system, comparatively long reverberation times may be 
obtained with a delay unit of small bulk. The unit may be 
designed without unreasonable complications to reduce the 
fundamental amplitude flutter to proportions which make it 
acceptable on a very wide variety of programmes. There are 
still some limitations, however, and the machine described in 
Part 2 has not proved entirely suitable when used alone in drama 
productions, when much reverberation has to be added to 
the output from a fairly dead sound broadcasting studio. To 
meet this situation, however, the ultrasonic reverberation system 
has been developed to work in conjunction with the artificial- 
reverberation machine. The reduction of residual amplitude 
flutter by this means seems to hold great promise. Moreover, the 
ultrasonic tank is of small dimensions, and together with its 
electronic equipment, it can be mounted in a common cabinet 
with the magnetic recording system. This is possible if the 
height of the 5 ft cabinet in which the apparatus is housed is 
increased by only some 2ft. 

It would seem, therefore, that the combination of these two 
equipments may find increasing application in the broadcasting 
service. 

Operational experience with the magnetic-recording reverbera¬ 
tion machine alone is now quite extensive in the Television 
Service, and it is used regularly on all types of programme 
except when “cathedral” or exceptionally delayed echo effects 
are required. Here the amplitude flutter becomes noticeable, 
but information is not yet available as to the influence which 
the ultrasonic unit may have on this restriction. In sound 
broadcasting less operational experience is available, but the 
machine has proved successful on musical programmes. Of 
some interest is its use to increase the brilliance or reverberation 
in certain sections (e.g. the strings) of light orchestras to give 
novel effects of orchestration. 

The machine is also employed in other roles not concerned with 
immediate transmission. In feature and survey programmes, for 
example, composite dubbings are frequently prepared using direct 
recordings from various sources in which the original reverbera- 
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tion conditions were widely different. Comment or announce¬ 
ments may also be required to be inserted between the various 
excerpts from the originals. Experience has shown that a wide 
variety of reverberation conditions occurring in the course of 
such a composite recording may have a disturbing and unrealistic 
effect. The reverberation machine is then useful in equalizing 
the various reverberation conditions in the make up of the 
programme. 
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DISCUSSION BEFORE THE RADIO SECTION, 9TH MARCH, 1955 


Dr. G. F. Dutton: I am very glad to see a paper dealing with 
this very old established problem of artificial reverberation. 
Since the introduction of the microphone into the science and 
practice of sound recording and transmission, the listening 
public has voiced its opinion on the amount and character of 
the reverberation. The lay public can discuss it at length, 
because it is a matter of individual taste and requires no special 
knowledge of music or artistic training to argue on the point. 
It is simply a question of like or dislike, and because of this, 
opinion may be somewhat swayed by the prevailing fashion. 

The authors have laid down certain rules which give the 
preferred characteristic, but it might be worth while attempting 
to state the reasons for the desire on the part of the listener for 
reverberation. The listener prefers some reverberation because 
he likes to hear some continuity of sound and to have some 
response from the studio. In general, however, the golden rule 
is that reverberation should be heard but not noticed. 

There is no doubt that a better performance can be obtained 
on orchestral recordings or transmissions of recordings in an 
acoustically correct environment. Under these conditions the 
orchestra is encouraged to give of its best. Artificial reverbera¬ 
tion could serve a very useful purpose, however, in correcting 
studio reverberation faults and adding effects for dramatic 
performances. 

The reverberation-chamber or echo-room method of studio 
correction encounters many difficult problems, as the authors 
have clearly stated. All delay methods introduce transducers in 
the system, with their attendant problems. An echo room 
supplies one reproduction from the loudspeaker, whereas the 
acoustic-delay tube and the magnetic-delay systems supply 
many cycles of recording and reproduction. For instance, if 
the delay time is 30millisec and the reverberation time is 2 sec, 
the number of re-recordings will be over one hundred. For¬ 
tunately the level of these recordings is sufficiently low so that 

distortion can be made negligible. 

There is, I think, a tendency in the paper to underestimate the 
importance of the higher frequencies in artificial reverberation 
required for studio correction. For this purpose, the frequency 


range should extend to lOkc/s, and it may well be that the correc¬ 
tion required forms a characteristic rising with frequency. 

The effect of wow and flutter on the magnetic-delay system is 
not treated in the paper, but I imagine that it is not a serious 
problem. 

Since the paper was published and I have seen in it the state¬ 
ment that the equipment was being used continuously on tele¬ 
vision programmes, I have listened to several programmes, the 
character being such that I would have expected, the producers to 
use artificial reverberation. There was one vocal item in the Quite 
Contrary” programme which I think was spoilt by reverberation 
of a drain-pipe character. The long period of this reverberation 
seemed to bear no relationship to the sound one would naturally 
expect from a close-up view of the singer. On the other hand, 

I listened to the Vienna Choir and could not detect any added 
reverberation. I personally would have preferred a long singing 
quality in the reverberation on this item, but perhaps the equip¬ 
ment was not being used in this particular programme. 

The method of magnetic delay described by the authors should 
be an invaluable research tool for investigating studio acoustics, 
particularly on the psychological side. 

Mr. P. Bate: In the field of television I deal with a number of 
orchestral programmes for an audience who subconsciously 
desire—indeed demand—something approaching concert-hall 
acoustics, or what they imagine concert-hall acoustics to be. 
For economic reasons and so on, we are faced with the prospect 
of using regularly for that type of programme a fundamentally 
unsuitable studio. Therefore we must do our best to improve 
it in relation to what we feel to be right and what the audience 
demands. This apparatus represents a great step forward in 

that direction. . 

The authors state that the assessment of sound quality is 
ultimately a matter for the ear only, i.e. it is a subjective matter. 
Is there any comparative method of measuring or tabulating a 
consensus of opinion among users and audiences such as those I 
try to serve? It would be of great value if something in reason¬ 
ably compact and usable terms could be devised—or indeed has 
been devised. Would it not be equally useful as a guide to 
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development engineers and those concerned with meeting our 
practical problems ? 

Dr. R. C. G. Williams: The average popular recording consists 
of orchestration, vocalist, sound effects and artificial reverbera¬ 
tion, and the art of the producer is to obtain the mix of these 
ingredients which will produce the most pleasing overall result. 
Most recording companies still use echo chambers to obtain 
their reverberation effects. As the authors have indicated, these 
are inherently inflexible, and we are indebted to the authors for 
an excellent piece of analytical research into reverberation as 
well as developing apparatus which provides such a wide degree 
of control and adjustment. Their work makes available to the 
record producer a new tool of general application which will 
enable him to use the degree of reverberation of his choice, 
either for realism or for effect. 

An important distinction between reverberation applied to 
broadcasting and to recording now becomes apparent. For 
broadcasting the performance is usually “live,” and reverberation 
if used must be superimposed during transmission, but for 
recording it can, and in fact normally is, added afterwards 
between the original tape recording and the cutting of the acetate 
master record, in the same manner as is used for other back¬ 
ground effects. In addition, the amount of reverberation and 
the frequency range over which it is applied can be worked out 
without undue haste on a “trial-and-error” basis. This rather 
weights the scales in favour of echo chambers for recording, 
since they can be built or halls can be hired in a remote location 
or at a time when cost is at a minimum. 

Would the authors comment on this point and perhaps give 
something of their experience when starting up this work and 
when they were investigating the echo chambers then in use? 
In particular, does their organization use artificial echo effects 
on recorded programmes as a subsequent addition, in the same 
way as is done in the gramophone record industry ? 

I remember the first occasion on which I noticed artificial 
reverberation in a television broadcast of a well-known woman 
vocalist. It was perhaps particularly obvious to me, since I had 
become accustomed to the difference between performers’ voices 
as heard over the air and as normally recorded. Whatever may 
be our personal views on the professional ethics of a deliberately 
unnatural recording, it is this “treated” voice which the public 
associates with the performer through records, and I would 
suggest that some co-operation in this respect between the 
recording industry and the broadcasting authorities might be 
of value. 

Mr. W. H. Livy: In my opinion, with this system the rever¬ 
berated sound is very much more noisy, and the background 
noise is considerably higher than that of the “dry” sound. What 
degree of noise increase is generated by the system ? 

Furthermore, the sound is somewhat distorted, particularly in 
the higher frequencies of the reverberated sound. What increase 
in distortion is produced by the system? These two points can 
be grouped together by giving a figure for the signal/noise ratio 
of the reverberation channel for a specified distortion content in 
the output. 

Mr. G. Corran: Is the performance diagram based on practical 
tests or theory ? If the latter is the case, could the authors state 
how closely the figures agree with observed results ? 


Reverberation rooms usually conform to conventional shapes, 
for obvious reasons. Have the authors any information on the 
use of a spherical echo chamber ? 

The separation of the recording and reproducing heads from 
the magnetic surface in the magnetic recording delay unit is very 
critical. Has any difficulty been experienced in maintaining the 
correct clearances on these heads? 

Could the authors give a figure for the signal/noise ratio 
obtainable on the magnetic delay unit and on the ultrasonic 

reverberation equipment ? _ . 

Mr. F. Williams: The system has been used on television 
broadcasts for some time. For musical programmes on tele¬ 
vision it has a great application, since many television studios are 
necessarily rather dead acoustically. They must be, since, in 
order to keep the microphone out of view on speech, it has to be 
used at a greater distance than in corresponding conditions in 
sound studios. If the studio were reverberant, the speech would 
be more reverberant than would be acceptable. 

In sound broadcasting, on the other hand, one tries to arrange 
for music to be played in a studio which has the best reverberation 
for that size of orchestra. Therefore, the application of artificial 
reverberation on music in purely sound broadcasting is not the 
same as in television. However, there is an application for 
special effects on music when one wants to bring out a parti¬ 
cular section of the orchestra or to get over special effects on 
solo instruments. 

For music the apparatus is found quite acceptable. For 
drama, however, in our experience the prototype model is not 
yet perfect. There is still, in spite of the addition of the ultra¬ 
sonic tank, a sensation of flutter with pistol shots and other 
such impulsive sounds. Do the authors anticipate that develop¬ 
ment can be carried to the point at which the machine would 
in fact be completely acceptable for that type of sound required 
in dramatic productions? 

How does the cost of the equipment compare with the normal 
reverberation chamber? The authors have drawn attention to 
the problem of economics, and it does apply particularly in 
built-up areas like London, where the cost of land is high. 
Even so, these reverberation chambers can be located in basement 
areas which are not so valuable. They are simple and there is 
nothing really to go wrong with them. A really well-propor¬ 
tioned room can give an acceptable reverberation on almost any 
type of programme. 

Such a room could have dimensions of, say, 20 X 15 X 12 ft. 
That type of room can be made to give, for dramatic productions 
and also for many types of music, a really good reverberative 
sound which is preferred by many drama producers to the type 
of sound which they get from this reverberation equipment. 
The sound from the equipment is rather synthetic. Subjectively, 
the reverberation time does not seem to be as long as. it is 
theoretically calibrated to be. It does not seem to be quite so 
“full-blooded.” 

One reason for this may be that the apparatus has been 
designed for a reverberation characteristic which is truly 
exponential. Would it be better if the decay characteristic were 
such that the level of energy was “held up” rather above that 
exponential curve and then dropped somewhat more suddenly, and 
by that means could we get a rather more “full-blooded effect? 


THE AUTHORS’ REPLY TO THE ABOVE DISCUSSION 


Dr. P. E. Axon, and Messrs. C. L. S. Gilford and D. E. L. 
Shorter (in reply): We would agree with Mr. F. Williams that 
the ideal solution to the problem of providing optimum rever¬ 
beration is to construct studios which have in themselves the 
required characteristics. We are, however, unable to support 


his optimistic appraisal of the use of reverberation rooms in 
meeting the situation when a suitable studio is not available. 
It was, in fact, a realization of the disadvantages of this 
form of artificial reverberation which led to the developments 
described in the paper, and which has stimulated similar research 



642 


AXON, GILFORD AND SHORTER: ARTIFICIAL REVERBERATION: DISCUSSION 


on the Continent and in the United States. Mr. Williams 
implies that a correct proportion of dimensions of the rever¬ 
beration rooms is sufficient for a satisfactory effect. The 
principal shortcomings of reverberation rooms arise from their 
small dimensions in relation to the size of enclosure they are 
intended to simulate. This results in too wide a spacing of the 
mode frequencies and an absence of long-path reflections. A 
highly reverberant room of the suggested dimensions of 
20 ft x 15 ft X 12 ft would, in fact, sound more like a wash¬ 
room than a large studio. The apparatus would not be 
improved by departing from an exponential decay, since this is 
one of the desirable characteristics of studios and reverberation 
rooms alike. Moreover, the general trend of the decay in any 
simple linear system employing feedback must be exponential, 
for the signals circulating in the delay loop suffer equal amounts 
of attenuation at regular intervals of time (Section 6). A com¬ 
bination of several such systems having different reverberation 
times could provide a rate of attenuation greater at the start than 
at the end of the decay, but the converse effect suggested could 
not thus be achieved. There is no doubt that apparatus could 
be developed in which the flutter effect on transient sounds was 
even less noticeable than in the present combination of the 
magnetic-recording delay unit and the ultrasonic tank. The 
most promising line of development is a fairly large increase in 
the size of the latter. Comparisons of cost of the present equip¬ 
ment and of reverberation chambers are difficult. It is impos¬ 
sible to generalize about the value of rates, rents and other 
overhead charges without knowing the situation and functions 
of the building in which the room is located, but in most large 
cities even basement premises are at a premium. The structural 
work required to produce a sound-insulated reverberation room 
in an existing, or proposed, building is very expensive since it is 
necessary to provide very thick or double walls and protection 
against structure-borne sound from other parts of the building. 
Such comparisons as we have been able to make have shown 
that the first cost of artificial-reverberation apparatus of the type 
described is much less. 

A spherical reverberation chamber, as suggested by Mr. 
Corran, has been used in the film industry and is reputed, rather 
surprisingly, to have been satisfactory. The lower modes of 
a spherical space are widely separated and one would expect 
them to be very obtrusive. 

In reply to Mr. Bate, it is not easy to establish a consensus 
of opinion on concert-hall acoustics owing to the variations of 
judgment encountered. However, some systematic investiga¬ 
tions have been made recently,* and good agreement appears 
to exist regarding the optimum reverberation time for classical 
orchestral music. 

* Somerville, T.: “Subjective Appreciation of Concert Halls,” B.B.C. Quarterly, 
1953, 8, p. 125. 

Kuhl, W.: “Nachhallzeit Grosser Musikstudios,” Acustica, 1954, 4, p. 618. 


Dr. Dutton suggests that it is incorrect to allow the frequency 
characteristic of the reverberation apparatus to fall at above 
5kc/s. However, in actual large auditoria the reverberation 
characteristic falls sharply above this frequency owing to the 
high attenuation of high-frequency sound in air. It is possible 
to raise the higher-frequency response of the apparatus, but 
various design figures, chosen in relation to the natural charac¬ 
teristic, would have to be altered if any radical departure were 
required. It may be noted, however, that those early reflections 
in an auditorium which reach the listener with little high- 
frequency loss could be simulated, if desired, by an additional 
delay system having no feedback but transmitting the full 
frequency range. Wow and flutter are not a serious problem 
in the magnetic-delay element, for the mechanical system is fairly 
simple and the recording speed is high. 

The effect of repeated recordings is not so serious as Dr. 
Dutton’s example would suggest. His figure of 30millisec for 
a 2 sec reverberation time represents a condition which is unlikely 
to obtain in any workable arrangement (see Section 6.1), since 
it calls for a loop loss of only 0 • 9 dB. In the magnetic system 
described, the overall delay is 250 millisec, and the corresponding 
number of re-recordings would be less than one-eighth of that 
suggested. 

We must correct Dr. Dutton in attributing to us the statement 
that the equipment was being used “continuously.” We have 
stated that it is used “regularly,” i.e. on all current programmes 
in which the producers consider it necessary and suitable. As 
regards Dr. Dutton’s complaint that a close-up view of a singer 
had not a natural sound associated with it, we can only disclaim 
responsibility and state that it has never seemed to us to be a 
prime aim of singers in the modern idiom to make themselves 
sound natural. 

With reference to the increased noise and distortion which 
Mr. Livy claims to detect, the conditions under which these 
quantities are measured (or heard) must be carefully specified. 
In practice, the values must depend on the reverberation-time 
setting and the ratio of reverberant to direct sound from the 
studio. The reverberation chain can then only contribute a 
limited percentage to the final distortion and noise content of 
the output. Figures for comparison with normal recording 
equipment may be provided if the output of one reproducing 
head of the delay element is investigated. Under these con¬ 
ditions the total harmonic distortion of a 1 kc/s tone fed to the 
machine at peak level is less than 2 % and the signal/noise ratio 
about 50 dB. A similar value of signal/noise ratio is achieved 
in the ultrasonic tank. 

The apparatus has been used in a similar role to that described 
by Dr. R. C. G. Williams for the make-up of feature and survey 
programmes (Section 20). 
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SUMMARY 

The paper is concerned with the measurement of subjective thresholds 
of the unwanted pitch and amplitude fluctuations which occur in the 
reproduced output of all types of sound recording systems. The pitch 
fluctuations are commonly known as “wow” or “flutter,” and new 
equipment is described for generating controlled fluctuations of this 
type in musical or other programme signals. The threshold measure¬ 
ments thus made possible are more realistic than those hitherto avail¬ 
able, which have been related only to frequency fluctuations in test 
tones. The generation and threshold measurement of controlled 
amplitude fluctuations are also described, since amplitude and fre¬ 
quency fluctuations commonly occur together. The results obtained 
enable frequency weighting characteristics to be defined which can be 
incorporated into instruments measuring the magnitude of the un¬ 
wanted amplitude and frequency fluctuations in practical systems. It 
is shown that such instruments may then approximate to an ideal, 
subjectively weighted measuring device which, when threshold value 
is reached, will give the same indication irrespective of the type and 
frequency of the fluctuation measured. 


(1) INTRODUCTION 

The aural effect of the unwanted pitch fluctuations which occur 
in the reproduced output of all types of sound recording systems 
is well known. These fluctuations, which are usually described 
as “wow” or “flutter” according to the frequency range in which 
they occur, arise from various mechanical imperfections in the 
recording and reproducing systems. In disc recording the 
possible imperfections include small eccentricities in the driving 
system, eccentricity of the disc upon the turntable and lack of 
flatness in the disc surface. In magnetic recording the imper¬ 
fections may consist of eccentricities in the driving system and 
of changes in tape speed due to frictional variations. All such 
factors result in periodic or random differences, or both, between 
the speeds of the recording medium in the recording and 
reproducing processes. In a recording machine a temporary 
departure from correct speed results in a change of recorded 
wavelength, which, on subsequent reproduction at correct speed, 
appears as a temporary change of pitch in the reproduced signal. 
In a reproducing machine a temporary speed change again results 
in a pitch fluctuation as the previously established waveforms 
move past the reproducing head at a rate different from that in 
the recording process. A characteristic of this process of fre¬ 
quency modulation is that all component frequencies of the 
recorded signal undergo an equal percentage modulation at the 
same time. 

It is well known that these pitch fluctuations are, in practice, 
generally accompanied by amplitude fluctuations. In the work 
described tests have therefore been included on the subjective 
discrimination of amplitude fluctuations, to determine the influ¬ 
ence of this factor on the final results. The information gamed 
will be useful in the specification of permissible tolerances for 
pitch and amplitude fluctuations in recording equipment, a 


measure which is desirable for promoting general improvement 
in recording-system performance both in manufacture and in 
programme exchanges in broadcasting. 

Experiments to determine the listener’s sensitivity to pitch 
fluctuations necessitate the generation of wow and flutter under 
controlled conditions. In general, any type of pitch fluctuation 
may be introduced into a tone by appropriate alteration of some 
element in the oscillator circuit. No similar method is known 
by which an equal percentage frequency modulation of all the 
component frequencies of a complex programme signal can be 
effected, which, is the practical characteristic previously described. 
A recording system, in fact, remains the practical method of 
meeting this requirement. However, in generating intentional 
pitch fluctuations by mechanical means, as opposed to electronic, 
a fundamental difficulty arises in eliminating the fluctuations 
inherent in the generator itself. For example, a good magnetic 
tape recorder might be used in which the driving shaft is made 
eccentric intentionally so that a periodic speed fluctuation is 
introduced into the recording. The record thus made might be 
reproduced on another good machine in which the driving shaft 
is true, with the result that a periodic pitch fluctuation at the 
frequency of the recorder driving shaft will appear in the output. 
On this periodic fluctuation, however, will be superimposed any 
other random and periodic fluctuations arising in the recording 
and reproducing machines. Experiments carried out in this 
manner could not therefore be said, without positive supporting 
evidence, to provide an accurate assessment of the subjective 
effect of the driving shaft fluctuation alone. In. addition, of 
course, the provision of a wide range of fluctuations (in both 
magnitude and frequency), by this or similar means, would 
involve excessive labour. For these reasons the mechanical 
problems have hitherto forced investigators to use purely elec¬ 
tronic methods, and this, in turn, has confined the investigations 
to tone tests. Recently, however, there has been notable 
development in the technique of recording (for storage purposes) 
on magnetic discs or drums rotating out of contact with the 
recording, reproducing and erase heads, and this has made 
possible the development of a pitch-fluctuation generator for 
use with complex programme material. The device has negligible 
inherent wow or flutter, but with it a wide range of controlled 
pitch fluctuations can be introduced into the programme signal. 

(2) EXPERIMENTAL PROCEDURE 
(2.1) General 

The experiments were divided into four broad classes, in 
which known amplitude or frequency modulations were imposed 
on test material consisting of tones or programme of broad¬ 
casting type. The object of the experiments was to determine 
when modulation of the test signal was first noticeable; the sub¬ 
jective thresholds were measured under chosen conditions and 
were not necessarily associated with annoyance value. The effects 
of modulation may not always be displeasing from an aesthetic 
viewpoint. Although a prime object of the work was to establish 
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tolerances to modulation under practical conditions, the wide 
range of possibilities makes it impossible to find a figure of merit 
to cover all conditions. In both tone and programme tests a 
realistic compromise is necessary and some of the relevant con¬ 
siderations will be discussed in this Section. 

It has been noted that the unwanted frequency fluctuations are 
generally accompanied by amplitude changes. In any recording 
system where reproduced output is proportional to velocity this 
must necessarily be so. The magnitude of the effect may be 
negligible, but a much larger degree of amplitude modulation can 
arise in other ways. It is produced, for example, by listening 
enclosures and even by the ear itself, whenever frequency 
modulation is present. Hence it is of interest to determine the 
subjective thresholds of both amplitude modulation and frequency 
modulation independently. 

Listening experiments were carried out with both headphones 
and loudspeakers. The choice of loudspeaker can affect the 
results, especially in the case of frequency modulation of a tone 
carrier, where local irregularities in the loudspeaker-response 
curve produce undesired amplitude modulation. The production 
of harmonics by non-linear behaviour also tends to make the 
threshold value lower. Effects of this kind are, fortunately, 
largely masked when a programme source is used. The loud¬ 
speaker unit used for the experimental work was the B.B.C. 
standard unit, Type LSU/10, and experiments were conducted in 
the listening-rooms of the B.B.C. laboratories at Nightingale 
Square, London, and Kingswood Warren, Surrey, to simulate 
typical listening conditions. The reverberation time/frequency 
characteristics of these two rooms are fairly level at lower 
frequencies, but they fall gradually at high frequencies. The 
Nightingale-Square room, 2850 ft 3 in volume, has an average 
reverberation time of about 0-55 sec, and the Kingswood-Warren 
room, 1 890 ft 3 in volume, a reverberation time of about 0 • 45 sec. 
Experiments on a single subject suggested that this difference of 
reverberation time had no appreciable effect on the results. 

(2.2) Tone Tests 

In some initial experiments to determine the threshold of effects 
on pure tones, the signal was presented to the subject through 
high-grade moving-coil headphones. The headphones were 
subjectively calibrated for loudness level in the audio range, 
and the level chosen was 75 phons, which corresponds to the 
preferred peak listening level for light music programme 
material. 1 Various test tones between 50c/s and lOkc/s, 
modulated at frequencies unknown to the subject, were pre¬ 
sented in random order. Various discrete levels of modulation 
of each test tone were presented, and the subject was asked 
whether the modulation was audible or not. Results with all 
subjects were found to be surprisingly inconsistent, and it was 
soon realized that aural fatigue and auditory imagery were 
serious factors in these conditions. The ear rapidly tired of the 
repetition of a pure tone, and once a given rate of modulation 
had been heard it gave rise to an after-image which was often 
most pronounced. Even if a pure tone was presented afterwards, 
a considerable “hysteresis” was often evident, the modulation still 
being heard in imagination. 

Greater consistency resulted if the pure tone was presented 
first and the modulation gradually increased until the subject 
indicated that he was aware of a change. On account of the 
hysteresis effect, no attempt was made to repeat the test on a 
descending scale, and the tone was stopped immediately upon 
recognition of the modulation, in order to avoid fatigue. A 
new test tone then followed, together with a new modulation 
frequency. This procedure seemed to reduce fatigue consider¬ 
ably, and the aural imagery seemed also to be reduced by the 


subject’s knowledge that the next rate would be different, even 
though he did not know how different. 

The same method was also employed in other experiments, 
using a loudspeaker in place of the headphones, when it was not 
necessary to eliminate the effect of room eigen-tones. 

(2.3) Programme Material Tests 

In the experiments with musical programme material in listen¬ 
ing-rooms, subjects were tested in small groups. It was im¬ 
possible in these circumstances to arrange for the peak level to 
be exactly 75 phons for everyone, but the seating was arranged 
to give an equal scatter about this figure. In such rooms, how¬ 
ever, the general loudness does not vary sharply with small 
changes of position and more serious variations probably arise 
from the non-axial frequency response of the loudspeaker. 

Subjects who did not understand the terms “frequency modu¬ 
lation” and “amplitude modulation,” and who were not well 
acquainted with their effects, were allowed to hear samples before 
the tests commenced. Each person had a switch which could 
be operated without the knowledge of others present on perceiving 
some disturbance thought to be due to the imposed fluctuation. 
This tended to reduce the competitive element and eliminate a 
chain-reaction after the most sensitive listener had recorded his 
impression. Individual identity was lost by this method, but 
identical groups could, of course, be reassembled and individuals 
tested singly when desired. The number of subjects who had 
operated their switches at any given time was registered on a 
meter indicating current flowing through the switch circuits. 

The consideration of frequency fluctuations in a musical 
programme is complicated by the fact that there is no steady 
state of the carrier as in the case of pure tone. Recognition of 
the modulation of a pure tone depends on the ability of the ear 
to detect the addition of sidebands to a single line of the audio 
spectrum, whilst the other extreme—the recognition of modula¬ 
tion of white noise—is dependent on the ability to detect the 
order introduced into a chaos aurally invariant in time. A 
musical programme lies between these extremes, with the 
order/disorder relation continually varying. It is well known 
that a fixed degree of wow or flutter is more noticeable on piano 
music than on speech—indeed, a very large fluctuation is neces¬ 
sary sensibly to affect speech. Thus, to fix a permissible level of 
wow and flutter for practical purposes, it is best to select a type 
of programme material in which the effect is most obvious, so 
that on other material this level will be well within tolerance. The 
closest instantaneous approach to an ordered pure-tone regime 
is achieved by a piano or church organ. In many other instru¬ 
ments, as in the voice, it is common for the performer to introduce 
vibrato effects which may be mistaken for wow. In the main 
body of programme experiments, therefore, a piano solo was 
used, provided conveniently by an automatic player-piano. 
The instrument had to be well tuned, otherwise beats, greater 
than those inherent in the equal-temperament scale, could to 
some extent mask the wow. 

One of the compositions used for experiments was Ireland’s 
Island Spell, another was a Liszt transcription of Schubert’s 
Am Meer, edited by removal of the more florid sections. Both 
works presented steady,- slow chords, making possible the adop¬ 
tion of the following procedure. A particular waveform and 
frequency of fluctuation having been selected, the piano pro¬ 
gramme was modulated in increasing discrete steps of 10-20 sec 
duration and the reading of the switch meter noted at the end 
of each step. At any particular modulation level sufficient time 
was allowed for passages of easy wow recognition to be included, 
and variations of sound level and tone duration were reasonably 
constant between any group of modulation values. Any acci¬ 
dental weighting due to the character of the music when a certain 
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modulation level was presented could be corrected by giving 
further tests in which the process was repeated, with the same 
sequence in different musical context. The increase of wow 
was continued stepwise until the most insensitive listener indi¬ 
cated recognition. Suitable increments of fluctuation amplitude 
were decided by means of pilot experiments. 

As the initial experiments progressed, it became apparent that 
the subjective threshold of the frequency fluctuations was 
sufficiently large to permit pre-recording of timed test sequences 
from the programme fluctuation generator. A check showed 
that there was no significant difference in the results given by the 
same group of subjects when tested direct with the generator and 
with a pre-recording done on a machine possessing inherent 
fluctuations of the order of 0 • 1 % peak with waveforms of an 
irregular nature. Experiments with amplitude modulation were 
also carried out in this manner. 

(3) GENERATION OF AMPLITUDE FLUCTUATIONS IN 
TONES AND PROGRAMME MATERIAL 

To simulate the unwanted amplitude fluctuations in recorded 
programme material, it is necessary to amplitude-modulate a 
carrier (the programme) which has an extensive spectrum, and 
to do this in a manner which produces the necessary sidebands 
without significantly distorting the carrier or adding the modula¬ 
tion function to the output. 

Fig. 1 shows the basic circuit employed, the programme- or 
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Fi g< i—Circuit of amplitude-fluctuation generator. 

tone-voltage being V\ and the modulated output Vq. The 
rectifiers X have resistances which are functions of the modulating 
e.m.f. applied to them. In addition to the resistive change, the 
modulating e.m.f. itself appears across X, but this can be 
eliminated by using the balanced arrangement shown, and the 
output from T 2 then contains only the wanted products. The 
modulating signal is fed from a cathode-followei to the junction 
of the rec tifi ers and mid-point of the primary winding of T 2 , 
the potentiometer P serving to adjust the standing potential on 
the rectifiers to produce the best conditions. When the values 
of alternating and direct potentials are suitably proportioned, 
sensibly linear modulation up to about 25 % can be obtained, 
but great care must be taken to avoid both resistive and reactive 
unbalances if the modulating signal itself is to be kept below the 
threshold of audibility. The calibration of this modulator 
presents no special difficulties. 

(4) RESULTS OF AMPLITUDE-MODULATION LISTENING 

TESTS 

(4.1) Tone with Sinusoidal Modulation • 

The subjects in this test were eight engineers fairly accustomed 
to listening to such effects, and the signals were presented through 
headphones at a constant level of 75 phons. The mean values of 
the results for threshold of detection are plotted in Fig. 2. The 



Fi e , 2._Subjective threshold for sinusoidal amplitude-modulation 

of tone. 

general appearance of the variation is not unlike the Fletchei— 
Munson loudness contour 2 for moderate levels. There is 
enhanced perception of modulation frequencies around 3 or 4c/s, 
but below 0*5c/s perception becomes more difficult as memory 
is called into play. The finding that perception is most difficult 
at modulation frequencies around 50c/s was at first suspect, 
but it confirms the results of Zwicker. 3 ' _ 

The rise of threshold towards the lower test frequencies, which 
takes place at all modulation frequencies, is doubtless related to 
the decrease of just-noticeable loudness steps in the intensity 
gamut at low frequencies. 4 It will be observed that there is a 
sudden dip in the curve when a tone of, e.g., 100 c/s is modulated 
at the same rate. This is because the slow beating of frequencies 
in this condition is more easily detected than the higher-fiequency 

components causing it. . 

Over a large part of the audio spectrum, amplitude modulation 
of 2-4% is necessary for aural detection, depending on the 
modulation frequency. The standard error of the means was 
of the order of 5% over this region, but it rose to about 10% 
in extreme regions, i.e. when using a modulation frequency o 
100 c/s or a test tone of lOkc/s modulated at almost any fre¬ 
quency. The means for a larger population may be even greater 
in the high tone-frequency region, for the sensitivity to high 
frequencies decreases with age and other factors, and in the 
present experiments the ages of subjects lay mostly between 
thirty and forty years. From these results it is evident that 
amplitude modulation produced directly in velocity-responsive 
systems is of relatively little consequence, for it will be shown 
that about 3 % of frequency modulation is far more objectionable. 

Some results were obtained, for a test tone of lkc/s only, 
showing the effect of amplitude modulation between 100c/s and 
lOkc/s. These revealed a steady reduction of threshold, except 
where detection is made difficult by beating effects, down to a 
minimum of 0-2% at 6kc/s modulation frequency, after which 
the threshold rose to 0-4% at lOkc/s. 

(4.2) White Noise with Sinusoidal Modulation 

The subjective effect of amplitude-modulated noise is of con¬ 
siderable practical interest. In conditions where the recoided 
signal/noise ratio is low, such as might occur in the dubbing o 
archives, it may well be a most significant factor.. The results of 
experiments to determine the variation of subjective threshold for 
sinusoidal amplitude-modulation of white noise heard through a 
loudspeaker is shown in Fig. 3. As with pure tone, the most 
sensitive discrimination is found in the region of 3-4 c/s, where 
the threshold is 5%. At modulation frequencies higher than 
this, the threshold increases to 17-5%, where it remains up to 
the highest modulating frequencies employed. This difference 
from the pure-tone case may be explained by the difference m 
masking effects of noise and tone. 
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Fig. 3.—Subjective threshold for sinusoidal amplitude-modulation 
of white noise heard through loudspeaker. 


(4.3) Piano Programme Material with Sinusoidal and Square-Wave 

Modulation 

To determine the significant order of magnitude of amplitude 
modulation under practical conditions, the threshold of twelve 
subjects was determined when listening to piano programme 
material at the preferred level from a loudspeaker. As before, 
the subjects were engineers, to some extent familiar with the 
nature of the effect. The mean results for sinusoidal modulation, 
which are shown by curve (a) in Fig. 4, suggest that between 2 and 



(a) Sinusoidal modulation, population mean values. 

(b) Sinusoidal modulation, single values. 

(c) Square-wave modulation, population mean values. 

I indicates standard deviation. 


20c/s the modulation frequency is not critical, whereas at 
0-5 c/s the threshold almost doubles. At still lower frequencies 
the results appear to depend on the sense of absolute intensity. 

Curve (b) in Fig. 4, from observations taken under the same 
conditions, is for one particular subject, who was found through¬ 
out various tests to possess exceptionally acute discrimination. 

Curve (c) in Fig. 4 shows the mean results of the whole group 
when the programme material was modulated by square-wave 
transitions. The shape is similar but the threshold, as would be 
expected, is depressed, particularly in the region of 0 • 5 c/s. The 
value there of 10 • 5 % corresponds to about 1 dB change, popularly 
supposed to be the least noticeable change of level. 

(4.4) Piano Programme Material with H.F. Sinusoidal and Noise 

Modulation 

A great reduction of threshold is found when tone is amplitude- 
modulated at frequencies above the range 0-100 c/s detailed in 
Fig. 2. A test was carried out, on one of the more sensitive 
observers from the previous experiments, to ascertain if a similar 
effect existed for programme material. The results are sum¬ 
marized in curve (a) in Fig. 5. The general threshold is, not 
unexpectedly, considerably higher than for pure tone, but the 
variation is similar except for the peaks which occur in zones of 
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Fig. 5.—Subjective thresholds for h.f. amplitude-modulation of piano 

programme material. 

(a) Sinusoidal modulation. 

(i>) Noise modulation. 

beating in the pure-tone case. The rapid fall to 0 • 2 % threshold 
at a modulation frequency of 61cc/s corresponds to the result 
found at this frequency with 1 kc/s test material. In this region 
the aural impression is as though each percussive note excites a 
small tinkling bell, and it may not be aesthetically displeasing. 
It provides a good example of the hiatus between threshold and 
annoyance values of these parasitic effects. Such a modulation 
could be produced if a magnetic tape were finely and regularly 
milled across its width, but this is not a likely condition. How¬ 
ever, similar random variations undoubtedly do occur and give 
rise to noise modulation. The threshold level was therefore 
examined when the programme was modulated with white noise 
restricted spectrally by a series of low-pass filters. The amplitude- 
modulation threshold is shown plotted against the noise cut-off 
frequency by curve (b) in Fig. 5. Except for the absence of the 
sharp dip at 6 kc/s, the results obtained closely resemble those 
of h.f. sinusoidal modulation. When modulated in this manner 
the programme is judged to have something of the character of 
low-grade tape-recording or of a slightly worn disc with a gritty 
accompaniment. The marked decrease of the threshold which 
occurs when noise components extend beyond 1 kc/s is interesting 
and indicates the value of polishing recording tapes. 

(5) GENERATION OF PITCH FLUCTUATIONS IN 
PROGRAMME MATERIAL 

(5.1) General 

In Section 12.1 a mathematical analysis of wow- and flutter- 
generation is given in terms applicable to the generator now to 
be described, and to similar systems. The mechanical design 
of the generator is intentionally simple, in order that the inherent 
fluctuations due to imperfections of manufacture may be small. 
In addition, however, the analysis indicates that design para¬ 
meters such as the relative disposition of the recording and repro¬ 
ducing heads and the speed of the recording medium, may be so 
chosen as to reduce even further the residual effect of manu¬ 
facturing imperfections. It follows that subjective reaction to 
various controlled pitch fluctuations will not be influenced by 
the presence of appreciable accidental components. Calculations 
and measured values of the accidental components present in the 
output of the generator are given in Section 5.5. 

(5.2) Description of Equipment 

The mode of operation of the pitch-fluctuation generator is 
illustrated by Fig. 6. A rigid disc, composed of non-magnetic 
material, is supported in.a plain bearing and rotated at constant 
speed by a synchronous-motor drive. The rim of the disc is 
coated with a mixture of magnetic oxides similar to that normally 
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Fi«. 6.—Sketch plan of pitch-fluctuation generator for programme- 

material experiments. 

applied to the plastic backing of magnetic tapes. As the disc 
rotates it passes, in turn, an erase head, a recording head and a 
reproducing head. Each of these is separated from the magnetic 
coating by a gap of about 0 • 000 5 in. In the case of the recording 
head this separation from the coating results in a drop in recorded 
level which can be restored by a reasonable increase in the bias and 
recording currents. The output obtained when the gap between 
the reproducing head and the coating is d is proportional to the 
factor s- 2nd l\ where A is the recorded wavelength. This repre¬ 
sents a drop of approximately 55 dB in signal level for a separa¬ 
tion equal to one wavelength. At short wavelengths the effect of 
even small separations is therefore very great, so that if the 
reproducing head is kept out ol contact with the disc, the record¬ 
ing speed must be increased above normal to increase the wave¬ 
lengths and reduce losses at higher frequencies. Furthermore, 
any variation in the nominal separation between reproducing 
head and coating, due to eccentricity or other causes, must be 
small in comparison with the shortest wavelength of interest, if 
noticeable amplitude-modulation of the signal is to be avoided. 
The choice of a high peripheral speed for the disc (in this case 
100 in/s) thus permits both reasonable separation and sensible 
manufacturing tolerances. The reproducing head, which is 
described in detail in Section 5.4, is of light, miniatuie construc¬ 
tion and is mounted on the end of a duralumin cantilever rigidly 
fixed to the centre of the moving coil in a conventional moving- 
coil system. The coil, and hence the cantilever and head, can 
move about the same vertical axis of rotation as the magnetic disc. 
Suppose that the disc is rotating and that a programme signal is 
fed into the recording head, together with the necessary bias 
current. If the reproducing head is stationary the recording 
track will be moving past it at constant speed, neglecting, for the 
present, inherent speed fluctuations due to imperfections in the 
manufacture of the wheel or its driving system. A l.f. alternating 
current fed into the moving coil will force it to oscillate about its 
axis, and the head will move to and fro. A wow or flutter is 
thus created in the reproduced output by the periodic fluctuation 
in the relative speed of the disc past the reproducing head. The 
frequency and amplitude of the wow or flutter depend on the 
exciting current and the length of the cantilever. Such a device 
is practicable only when the head is working out of contact with 
the magnetic medium. Since the moving coil is coaxial with the 
disc, the gap between the reproducing head and the coating 
remains nominally constant, whatever the amplitude of oscillation 
of the cantilever. Thus no amplitude modulation accompanies 
the flutter produced by the generator other than that due to any 
residual eccentricity of the disc itself. The calibration of the 
generator is described in Section 12.2. 


(5.3) The Moving-Coil Drive System 

The essentials of the electrical arrangement for the moving-coil 
drive are shown in Fig. 7. Response at frequencies as low as 
0 • 5 c/s is necessary, and direct coupling is employed except for 



Fig. 7.—Circuit of moving-coil system of generator. 

the penultimate stage. The centre-tapped coil L is fed in balance 
from the cathode-followers of the valve V 2 . Preceding this stage 
is a phase-splitter V l5 into which the modulating e.m.f. is led 
through corrective networks of suitable response. The balance 
of currents in each half of the coil can be controlled by the 
potentiometer P, which adjusts the bias on one output valve, 
and serves to centre the rotating head. If the horizontal canti¬ 
lever attached to the coil were constrained to a centre position 
by mechanical compliances, points of resonance would tend to 
occur within the working range. Slow drift of the zero position 
is corrected by a simple step feedback system. A fine-spring 
wiper arm, S, is connected to the cantilever, and moves across 
two adjacent contacts separated by a thin sheet of insulation. 
The wiper is connected through a high resistance, R 2 , to a negative 
bias source, and the two contacts to the grids of V 2 . Should the 
coil drift from centre, the wiper touches one of the contacts so 
that R 2 is connected in parallel with Rj across one ot the grids. 
The potential on the grid changes with a time-constant dependent 
on the values of C, R±, and R 2 , reducing the current in one-hall 
of coil L, and slowly restoring the central position. The correct¬ 
ing motion can be made sufficiently slow to be of no consequence 
to the output, since the degree of fluctuation is velocity-dependent 
and relatively hard to detect subjectively when the rate is low. 

The disposition of the magnetic heads around the disc is of 
importance. It is shown in Section 12.1 that the recording and 
reproducing heads should be close together to reduce the effect 
of any accidental wow and flutter in the system. The reproducing 
head cannot be conventionally screened because mass would be 
added to the cantilever and the inertia would rise excessively. 
Extra precautions must therefore be taken in screening the 
recording and erase heads, and for this reason the erase head is 
moved to the opposite side of the disc, as far from the reproducing 
head as possible. The permanent magnet of the moving-coil 
system is also totally enclosed in a steel box to prevent leakage 
flux affecting the recording system. 

(5.4) The Reproducing Head 

For minimum inertia in the moving-head system the repro¬ 
ducing head must be as light as possible whilst maintaining 
adequate sensitivity for out-of-contact working. A conventional 
core consisting of a stack of Mumetal laminations would be too 
massive, and the core is therefore formed of a single rectangular 
lamination sprung into cylindrical form and held in position by 
a light clamp of plastic material. A reproducing gap is formed 
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between the two ends of the lamination, which are held a suitable 
distance apart by a spacer. Two coils are wound around the 
lamination and suitable spaces are cut in the plastic clamp to 
accommodate them. The coils are connected to the external 
circuit by fine wires which do not appreciably affect the mech¬ 
anical stiffness of the system. The frequency response of this 
head can be made almost identical with that of good conventional 
heads, but its sensitivity is less. 

(5.5) Accidental Pitch Fluctuations in the Generator 

In Section 12.1 it is shown that the ratio of the instantaneous 
frequency, f r , of the e.m.f. produced by the fluctuation generator 
to the frequency, f of the input is given by the equation 

f r jf = l + (ajvsjvfi) cos co(t + To/2) - (yjv 0 ) cos ojft + T 0 ) 

where s is the mean distance between the recording head and 
the moving reproducing head, 
v 0 is the constant component of the recording medium 
velocity, 

v sin cot is a representative component of recording-medium 
velocity causing accidental flutter, 
v x cos oi t t is the velocity of the moving reproducing head, 
causing intentional flutter, 

and T 0 is the time given by sjv Q . 

If the generator is perfectly made then v = 0, and putting this 
value in the equation gives simply 

frlf = 1 - (Vjv 0 ) cos COi (t + T 0 ) 

which is the desired result. In practice, however, v is finite, 
for there are always some small irregularities of traction even in 
well-designed systems. The irregularities are mostly of a random 
nature with superimposed periodic variations due to motors, 
idlers, etc. 5 The first equation above indicates how these 
accidental fluctuations can be minimized in the system described. 
The second right-hand term represents the uncontrolled varia¬ 
tions, and it will be seen that the effect of a given value of v 
depends on the factor oosjv%. For minimum accidental fluctua¬ 
tion in the output it is necessary to make the velocity, v Q , of 
the recording medium large, the separation, s, of the heads 
small, and the frequency, oj/27t, of the accidental speed variation 
low. 

In the fluctuation generator described, the peripheral velocity 
of the disc is 100 in/s and the radius is such as to give a funda¬ 
mental value of a) of about 20 rad/s. A minimum value of 
s — 1 • 75 in is set by head dimensions. The factor ojsfv 0 gives 
the reduction of fundamental wow from any disc eccentricity 
as being 0-35. A greater reduction factor is unnecessary, for 
the eccentricity which can be tolerated is even more severely 
limited by the amplitude modulation which arises from variations 
in the separation between reproducing head and coating. More 
important are the speed fluctuations, at 25 c/s (the synchronous- 
motor speed) and other frequencies, from the driving system. 
These are eliminated by increasing the inertia of the disc by 
means of a flywheel and by driving it through a highly compliant 
belt. The resulting low-pass filter section leaves only fluctuations 
with frequencies predominantly in the region of lc/s, and these 
are effectively reduced by the correlation mechanism considered. 
With the same constants as before, except for co — 2 tt, the 
reduction factor is 0 T1. 

Actual measurements of accidental fluctuations from the 
generator gave a value of 0-03% peak, the fluctuation output 
consisting of a mixture of random components and periodic 
wow at the fundamental frequency of rotation in roughly equal 
parts. This small value is of no consequence from the subjective 
viewpoint. 


(6) GENERATION OF PITCH FLUCTUATIONS IN TONES 

A portable tone source 6 was used to produce wow and flutter 
in pure tones, with the modulating signal injected in place of the 
fixed warble tone normally produced in the instrument. In 
essence, the modulating signal was made to vary the gain of an 
amplifier controlling the capacitance presented to a tuned circuit, 
by means of the Miller effect, and hence to vary the frequency 
of the beat-frequency oscillator. Sinusoidal modulating signals 
at frequencies down to G-5c/s were generated externally by a 
Wien bridge oscillator, whilst square and pulse waveforms were 
produced by a multivibrator. The calibration of this system is 
described in Section 12.2. 

(7) RESULTS OF PITCH-FLUCTUATION LISTENING TESTS 
(7.1) Tone with Sinusoidal Modulation 

The perception of frequency fluctuation is dependent on what 
is often called the differential pitch sensitivity of the ear, a 
property which depends on the conditions of experiment. The 
classic experiments of Shower and Biddulph 7 were made with a 
somewhat arbitrary waveform, in the sensitive region of 2 or 
3 c/s, modulating pure test tones, which were then presented 
through headphones at various intensity levels. The experi¬ 
ments here described are intended to cover a wider range of 
modulating frequencies and waveforms at a fixed intensity level. 

The mean results for a group of twelve subjects (engineers, 
aged 30 to 40 years) listening through headphones, are shown in 
Fig. 8. The graph indicates the peak fractional frequency- 
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Fig. 8.—Subjective threshold for sinusoidal frequency-modulation of 

tone. 

deviation just detectable at frequencies in the audio range, with 
the modulation frequency as parameter. When expressed in this 
manner the results show that much smaller percentages of fre¬ 
quency change than of amplitude change (Fig. 2) are noticeable. 
Other features are common, however, such as the increase of 
threshold at low frequencies, the sensitive region around 1 kc/s 
and the sensitivity to modulation frequencies of 2 or 3 c/s. There 
is also the zone of beating when 100 c/s is auto-modulated, and a 
threshold maximum around 50 c/s modulation frequency. The 
standard error of the means was of the order of 5 % except at 
extreme values of both parameters, where it was twice this value. 

Here again the experiment was extended, using 1 kc/s test tone, 
to include modulation frequencies up to 10 kc/s. Above the 
0-100 c/s region, detailed in Fig. 8, the results show a remarkable 
similarity to those obtained for amplitude modulation (Sec¬ 
tion 4.1) if, instead of fractional frequency deviation, the modula¬ 
tion index is plotted, i.e. the ratio of deviation to modulation 
frequency. The threshold index shows a steady fall to a mini¬ 
mum value of about 0-2% at a modulation frequency of 6kc/s 
and a subsequent rise to 0 - 4 % at 10 kc/s. As before, this steady 
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variation is interrupted by zones where detection is difficult 
owing to beating effects. 

(7.2) Tone with Square-Wave and Impulsive Modulation 

The experiments described in Section 7.1 were repeated with 
square-wave modulation, and also with impulsive modulation 
produced by “differentiating” square waves in various degrees to 
produce exponential decays corresponding to time-constants of 
40, 5 and 1 millisec. The greater number of sidebands produced 
by'these more abrupt modulations of the tone would be expected 



r. 9 .—Subjective threshold for square-wave and impulsive modulation 

of tone. 
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1 millisec 
impulse 

5 millisec 
impulse 


O 1-3 pulses/sec. 
o 5 pulses/sec. 
x 25 pulses/sec. 

□ 1 • 3 pulses/sec. 

+ 5 pulses/sec. 

A 25 pulses/sec. 


(b) 40 millisec impulse, 25 pulses/sec. 

(c) 40 millisec impulse, 5 pulses/sec. 
Id) 25 c/s square wave. 

(e) 5 c/s square wave. 

(/) 1 - 3 c/s square wave. 


to lower the threshold values. The results for square-wave 
modulation, shown in Fig. 9, confirm this and indicate that the 
threshold magnitude is also less dependent on modulation fre¬ 
quency than in the case of sinusoidal modulation. Modulation 
by impulses decaying with a 40 millisec time-constant gives 
threshold curves lying above the square-wave curves (though still 
below the corresponding sinusoidal thresholds) and dependence 
on modulation frequency is further reduced. For impulses with 
decays corresponding to time-constants of 1 to 5 millisec, the 
subjective threshold level is virtually independent of the time- 
constant or repetition rate, between 1 c/s and 25 c/s at least. The 
variation with these two parameters is of the order of experi¬ 
mental error, and a single representative curve has been drawn 
through the points. For square waves the standard error of 
the means was, in general, less than 5 % in the 1 kc/s region, again 
rising to about twice the value in the 100 c/s region. 

That the perception of a series of “plops does not markedly 
depend upon the rate of presentation seems reasonable from 
spectral considerations, for at 5 millisec the envelope of sideband 
energy is spread beyond 60c/s, and the detail of line spectium 
within it is unlikely to be of first-order consequence to the 
filter system of the ear. 

(7.3) Piano Programme Material with Sinusoidal Modulation 

Possibly the most important fluctuation phenomena in record¬ 
ing systems are the periodic effects associated with non-centred 
discs or eccentric drive mechanisms. . Modern recording practice 
involves a fundamental wow and flutter range from 0-55c/s, 
found in long-playing and transcription discs, to 96 c/s, which 
occurs in cine-film equipment. The experiments described in 
this Section were arranged to cover that frequency range as ar 
as possible using the piano programme material previously dis¬ 
cussed. The subjects, about seventy in number, were of various 
age groups and included fourteen females, sixteen males not 
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Fig. 10.—Subjective thresholds and standard deviations for sinusoidal frequency-modulation of piano programme material. 

( a ) 16 lay male subjects. 

{b) 70 miscellaneous subjects. 

(c) 14 female subjects. 







STOTT AND AXON: THE SUBJECTIVE DISCRIMINATION OF PITCH AND 


associated with sound engineering, and over a dozen engineers 
having specialist interest in the experiments. 

The results of the listening tests are shown in Fig. 10. The 
upper curves are the mean values; curve ( b ) for the whole popula¬ 
tion, curve ( a ) for the sixteen lay males, and curve (c) for the 
fourteen females. The lower curves, labelled correspondingly, 
show the standard deviations in each category. The curve of 
threshold values against number of subjects exhibiting a given 
threshold, i.e. the voting distribution, was reasonably normal 
for the larger population at all modulation frequencies. The 
histogram for 1 ■ 3 c/s modulation, typical of the results obtained, 


there is little significance in comparing means at a particular 
modulation frequency. The fact that the curves closely maintain 
a similar shape over the whole frequency range, however, suggests 
greater significance. This was checked by combining the read¬ 
ings of the samples for all frequencies in the tests. To achieve 
this, the means and deviations at a particular frequency were 
first expressed as percentages of the whole population mean. 
Three new sets, including readings for seven frequencies up to 
50 c/s, were then derived and their means and standard errors 
calculated for the combined number of measurements (i.e. for 
seven times the number of subjects in the original samples). 
The results are given in Table 1. 



Fig. 11. —Distribution of subjective thresholds for 1-3c/s sinusoidal 
frequency-modulation of piano programme material. 

is shown in Fig. 11 with the corresponding normal distribution 
superimposed. 

The standard deviations of the three populations, shown 
in Fig. 10, were calculated on a basis of normal distribution, 
although the threshold distributions of the two smaller popula¬ 
tions were sometimes slightly skewed towards the higher fluctua¬ 
tion values. 

The curves exhibit features in common with those for pure 
tone, except that the most easily recognized modulation frequency 
has increased from about 3 c/s to between 5 and 10 c/s, and the 
maximum which appeared round 50 c/s in pure tone tests is not 
now in evidence. A new feature is the slightly raised threshold 
at 2 • 5 c/s, which becomes progressively more marked with the in¬ 
crease of threshold values in passing from curve (c) to curve (a). 
A similar tendency is manifest in the standard deviations, which 
show a peak at 2-5c/s in all three cases. The reason for this 
effect is not understood; it has been observed at various times, 
with different piano programmes and in different listening rooms. 
When the results of individual listeners are examined, two 
distinct classes appear, namely those with raised thresholds at 
2-5c/s and those without this feature. The absence of raised 
thresholds seems more common in subjects familiar with piano 
music, and the possibility of some rhythmical content confusing 
discrimination at this frequency, especially in lay subjects, 
cannot be dismissed. An examination of the fluctuations in 
sound intensity throughout the selected piano programme 
material showed that they were predominantly around 1 c/s, 
the fundamental rate of the music, falling sharply at frequencies 
above this, but there was relatively greater fluctuation around 
2-5c/s than the general trend would suggest. Although this 
aspect has not been pursued, it seems reasonable to suppose 
that such abnormal amplitude fluctuations might mask accom¬ 
panying frequency fluctuations. 

The results in Fig. 10 exhibit a very similar trend in the means 
•of the populations represented by curves ( a ) and (c), despite the 
fact that with the relatively large deviations (of about 30%) 


Table 1 


Population 

Mean 

Standard 

deviation 

Standard 

error 

(a) 16 lay male subjects .. 

% 

116 

% 

39 

% 

3-9 

(b) 70 misc. subjects 

100 

32 

1-5 

(c) 14 female subjects 

87 

33 

3 *4 


The threshold difference between subjects of samples (a) and 
(c), taking into account all modulation frequencies, clearly has a 
marked significance, although with such small samples there is a 
possibility of unsuspected bias. 

(7.4) Piano Programme Material with Square-Wave 
Modulation 

The tests involving square-wave modulation were restricted to 
fundamental frequencies below 10 c/s because of the limited 
response of the fluctuation generator. The group of subjects, 
28 in number, was similar in composition to the whole population 
[curve (/>)] of Section 7.3, and again the voting distributions were 
of normal character. 

The results, summarized by Fig. 12, show that both the means 



Fig. 12.—Subjective threshold for square-wave modulation of piano 

programme material. 

e Population mean. I Standard deviation. 

and deviations are, in general, less than for the sinusoidal case, 
as would be expected. The depression of threshold is most 
marked at the lowest frequencies, where the harmonics of 
modulation fall within a descending part of the corresponding 
sinusoidal modulation curve (Fig. 10), tending to enhance 
recognition. The reverse is true above 5 c/s, where the harmonic 
modulation frequencies are less effective in relation to the funda¬ 
mental. With the spectrum restricted to about 100 cycles, 
the curves for square-wave and sinusoidal modulation would be 
expected to'become nearly identical around 10 or 20 c/s, and this 
appears to be the case. 
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(7.5) Piano Programme Material with Impulsive Modulation 
The effect of transient wow due to intermittent causes, such as 
tape adhesion, can be roughly simulated by applying pulses to 
the flutter generator. The recognition of a single pulse is not a 
matter substantially different from the recognition of a train of 
pulses in which the repetition rate is low, and for convenience 
the pulses were therefore presented at 2 sec intervals. The pulses 
reached peak amplitude after 20millisec and decayed exponen¬ 
tially with a time-constant of 80millisec. The same group of 
28 subjects yielded a reasonably normal voting histogram, with 
a mean of 0- 81 % peak wow and a standard deviation of 0 • 21 %. 

(7.6) Piano Programme Material with Random Frequency 

Modulation 

The residual wow or flutter of high-grade recording machines 
may not have obvious periodicity but may be predominantly 
stochastic in nature. 5 It is therefore of interest to examine the 
subjective effects of such fluctuations. The frequency fluctua¬ 
tions produced by the fluctuation generator when fed by a 
source of random noise yielded a Poisson form of distribution 
of the type which occurs in practical machines and which is 
described in more detail in Section 12.2. 

In this particular experiment the piano programme mateiial 
was modulated in discrete steps, and when the number of sub¬ 
jects showing a particular threshold was plotted against random 
modulation level, a histogram was obtained closely approximating 
to the type to which the random fluctuation amplitudes themselves 
belonged. It was found that the mode of the distribution was 
0 ■ 2 % (mean fluctuation) and the mean of the distribution 0 • 3 %, 
which implies peak fluctuation of the order of 0-8%. 

(7.7) Pitch Fluctuations in Other Programme Material 

Vibrato of either pitch or intensity in a musical instrument 
tends to mask fluctuations caused by the recording system. Fi om 
this viewpoint the piano, with its complete absence of vibrato, is 
possibly the most pure tonal generator available; its frequent 
use in the investigations described was based on this considera¬ 
tion. The organ may speak vibrato from the tremulant stop. 
An example of pitch-fluctuation threshold variation for light 
theatre-organ music is shown in Fig. 13, which gives the mean 



Fig. 13.—Subjective threshold for sinusoidal frequency-modulation of 
theatre organ programme material. 

• Population mean. I Standard deviation. 

results for nine subjects. As far as comparison with curve (b) 
in Fig. 10 is possible, the threshold is seen to be greatei than 
that for piano programme material except at extreme fluttei 
frequencies. 

The singing voice, too, may have large degrees of vibrato, and, 
in general, the transient nature of speech sounds makes recogni¬ 
tion of frequency fluctuation difficult. The threshold value for 
speech found by experiment was 2% to 3 % peak at 1 c/s. 


The perception of flutter in orchestral music is a very variable 
factor, for most wind instruments can produce vibrato and 
violins are particularly rich in the effect, with intensity vibrato 
of possibly 50% and pitch vibrato of about a quarter-tone at a 
modulation frequency of about 6c/s. It is therefore hardly 
surprising that orchestral-music thresholds were found to be high. 

No detailed quantitative observations were made, since only the 
most critical case, the piano, is likely to influence recording- 
system design. 

(8) EXAMINATION OF RESULTS 

(8.1) General 

The experiments described have provided information on the 
human discrimination of amplitude and frequency fluctuations 
of various waveforms and frequencies, on tone, noise and 
programme material. Considerable ranges of fluctuation magni¬ 
tudes and frequencies have been explored in these experiments, 
and it is pertinent to inquire to what extent they may be en¬ 
countered in practical systems. 

(8.2) Amplitude Fluctuations in Practical Systems 

With regard to fluctuations of amplitude, all frequencies in the 
audio band would seem possible. Consider, for example, a 
recording delay system such as is used in the programme flutter 
generator and is already in use for the production of artificial 
reverberation effects.® Any variation in the separation of the 
heads and the medium will cause amplitude modulation, and, 
according to the angular velocity of the drum, these variations 
may be at any frequency from below 1 c/s to about 25 c/s. 
Amplitude modulation at frequencies above this range to about 
1 kc/s may be produced by creep or distortion in the drum 
material or by tool-chatter in the _ machining. Finally, small 
irregularities of surface finish or inhomogeneity of magnetic 
coatings or tapes may produce fluctuations up to the highest 
audible frequencies. These high-frequency amplitude fluctua¬ 
tions need be only of the order of 0-2% to be audible; in fact, 
some difficulty was at first experienced in eliminating such 
defects from the fluctuation generator. 

(8.3) Pitch Fluctuations in Practical Systems 

It has been noted (Section 7.3) that the fundamental frequency 
of pitch fluctuations in conventional recording systems may lie 
between 0- 5 and 100 c/s. Fluctuations of about 0 -1 c/s or less, 
known as drift, can be dismissed from the present consideration 
as subjectively unimportant unless the pitch wanders fai enough 
and for long enough to be noticed by a listener with a sense of 
absolute pitch. Pitch fluctuation frequencies in excess of 200 c/s 
are unlikely to be generated to any extent in recording systems 
of current design with the values of inertia and compliance 
usually involved in the mechanical systems. There are, however, 
exceptions, for in magnetic recording systems the mechanical 
properties of the tape are such that it may be excited into longi¬ 
tudinal resonance by friction or random torques at frequencies 
of 1 kc/s or above, but these effects are unlikely to produce tape- 
speed changes greater than 1 %. 

(8.4) The Composite Curve of Pitch Fluctuation Thresholds 

The subjective threshold for fluctuations at frequencies greater 
than 100 c/s was not measured on programme material owing to 
the limitations of the generator, but it is possible to assess its 
magnitude from other data. It has been observed m the case of 
pure tone that the threshold values of modulation indices for 
both amplitude and frequency fluctuations are virtually identical 
for modulation frequencies greater than about 100 c/s From 
spectral considerations this is hardly surprising, for m this range 
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the identity of modulation indices expresses also the identity of 
energy distribution in the two principal sidebands, and the lack 
of phase-consciousness of the ear does not enable- any difference 
to be resolved. If a similar identity is assumed for the aggregate 
of frequencies in the programme source, the frequency-modula¬ 
tion index for the threshold will follow the amplitude-modulation 
index experimentally determined for fluctuations above 100c/s. 
The equivalent frequency excursion, A/, may then be derived 
from the index value at any point by multiplying by co/Itt, the 
modulation frequency. The new curve of relative A/excursion 
above 100 c/s can then be normalized to produce the value actually 
observed at 100 c/s, and the composite threshold curve for the 
entire frequency range produced as shown in Fig. 14. A slight 


discrimination of pitch and 


will be discussed,, but it must be realized that it may require 
supplementing under special conditions. 

It is possible that when special conditions arise suitable deduc¬ 
tions can be made from results such as those given here, covering 
the subjective findings on tone and noise As an example, 
suppose a speech recording is made on a recorder having a 1 3 c/s 
wow, from a radio link which introduces a 9 kc/s whistle. The 
presence of the whistle may reduce the threshold wow level by a 
factor of about 50 : 1, for it is found that about 0-02/ wow 
can be detected on the whistle alone when heard m an average 
room. The 9 kc/s level will be less than the 7>phon reference 
level used in the experiments, but as the amplitude-modulation 
threshold rises only by a factor between 2 and 3 for a loudness- 



of fluctuation thresholds (amplitude modulation and frequency modulation) 
for piano programme material. 


Fig. 14. —Composite curves 

change of slope is noticeable at the 100 c/s junction, but no 
refined. curve fitting was attempted because no more can be 
expected from this extrapolation than an older of magnitude. 

The frequency-modulation threshold curve of Fig. 14 indicates 
that a minimum flutter of 1 ■ 5 % is necessary to create a subjective 
effect above 100 c/s, and about 10% flutter is necessary in the 
region of 1 kc/s. There would seem to be little object in extend¬ 
ing the range of flutter measurement beyond a few hundred 
cycles for programme recording systems as known at the 
present time. 

(8.5) Specification of Tolerable Pitch Fluctuations 

Turning to the problem of specifying tolerable fluctuations 
from the subjective viewpoint, it is clear that some compromise 
is necessary, for if, for example, 3 kc/s tone in a room were 
included within the practical scope, the permissible peak fluctua¬ 
tions could not exceed about 0-005%. 9 A reasonable com¬ 
promise would be to consider the system fluctuations in the light 
of the more stringent programme conditions that occur most 
frequently in practice, such as the piano programmes used m the 
present experiments. A machine satisfactory on that basis would 
he adequate for organ and orchestral programmes, and virtually 
perfect for speech and any unusual transient effects. In other 
words, in the specification of tolerable fluctuations, and in their 
measurement, due weight should be given to the modulation 
frequencies to which the ear is most sensitive and the type of 
programme material on which fluctuations are most evident, 
scheme for carrying out such subjectively weighted measurements 


level reduction from 80 to 30 phons, and the frequency-modula¬ 
tion threshold rises by a factor of about 2 for the same change, 
the wow threshold can be little more than twice the 0 • 02 % value. 
Thus the tolerable wow level of 2% for speech alone is reduced, 
in this case, to approximately 0-04%. It may be argued that a 
modulation of an existing undesirable distortion is of no concern, 
but the example serves to illustrate the points at issue. In a 
similar manner amplitude modulation of background noise in a 
programme recording may indicate the presence of fluctuations 
which would not be detected on the programme alone. With 
such limitations in mind, the specification of tolerable fluctuations 
on programme material will be examined, special legard being 
paid to the formulation of a practical measuring scheme. 

(8.6) A Universal Weighting Curve for Pitch-Fluctuation 

Measurements 

The ideal subjectively weighted measuring device should, when 
threshold value is reached, give the same indication whatevei the 
type and frequency of the fluctuation being measuied. It will 
be shown that the results given here, as summarized in Fig. 14, 
enable a good approximation to this ideal device to be obtained. 
Consider first any single component of a sinusoidal wow or 
flutter lying in the range 0 • 5-200 c/s. If the fluctuation is applied 
to a discriminator giving faithful conversion in this range, and 
the output envelope is equalized by a network whose frequency 
response is the inverse of the frequency-modulation curve of 
Fig. 14, then the final output will be constant at threshold value 
throughout the frequency range. When there is more than one 


653 


AMPLITUDE FLUCTUATIONS IN RECORDING SYSTEMS 


fluctuation component present, the system will still suffice and 
the threshold will be indicated at the critical peak value of the 
weighted sum. If, for example, two equal components have 
frequencies close to one another, giving a slowly beating fluctua¬ 
tion, the threshold is essentially at the peak value of the mixture 
that equals the threshold of one component alone. If the 
frequencies are well separated, the one of lower threshold of 
course predominates. Thus, for a lkc/s tone, threshold is 
0 • 2 % at a wow frequency of 1*3 c/s and 0 • 4 % at a flutter 
frequency of 25 c/s, whilst a check experiment showed that the 
threshold for an equal mixture is 0-26%. In the equalizing 
system suggested, half weight is given to the 25 c/s component 
and the resulting relative outputs are: 

At 1 - 3 c/s 0-2 x 1 =0-2 

At 25c/s 0-4xi = 0-2 


Mixture 


1 - 3 c/s 0* 13 X 11 
25 c/s 0-13 X 1J 


= 0-195 


which, for practical purposes, is an identical and correct threshold 
indication in each case. The thresholds for several such mixtures 
were determined experimentally and found to agree equally well 
with the values which would be indicated by the measuring 
system. 

Consider now the effect of another periodic waveform. 
Experimental observations have been obtained on squai e-wave 
modulation up to a frequency of 10 c/s. If square waves are 
applied to the suggested weighting network the resulting lelative 
peak value will not alter substantially with frequency m the 
region of 6 c/s or above, but when the frequency is below this 
an overshoot takes place due to the selective increase of harmonic 
content. The amount of overshoot relative to the input * s 
shown in Fig. 15 for modulation frequencies of 1 c/s, 2-5 c/s 



_Input waveform. --- Output waveform. 

(a) 1 c/s square wave up to harmonic of 15 c/s 
peak output/peak input -= 2 ■ 3 _ 

(/>) 2-5 c/s square wave up to harmonic ot 27'5 c/s 
peak output/peak input = 1; 5 
(c) 6 c/s square wave up to harmonic of 54 c/s 
peak output/peak input =1-0 

and 6 c/s. The graphs are approximate and show the effect of 
weighting the stated number of harmonics without considering 
relative phase differences. Constant peak-output of the network 
is achieved only if the square-wave input signal is reduced by the 
ratio of peak input to output, i.e. by approximately 1/2-3, 1/1-5 
and 1 in the three cases considered. The subjective measuring 
device thus indicates the square-wave modulation threshold at 
fluctuation amplitudes reduced by these factors below those of 
the corresponding sinusoidal cases. The comparative square- 
wave thresholds as indicated by the proposed measuring chain 
and determined in the subjective experiments are given m 
Table 2. 

The last two lines show that the agreement between the pro¬ 
posed indicating system and experiment is adequate, although 


Table 2 


Comparative Thresholds for Square-Wave Frequency 

Fluctuation 



Fluctuation frequency 


1 -0c/s 

2-5 c/s 

6-0c/s 

Measured peak threshold for sinu¬ 
soidal fluctuations, % .. 
Calculated reduction factor for 
square-wave fluctuations 

0-9 

1/2-3 

0-7 

1/1-5 

0-4 

1/1 

Peak square-wave amplitude when 
measuring chain indicates 
threshold, % 

0-4 

0-5 

0-4 

Measured peak threshold for 
square-wave fluctuations, % .. 

0-5 

0-4 

0-4 


there is over-compensation below about 1 • 5 c/s and under¬ 
compensation above. . . 

Finally, consider the effect of the proposed weighting curve on 
the continuous spectra which are involved in the measuremen 
of pulse and random modulations. The experiments yielded a 
mean threshold value of about 0-8% peak in each case, the 
bandwidth of the modulation being restricted to lOOc/s by the 
design of the fluctuation generator. The statistical distribution 
of amplitudes in the random-frequency fluctuation tests can be 
shown to obey a Poisson relation (see Section 12.2.1). 
follows that amplitudes up to 0-8% peak comprise 99 A of the 
fluctuations occurring in a random set of this nature. Assuming 
the maximum weighting to be unity at 6 c/s, where the smusoi a 
threshold is 0-4% peak, the ratio of peak output to input should 
then be 0-5 in both the random- and pulse-modulation cases it 
true threshold is to be indicated. An approximate analysis 
suggests that such is the case. A modulating pulse of the loin 
s -kt ( t > 0) has a Fourier transform (/c + j<*>) and its spectrum 
amplitude, |/c + jco\~\ is shown as curve (c) in Fig. 16 tor an 



rjo- 16 _Determination of weighted output spectra for random and 

impulsive fluctuations. 

1 

r,l\ RMntive arrmlitude/frequency spectrum of output sign . 


80millisec time-constant. The spectrum of the output signal 
[curve id)] has been weighted by the inverse-threshold curve (o). 
The relative frequency spreads of curves (c) and (d) are similar, 
and by the Fourier-integral energy theorem the ratio ol peak 
output to peak input should be roughly proportional to 
ratio of areas beneath curves (d) and (c), which is about 0-6. 
In the random-modulation case, assuming an input spectrum 
level up to 100 c/s, weighting curve ( b ) is the relative amplitude 
spectrum of the output, and the peak-output/peak-input level will 
be the ratio of areas beneath curve ( b ) and line (a) m the l ange 
0-100c/s, which is about 0-4. 

The suggested frequency weighting thus yields a constant 
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indication of subjective threshold value to within about 20% in 
all cases considered, which in view of the variations of judgment 
involved in such phenomena may be considered a reasonable 
result. An absolute calibration of the system is required, and 
this could be performed at a frequency of, say, 6c/s, taking as 
standard the mean value of 0-4%. For critical standards it 
might be preferable to assume a value of the mean less twice 
the value of the standard deviation, so that fewer than 5% of 
listeners would be expected to notice a defect in a recording 
up to standard. This value corresponds to 0-14% peak, or 
0 • 1 % r.m.s., for a sinusoidal fluctuation, which is a value that has 
been accepted for many years as a good criterion for total 
permissible r.m.s. flutter in recording systems. 

(8.7) A Universal Weighting Curve for Amplitude-Fluctuation 

Measurements 

A similar method of weighting can be employed for ampli¬ 
tude fluctuations, using a curve which is the inverse of the 
amplitude-modulation threshold curve for piano programme 
material, and is also reproduced for the whole frequency range 
in Fig. 14. If information about h.f. modulation is not required, 
the peak around 6kc/s can be removed; if it is retained, care 
must be taken to exclude sources of noise, such as thermal 
and shot noise, which are present even when the recording 
medium is at rest. 

(8.8) Measuring System for Frequency and Amplitude 

Fluctuations 

A block diagram of the proposed measuring system for both 
frequency and amplitude fluctuations is shown in Fig. 17. In 


The threshold in this case may also be confused by external 
factors concerned with the acoustics of rooms and loudspeakers. 
However, a practical and realistic approach to the problem is- 
provided by considering results for the piano, for this instrument 
is well known to reveal, in the highest degree, the shortcomings- 
of any normal programme-recording system. Consequently, a 
recording system manufactured to a standard suitable for piano 
programme material should be adequate for the recording of 
any other type of entertainment. The subjective tests carried 
out have involved a variety of listeners, expert and otherwise. 
Here again, such a compromise is necessary, for it would be 
possible to select individuals who are very sensitive to accidental 
amplitude- and frequency-modulations compared with the 
average listener. With these provisos the experimental results 
and calculations indicate that it is feasible to define frequency¬ 
weighting characteristics which can be incorporated into measur¬ 
ing chains so that the subjective effect of the accidental amplitude- 
and frequency-modulations occurring in any practical recording 
system can be registered. 

It is hoped that the composite curves of measured fluctuation 
thresholds, summarized in Fig. 14, and the weighting charac¬ 
teristics which are the inverse of them, may provide a basis on 
which to lay down permissible standards of accidental amplitude- 
and frequency-modulation in recording systems. An encouraging 
feature of the results is that the standards required to suit the 
great majority of listeners are within reasonable engineering 
tolerances. 

Many of the experimental results given here may have applica¬ 
tion in other fields such as those concerned with the mechanism 
of hearing. 


1 



Fig- 17. Block diagram of measuring system for frequency and amplitude fluctuations. 


practice, a tone from the reproducing chain in which frequency 
or amplitude modulation occurs would be fed, in turn, into the 
frequency- and amplitude-modulation chains and a reading 
obtained on the peak reading device or oscillograph, which had 
previously calibrated in absolute terms. A tone of frequency 
3 kc/s, which is becoming standard for such tests, could of course 
be employed. 

(9) CONCLUSION 

The development of suitable test apparatus has enabled the 
subjective thresholds established in the course of the work 
described to be related essentially to the practical case in which a 
programme of music or speech is recorded for entertainment 
purposes. Experience has shown that there is a wide range of 
tolerances and subjective thresholds and that they depend on 
the nature oi the programme being recorded. The recording 
of single tones, for example, may require exceptional manu¬ 
facturing accuracy and adjustment in the recording and repro¬ 
ducing systems if no unwanted modulation is to be detected. 
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(12) APPENDICES 

(12.1) Mathematical Analysis of Wow and Flutter Generation 

Consider the recording system shown schematically in Fig. 18. 
The medium moves past a stationary recording head with 
a velocity compounded of constant velocity v Q and a small 


MEDIUM 




V, 

_S(t)=S+£rsin (o 


6 


v W“V 0 +Vsin&>t REPRODUCING 
HEAD 




RECORDING 

HEAD 


VELOCITY^ cos up 


Fig. 18.—Mathematical relations in a frequency-fluctuation generator. 


unwanted variation v sin cot, a representative component of 
inevitable traction irregularities. Suppose that there is a correla¬ 
tion between the recording and reproducing process such that 
the reproducing head is centred at a distance s from the recording 
head, with reproduction taking place at a time of order T 0 = sjv Q 
later. Let there be some relative motion of the reproducing 
head (as in the pitch-fluctuation generator described) which can 
be represented by a small velocity v x cos co x t, thereby causing 
the separation of heads to be s(t) — s + (vfcof sin co x t. It is 
proposed to determine the instantaneous frequency f r which will 
be reproduced from the system under various conditions when a 
signal of frequency/is fed into it. 

It is first necessary to determine T, the time at which reproduc¬ 
tion takes place. Since both the velocity and distance traversed 
by a recorded element before reproduction are time-dependent, 
T is found from the equation 


Therefore 


s(t + T) 


-t+T 

(v 0 4- v sin cot)dt 


s + (vfcof sin coft + T) = v 0 T- ( v/co ) [cos co(t + T)- cos oot] 
or T-T 0 =T X sinco 1 (fHhr) + r 2 [coscu(t + T’)-costur] (1) 
where T 0 — s/v 0 , T x = vjv c co x , T 2 — vjv Q co 


Clearly \T — T 0 | < T x + 2 T 2 

Unless co and co l are very small, T x and T 2 are small quantities, 
since v]v 0 is of the order of 1 % or less in any reasonable practical 
system and vjv 0 is of the same order in the flutter generator 
described in Section 3. Hence squares of these quantities may 
be neglected and T 0 substituted for T in the right-hand side of 
eqn. (1), yielding the approximation 

T = T 0 + T x sin to ft + T 0 ) + T 2 [cos co(t + T Q ) - cos cot] 

.... ( 2 ) 


A recorded signal V ; = $/) is reproduced as V 0 = kfXt - Tf 
where k is some transfer constant, so that 

V 0 = A<D{r — T 0 - T x sin coft + T 0 ) 

- T' 2 [cos co(t + T 0 ) - cos } 

The ratio of the instantaneous frequency /. of output to the 
instantaneous frequency / of input will be d(t — T)/dt, by the 
usual definition, so that in this case 
/.// = 1 - co x T x cos aft + T 0 ) 

+ 2c oT 2 sin (toT 0 /2) cos a)(t- f- T 0 /2) . (3) 

If ^ is made sufficiently small, 

sin (toT 0 /2) ~ tuT 0 /2 

and 

f r ff = 1 + (covslvfy cos co(t + T 0 1 2) 

— (v x lv 0 ) cos co ft + T 0 ) . (4) 

This is the equation which applies essentially to the high-speed 
disc and moving reproducing head used in the fluctuation- 
generator described. 

In normal recording systems, however, the reproducing head 
is stationary and the velocity of the medium varies. Here, then, 
v x — 0 and eqn. (3) becomes 

f r jf =14- (2 vlv 0 ) sin (to./2%) cos oj(J + T 0 /2) . (5) 

Thus there is no frequency change when to s/v 0 — 0, 2tt, 47 t, etc., 
and there is a maximum change when to.v/i ; 0 == rr, 3tt, 5tt, etc. 
The head spacing may then be arranged, in the limit, either to 
cancel or double a particular flutter frequency, although if the 
wow is complex it is clearly best to make the spacing as neat ly 
zero as possible to achieve best overall cancellation. In the 
usual description of a frequency-modulated wave an equation 
such as ( 5 ) can be regarded as expressing the instantaneous 
frequency. The form in the case of frequency flutter is 

f r = / 4 - yf cos cot .( 6 ) 

where the constant y is independent of/. 

The general expression for frequency modulation is of the form 
V — V 0 sin 2n [ft 4- (A//co) sin at?] 

where / is the carrier frequency, coI2tt is the modulation fre¬ 
quency, and A/ is the frequency deviation. This yields, for the 
instantaneous frequency, 

f. = / -f A/cos cot .(7) 

Comparing eqns. ( 6 ) and (7) it can be seen that for flutter 

A /= yf 

i.e. the deviation is proportional to the recorded frequency. It 
is this identity which prevents the simulation of wow or flutter 
in complex programme signals by means of heterodyne or 
modulation systems. All such systems yield a deviation inde¬ 
pendent of the frequency of the signal components. _ The desired 
result can be achieved, however, by a memory device, which in 
the work described takes the form of a record on a magnetic drum. 

(12.2) Calibration of Pitch-Fluctuation Generators 

(12.2.1) The Magnetic-Disc Fluctuation Generator. 

The degree of amplitude-modulation of a signal can be 
measured without much difficulty; the assessment of frequency 
deviation, however, requires care, especially when, as in recording 
systems, a component tone of the signal may be modulated at a 
rate in excess of both the deviation and frequency of the tone 
itself. This is a condition far removed from normal frequency 
modulation practice. Fortunately, wow and flutter are, by their 
parasitic nature, phenomena such that in practical cases the 
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frequency deviations are small. Thus the notion of instan¬ 
taneous frequency can be usefully employed, and approximate 
information obtained on the nature of the resultant waveform. 

The calibration of the magnetic-disc fluctuation generator was 
straightforward, since speed variations could be deduced from 
measurements centred on one particular frequency. For a 
given "speed change the absolute frequency change in a recorded 
tone is proportional to the frequency of the test tone, so that a 
fairly high frequency was convenient for calibration. If too high 
a frequency was adopted, however, the general system noise and 
the amplitude modulation resulting from disc eccentricity created 
difficulties. A nominal calibration frequency of 3kc/s was 
therefore chosen and any amplitude modulation present was 
removed by a simple diode limiter. The calibration was carried 
out by applying the 3 kc/s tone, in which wow or flutter had been 
introduced by the generator, to a discriminator network which 
transformed the frequency variations into amplitude variations. 
The disc fluctuation generator was not used to produce flutter 
frequencies in excess of 100 c/s, so the discriminator was not 
called upon to perform a linear amplitude conversion above this 
frequency. In this case a conventional phase discriminator of a 
type previously employed 5 was used to advantage. Measurement 
of the rectified output of the discriminator enabled the speed 
variations of the cantilever-head system to be related to the e.m.f. 
applied to the moving-coil drive system. The flutter region 
calibrated lay between 0-5c/s and 100c/s at magnitudes up to 
1 • 5 %, and the ratio of velocity-change to driving e.m.f. was found 
to be sensibly linear except for changes of less than 0-2% at 
frequencies below 1 c/s. In that region friction in the pivot 
system became an appreciable factor, but such conditions, being 
in practice below subjective threshold, were not investigated. 

The calibration procedure for impulsive or square-wave modu¬ 
lation of the recorded signal was exactly the same, for the flutter 
waveforms were spectrally restricted to a few hundred cycles by 
the electro-mechanical behaviour of the system, and the frequency 
response of the conventional discriminator was still adequate. 
In certain experiments the cantilever-head system was driven by a 
source of random noise, and a pen recording was taken of the 
discriminator output. The frequency deviations were, in this 
case, of a stochastic nature, and the measurements were carried 
out (and results analysed) in the manner suggested by Axon and 
Davies. 5 The distribution of frequency deviations, as measured 
from the ordinates of the pen-recording, were closely described by 
a form of Poisson relationship, 

Q(r) = “~ 3 r 2 e' r l A 
2 A i 


in which A is a constant, q(r) is the number of occurrences of a 
frequency fluctuation'of magnitude r, and n is the total number of 
fluctuations recorded. The mean of this distribution has a value 
of 3 A and the mode a value of 2 A. Thus the probable frequency 
excursion could be related to the level of noise applied to the 
drive system. 

(12.2.2) The Electronic Flutter Generator. 

Tests with pure tones involved a more extreme range of 
measurement, for test-tone frequencies ranged from 50 c/s to 
10kc/s, and modulation rates from 0-5c/s to 10kc/s. Here the 
type of discriminator used for calibrating the magnetic-disc 
generator was unsuitable. Use was therefore made of a dif¬ 
ferentiating network having an output simply proportional to 
frequency, with linear phase-shift, so enabling a wide range of 
values to be measured without error. All practical circuits have 
a cross-over from this desirable property at some frequency, but 
this can be made to take place outside the range of significant 
sidebands. 

The sensitivity of the arrangement was unfortunately small, 
giving only a frequency/amplitude-modulation conversion factor 
of unity. The effects to be measured were of the order of 
1 % and the measurement of the signals had to be accomplished 
without recourse to frequency-dependent networks. This was 
achieved by a circuit shown in skeleton form in Fig. 19 {a). The 



Fig. 19.—-Discriminator circuit for higher range of flutter frequencies. 

(a) Simplified diagram. 

( b ) Voltage relations. 


signal V x after passing through the differentiating network CR 
was fed to the diode N, which cut off signals below a voltage V. 
This value was adjusted, as in Fig. 19(6), to be just below the 
minimum modulated input. The output voltage V 0 was thus 
modulated by a large percentage, and more easily amplified and 
measured. In view of the widely varying ratios of carrier to 
modulation frequencies that were possible, the measurement was 
conveniently carried out by means of a scale on a cathpde-ray 
oscillograph, displaying V 0 on a suitable time axis. Without this 
visual display there were measuring difficulties when the modula¬ 
tion frequency approached, or exceeded, the carrier frequency. 
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SUMMARY 

The problem of maintaining satisfactory emission in an oxide- 
cathode valve over long periods of time is examined in broad rather 
than detailed manner. The approach is essentially experimental and 
starts from the basic assumption that the cathode will maintain its 
emission so long as it possesses a sufficiency of metallic barium in its 
oxide matrix. The general plan of the paper is to examine the 
several factors leading to loss and gain of barium metal within the 
cathode and then to attempt to estimate the conditions likely to result 
in a credit balance of barium over a long period of time. The tentative 
conclusion reached is that a cathode working under a cuirent load in 
gas-free surroundings will continue to emit until the barium-oxide 
matrix is exhausted by electrolysis and evaporation. 


Part X. EMISSION BEHAVIOUR OF AN OXIDE 
CATHODE ON A PLATINUM CORE 

(1) INTRODUCTION 

(1.1) Scope of the Problem and Manner of Approach 

The long-term emission stability of a high-vacuum oxide 
cathode is a subject which has received little attention in the 
literature. The rise of submarine telephony in recent years has, 
however, focused interest on the phenomenon, and the present 
paper attempts to assess the degree of probability of very long 
emission life in a cathode running under favourable conditions. 
Partly owing to the complexity of circumstance wherein the 
cathode works and partly owing to the time element involved, 
the problem of assessment is a formidable one, and the scope of 
the paper at this stage is perhaps over-ambitious. A certain 
modest progress has, however, been made over the past four 
years, and from this has emerged a hypothetical emission-life 
model which may be of interest to some engineers. 

The approach to the problem has been twofold. The first line 
is the conventional one of making pentodes under the best 
conditions known and subjecting them to prolonged life test. 
The disadvantages of this technique are obvious the tests are 
time consuming and lead to little appreciation of the complex 
interplay of forces contributing to the observed behaviour. Such 
tests have, however, a part to play, and some use will be made of 
them in the paper. 

The second line of approach is a more difficult but potentially 
more fruitful one. An attempt is made to analyse the several 
forces in the valve leading to emission decay and emission 
enhancement (activation). A synthesis of the two opposing 
tendencies is then undertaken in order to find which set is in 
credit balance. The paper is primarily concerned with develop¬ 
ing this analytical approach. 

It has been found convenient to divide the paper into two 
parts. Part 1 examines in some detail a general pattern of 
behaviour of an oxide cathode supported on a chemically inert 
core metal (platinum). It has been found that the elimination 


of oxidizing and reducing chemical actions of the coie metal is 
a help towards understanding the basic behaviour of the cathode. 

Part 2 deals with the case of nickel-core cathodes. The 
simpler example of pure nickel is first examined, and this is 
followed by the complex active core of the type used in industry. 

(1.2) Valve Life 

In a recent paper by Eaglesfield 1 the conclusion is reached 
that the primary cause of performance deterioration in a well- 
processed repeater valve is the growth of resistive inteiface. 
Another paper 2 examines common receiving valves and con¬ 
cludes that deterioration is due partly to interface-resistance 
growth and partly to gas de-activation of the oxide cathode. 

It is some four years since these papers were prepared, and 
during that period a degree of progress has been made in the 
processing of high-grade valves the interface effect can be 
eliminated 3 and considerable steps have been taken to reduce 
residual gas effects. Such valves of the high-slope pentode type 
show a negligible decay of mutual conductance over the first ten 
thousand hours of life. 

In ordinary circumstances it would now seem reasonable to 
allow the life problem to mature naturally the next five or ten 
years should consolidate a situation which is already showing 
promise of coming under control. However, present circum¬ 
stances are peculiar in one respect; the expanding submarine 
telephone art is largely dependent on valve life, and we are 
looking to the valve maker for something more than a considered 

optimism. 

(1.3) Cathode Life 

Forethought in design and care in production can piobably 
eliminate the ordinary forms of valve failure with the one excep¬ 
tion of cathode emission decay; valve life therefore reduces to 
the problem of cathode emission life. . 

The conventional barium—strontium-oxide cathode requites foi 
its essential functions of matrix conductivity and surface emission 
a stoichiometric excess of the metal barium. This barium 
activator is subject to various forms of wastage, of which one, 
i.e. evaporation, is inexorable. An emission life of indefinite 
length is therefore only compatible with the existence of a 
perpetual barium regenerative action. 

(1.4) Life Model 

The present work is based on the use of a dynamic life model 
which asserts a continuous loss of barium from the barium- 
strontium-oxide matrix and a continuous replenishment. It is 
assumed that there are three possible ways in which the excess 
barium is lost and two possible ways in which it is regenerated. 

The course of the paper follows the general order of Table 1-— 
the “loss” processes are first examined and then the “profit 
processes, and subsequent Sections attempt to draw up a profit- 
and-loss account in barium for practical cathode cases. If the 
barium account shows a continuous decrement, the cathode hie 
is finite; if the decay ceases in a finite time at an adequate level 
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Table 1 


Loss processes 

Profit processes 

(a) Oxidation of barium by 

residual gas 

( b ) Loss of barium to core 

metal 

(c) Evaporation of barium 

from emitting surface 

(d) Electrolytic dissociation of 
basic matrix BaSrO 
(<?) Chemical reduction of 
basic matrix BaSrO 


of barium balance, life is limited only by some factor other than 
cathode activity. 

(1.5) Core Metals 

Three types of core metal have been used in the course of the 
work, with the object of providing either the presence or absence 
of a reducing agent in the cathode system. The active or 
reducing core metal is a nickel alloy containing 0-05-0-10% of 
magnesium and silicon—a typical alloy used by manufacturers 
for receiving valves. The two other core metals are pure nickel 
and pure platinum. The analysis of these so-called pure metals 
is undertaken spectrographically and is a matter of some con¬ 
jecture. The platinum analysis, for example, gave the follow¬ 
ing figures: 

Magnesium .. .. 0-0001% 

Silicon .. .. ■ • 0 ■ 0005 % 

Copper .. .. .. 0-0005% 

(1.6) Influence of Core Metal on Initial Activation 

It has been shown recently 4 at the Post Office Research Station 
and in the United States by Rouse and Forman 5 that there is no 
significant difference in the initial emission level of cathodes 
processed on active nickel or pure platinum cores. Under the 
best laboratory conditions both core metals give rise to cathodes 
with emissions of 2-10 amp/cm 2 at 1 020° K. It seems, therefore, 
that the initial emission is independent of the amount or nature 
of the core activator. Emission decay rate will be shown later 
to be a function of initial emission level, and it is therefore a 
convenient circumstance that a standard diode fitted with different 
core metals can be initially activated to a common level. 

(1.7) Experimental Plan 

The experimental plan has been indicated in Table 1, and it 
remains to see how core variation can be fitted into this scheme 
to the best advantage. In investigating the “profit” processes it 
is essential to separate the electrolytic and chemical-reduction 
actions, and this is attempted by using core variation. To 
examine, for example, the electrolytic process the inert platinum 
core is used; profit in barium is then examined under conditions 
of current load and no-load through the cathode. Chemical 
reducing action is examined by employing the active nickel core 
under conditions in which the possibility of electrolytic action is 
absent, i.e. with zero cathode current. 

As the experimental work has involved the preparation and 
testing of a large number of standard diodes it has been found 
convenient to undertake the bulk of the work with one core 
type; to try to recognize some pattern of behaviour; and then to 
examine differences with the other types. At the time of starting 
the investigation only two types were available—active nickel 
and pure platinum—and the choice was therefore restricted to 
these alternatives. It was decided to undertake the general 
investigation on platinum for the following reasons. Use of 
platinum would avoid the complications following the inevitable 


growth of a resistive interface layer; the inert metal would 
enable the electrolytic effect to be investigated without the con¬ 
fusing presence of a reducing agent; and finally there was an 
instinctive feeling that the platinum case was the simplest and 
most fundamental form for a basic examination. As matters 
have turned out there have been no regrets on this decision. 

Before turning to the emission-decay effects themselves, a short 
Section will be devoted to a description of the basic experimental 
tube and the technique of emission measurement. 

(2) STANDARD DIODE AND METHOD OF EMISSION 
MEASUREMENT 

(2.1) Standard Diode Type 6D1S 

The standard diode type 6D15 employed in the work has a 
2-watt rectangular-box indirectly-heated cathode and a collector 
consisting of a fine molybdenum-wire grid structure on parallel 
copper or nickel support rods. The structure is, in fact, identical 
in general form to the cathode and control-grid structure of a 
typical high-slope pentode. The adoption of such an assembly 
has many advantages—it can readily be expanded to triode or 
pentode form, it enables the total emission of diodes and pentodes 
to be directly compared, etc. 

The voltage/current characteristic of the diode is shown in 
Fig. 1, and it will be observed that a current of 100mA can be 





A I_I_I_I-1-1-1-1-* - »-- 1 - 1 . .. * 

0 1 2 3 4 5 6 7 8 9 TO 11 12 13 

Voltage , volts 


Fig. 1.—Typical voltage/current characteristic of type 6D15 diode. 


drawn from the cathode surface (0 -5 cm 2 area) before an ionizing 
voltage is encountered. The temperature of the cathode is 
related to the heater voltage in the manner of Fig. 2. 

The structure is inherently simple in construction, has a 
minimum number of piece parts and the collector is open to 
efficient r.f. heater treatment. 
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valves. The batch size varies somewhat according to the 
importance of the measurement and the availability of samples, 
but is normally between six and ten valves. 

The assembly of a batch requires care, as it will be shown later 
that decay rate is a function of emission level. The aim, there¬ 
fore, in batch assembly is the selection of samples with a closely 
grouped set of total-emission values and with a mean value as 
high as practicable. An initial mean total emission of 6-7 mA 
is typical. A histogram of a group of diode type 6D15 samples 
is shown in Fig. 3, and it is clear that the selection of batches 


Fig. 2.- 


Heater voltage , volts 

-Cathode-temperature/heater-voltage characteristic of type 
6D15 diode. 


(2.2) Processing Procedure 

The diodes were processed on high-grade bench pumps under 
the best laboratory conditions available with present-day equip¬ 
ment. Details of the pump schedule are given in Section 8.1, 
from which it can be seen that the valves are activated on the 
pump Manifold pressure after breakdown was required to be 
better than 1 x 10-6 mm Hg. Gettering followed normal com¬ 
mercial practice, except that it was on a rather generous scale 

(6mg of barium). . .. 

One point of interest may be seen from Section 8 all core 

types are given identical treatment, and this involves the passage 
of a heavy current through the cathode. This current is beneficial 
to the active-core type and essential to the passive type. 

(2.3) Measurement of Total Emission 
The total emission of a cathode is directly proportional to the 
matrix conductivity, which in turn is a direct function ol barium 
concentration within the matrix. It follows that the measure¬ 
ment of total emission is a measurement of the barium content 
of the cathode matrix. The measurement tec ^ 0 u T J, empl ° ye , d 
in the present work is the low-temperature (700 IC) method 
With the type 6D15 diode a cathode temperature of aioun 
700° K is obtained by injecting 400 mW into the heater circui, 
and the total emission is measured by applying a voltage ol 
+ 5-0 volts to the collector. The total emission should 
3-10mA in a well-activated tube at the beginning of life. The 
reproducibility of the method depends on the known degree of 
resistance stability of the tungsten heater and th .o accuiacy o 
measurement of the 400 mW of heater power, 
practical points were satisfactorily ananged. 

All total emission measurements in the present wor we 
made by the low-temperature method, but it is of interest to 
quote the proportionality factor for emission on the diode type 
6D15 at 700° K and the normal operating temperature of 1 020 R. 
The factor varies from valve to valve, but the average to™ 0 
1 000 is representative. This figure, which has been obtamed 
by Holmes, converts total emission m miliiamperes at 700 K 
total emission in amperes per square centimetre at 1 0-0 Jk. 

(2.4) Assembly of Test Batches 

The measurement of a total-emission decay effect has always 
been undertaken by assembling a batch of san J p ^ s > 
the individual decay curves, and presenting the 

characteristic. The method is laborious, ^ “rogue” 

collection of misleading information from individual rogi 
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Fig. 3.—Distribution of total emission. 

with mean total emission of 6-7mA is somewhat wasteful, but it 
has the advantage of extending the range over which decay occurs. 

mi THE BASIC LONG-TERM DECAY EFFECTS ON A 
^ PLATINUM-CORE CATHODE UNDER ZERO-LOAD 
CONDITION 

(3.1) The Zero-Load Decay Characteristic 

In Fig. 4 is shown the zero-load decay characteristic of a 
typical group of platinum-core type 6D15 diodes running at a 
cathode temperature of 1 020° K. The mean total emission 
has been plotted on a logarithmic time scale to emphasize the 
fact that after 5 000 hours there is still no sign that the decay 
has come to an end. The rate of decay is, however, continually 
diminishing, and this is brought out m Table 2, which has been 

derived from Fig. 4. 
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Fig. 4.—Zero-load decay characteristic. 
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Table 2 


Time of life 

Mean rate of decay 

hours 

piA/hour 

5 

200 

15 

70 

25 

50 

75 

16 

150 

6’ 0 

450 

1- 4 

750 

0-60 

1 500 

0-22 

2 500 

0-08 

4 500 

0-02 


(3.2) Influence of Initial Emission on Zero-Load Decay 

The decay characteristics of a typical pair of valves selected for 
their difference in initial total emission is shown in Fig. 5. The 



Time, hours 


Fig. 5.—Influence of total emission level on decay rate. 

curves show that the rate of decay at any time is related to the 
magnitude of the emission at that time. The results emphasize 
the necessity for caution in assembling groups of valves for 
determination of a mean decay characteristic (see Section 2.4). 

(3.3) Influence of Cathode Temperature on Zero-load Decay 

The influence of temperature on the zero-load decay rates of 
groups of platinum-core cathodes is shown in Fig. 6. No decay 
occurs in the temperature range 650-800° K in 250 hours, and 
this period has been extended to 1 000 hours with similar results. 
Above 800° K decay sets in and thereafter increases rapidly with 
increase of cathode temperature. 

The results are set out in another form in Fig. 7, which relates 



Time , hours 


Fig. 6.—Influence of cathode temperature on zero-load decay rate. 



Cathode temperature , °K 

Fig. 7 .—Relation of cathode temperature to time for 50% emission 

decay. 
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cathode temperature to the estimated time in hours to decrease 
the total emission by one-half of its initial value. It seems that 
there is a fairly narrow temperature range below which the 
emission is stable with time and above which a progressively 
rapid decay occurs. 

(4) CAUSE OF DECAY ON A PLATINUM-CORE DIODE 
UNDER ZERO-LOAD CONDITION 

(4.1) Survey of Possibilities 

The decay effects described in Section 3 are assumed to be due 
to loss of excess barium by the cathode matrix. This loss must 
have been caused either by destruction of barium in situ by 
residual gas action, or by physical removal of barium in elemental 
form from the matrix. This removal may occur by direct 
evaporation or by core solution. These are the logical possi¬ 
bilities, and it is probable that all three modes of loss contribute 
to the decay phenomenon in a practical valve. It is the object 
of this Section to attempt to place the three modes in a relative 
order of magnitude, for the type 6D15 diode. 

(4.2) Investigation into Residual Gas Destruction of Excess 

Barium 

Evaporation and core solution of barium from a matrix are 
specific physical operations and may in time be defined in terms 
of mechanical dimensions, temperature, solubility, etc. The two 
quantities can be regarded as constant in similar cathodes running 
under similar conditions. Gas attack is, however, a somewhat 
random operation depending on the fortuitous circumstances of 
valve manufacture. The decay characteristic of Fig. 4 is there¬ 
fore compounded of two fixed physical components and one of 
a random nature. In starting the present inquiry into the 
magnitude of gas action contributing to the decay of Fig. 4, it 
becomes essential to define the base-line of processing quality 
control on which the residual gas pressure depends. From such 
a base-line a series of controlled sorties can be made to influence 
the decay rate by further improvements in the degassing treatment 
of individual members of the valve structure. 

The base-line of process control adopted for the present 
investigation is that used for the preparation of platinum-core 
pentodes for Post Office submerged repeaters (see Section 8.2). 
The process is based on hydrogen firing of metallic piece parts 
prior to assembly, and its success depends on a correct assessment 
of factors such as firing temperature, duration of treatment, 
hydrogen purity, etc. The results of this standardized processing 
have given satisfaction with pentode production, and the system 
is probably the best available starting-point for the diode type 
6D15 investigation. The results of Section 3 were obtained on 

diode type 6D15 samples pre-processed in this manner. 

The way to go is now clear. The batch decay rate of standard 
processed diodes is used as a control against which to compare 
the decay rate of an experimental batch having standard pro¬ 
cessing for all piece parts except one, which is given a much more 
elaborate degassing treatment. By comparative experiments o 
this type the whole of the metal components are systematically 

examined. ' , 

An exhaustive programme of work on the above lines failed to 

alter the decay rate over 250 hours by any greater amount than 
was to be expected from experimental error. These resu ts 
seem to indicate either that residual gas is not diffusing from 
the metal components of the diode, or at least that such gas is 
generated too slowly to influence the decay rate in a measurab e 
way over the period of observation. The batch size in these 
experiments was six to eight samples. A typical result is shown 

in Fig. 8. . .. . .. 

Attention was next turned to the possibility of gas evolution 



40 80 120 160 200 240 


Time , hours 

Fie. 8.—Decay characteristic of a control and experimental batch of 

type 6D15 diodes. 

X Control batch. 

O Specially outgassed collectors. 

from glass and mica, and certain of these experiments are perhaps 
of sufficient interest to merit brief description. Two examples of 
the glassware investigation will be mentioned. The noi mal 
running temperature of the envelope is 35°C, and one experi¬ 
mental batch was run in an oven at 100° C. No difference in 
decay rate over 250 hours was observed between the experimental 
batch and a control batch running at the normal envelope tem¬ 
perature. In a second experiment the area of the barium getter 
flash on the interior surface of the envelope was varied. The 
approximate surface coverage in the control case was 20 / 0 , and 
in the two experimental batches it was 40 and 80%. No dif¬ 
ference in decay rate was observed. From such experiments it 
was concluded that the main decay effect was not due to the 
evolution of gas from the glassware of the diode type 6D15. 

The mica problem was approached in two ways—first the 
thermal vacuum pre-processing was altered over a substantial 
range, and secondly the quantity of mica used was altered by one- 
half. ’ Neither variation affected the decay rate over 250 hours. 

One final experiment may be mentioned, since it indicates the 
extent of the work devoted to the gas investigation. It was felt 
that there was a possibility of electrolytic oxygen evolution from 
the hot alumina used as tungsten-heater insulant. To test this 
hypothesis a new heater was designed with thicker tungsten wire 
and so proportioned that, for the same heater power and cathode 
temperature, the new heater ran at approximately 100°C lower 
in tungsten temperature than the standard heater. As electrolytic 
conductivity is an exponential function of temperature, this 
difference should make a substantial change in the rate of oxygen 
evolution if this does indeed occur. Comparative tests of decay 
rates, however, gave a null result, and alumina electrolysis is 
eliminated as a cause of the decay. 
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The effort put into the gas investigation was a substantial one 
both in time and materials, but the results were uniformly null in 
character. The general conclusion reached, therefore, is that, 
over the test period of 250 hours involving a fall of some 70% 
of the initial total emission, the contribution to the decay by gas 
action is negligibly small. It follows that the decay in the 
diode type 6D15 during this test period is primarily due to loss 
of excess barium by core solution and/or by evaporation. 

All these experiments were carried out at a cathode temperature 
of 1 020° K. 

(4.3) Absorption of Excess Barium by the Platinum Core 

(4.3.1) Basis of Experimental Approach. 

If a standard type 6D15 platinum-core diode is made up with¬ 
out its barium-strontium-oxide matrix it can still function as a 
diode provided that the bare platinum cathode is raised to a 
sufficiently high temperature. Some typical results of such a 
measurement are shown in Fig. 9, where the tubes have been 



Fi g< 9.—Emission/time characteristic with a bare uncontaminated 

platinum cathode. 

run at a cathode temperature of 1 250° K. and with 6-0 volts 
on the collector. The total emission is seen to rise to a few 
microamperes and then to fall steadily to a low value ol around 
0-01/xA. The relatively high initial value is doubtless due to 
contamination of the platinum by some low-work-function 
metal such as calcium which distils off as time proceeds. As 
the platinum surface becomes cleaner the work function 
approaches 5-3eV, and at 1 250°K this results in an emission 
of negligible proportion. If at this stage a trace of metallic 
barium is distilled on to the clean platinum surface, the work 
function will fall drastically and a very large increase in emission 
can be expected. 


The comparison of total emission from a clean and a barium- 
contaminated platinum ca thode is the basis of the method used to 
investigate absorption of barium in the platinum core of the 
type 6D15 diode. After a supposed absorption has taken place 
the platinum-core oxide cathode is removed from its diode 
structure, the barium-strontium-oxide matrix is stripped by an 
acid process, and the bare contaminated core is reassembled into 
a type 6D15 diode. The total emission at 1 250° K is then 
measured over a time period using a new uncontaminated 
platinum-core diode as control. 

(4.3.2) Experimental Detail. 

A typical example will now be described to make the experi¬ 
mental technique clear. Suppose it is desired to investigate the 
barium content of the core metal after the 250-hour decay. A 
batch of six samples with a mean total emission of around 6mA 
is run under zero-load conditions for 250 hours during which the 
mean total emission falls to 2 -0 mA. The cathodes are removed 
from the diode structure, and the barium-strontium-oxide coating 
is stripped by the following acid treatment: 

Acid: Analytically pure hydrochloric acid diluted with equal 
volume of distilled water. 

Time: 10 min. 

This treatment is repeated to give three immersions in all, 
with renewal of the acid at each treatment. The cathodes are 
finally washed in distilled water. 

The bare stripped cathodes are then reassembled into type 6D15 
diodes and given the standard pump and process schedules for 
these valves. The batch is now ready for measurement wherein 
the cathodes are maintained at 1 250° K and the total emission 
of each sample is measured by the application of 6 volts to 
the collector at regular intervals. The measurement is con¬ 
tinued until the total emission has fallen to some low value. 
The required characteristic is the mean total emission plotted 
against time. A parallel control experiment is finally undertaken 
using new platinum cores in the processed state attained prior 
to the normal barium-strontium-carbonate spraying operation. 
A typical result is shown in Fig. 10, where curve ( a ) represents the 
clean core and curve ( b ) the contaminated core after the 250-hour 
decay operation. 

(4.3.3) Interpretation of Results. 

It is assumed that excess barium has diffused into the platinum 
core from the overlay of the activated barium—strontium-oxide 
matrix. The acid stripping process will remove the matrix and 
destroy the excess barium lying exposed on the actual platinum 
surface, but it will not affect the platinum itself or the barium 
lying beneath its surface. After reassembly and application of 
a temperature of 1 250° K to the cathode the interior barium will 
start diffusing through to the platinum surface, and the total 
emission will accordingly rise. This rise will continue until the 
surface concentration comes into equilibrium with the interior 
concentration. Once on the surface, however, the barium is 
subject to evporation, and this will lead to a progressive loss of 
barium from the core metal as a whole. The total emission 
therefore starts to fall, and this trend continues until it reaches 
the level appropriate to pure platinum. 

This hypothetical picture of the total-emission/time charac¬ 
teristic can be taken a step further. Suppose the core contains 
n atoms of barium and the average time that each atom resides 
on the cathode surface is t; then during surface residence the 
atom is responsible for passing an element of current i and an 
element of electrical charge it. Since all barium atoms must 
eventually pass through the cathode surface, the total quantity, 
Q, of electricity liberated from the surface is 

Q = nit 
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the determinations have been carried out under the conditions 
described in Section 4.3.2. The circumstances appropriate to 
each curve are listed in Table 3, where 
V H = Operating heater voltage during oxide-cathode decay 
period, volts. 

t — Time of operation at voltage V H , hours. 

I T0 = Mean initial total emission at beginning of oxide-cathode 

decay, mA. 

J ri = Mean total emission after time t, mA. 

A/y = lx o Itv 

Q = Area enclosed by curves, mAh. 

The whole series was undertaken with the oxide-cathode under 
zero-load condition. The bare platinum cores were measured 
for the function Q at 1 250° K. 


Table 3 


Curve 

No. 

Vn 

t 

Ito 

I T l 

A It 

Q 

Remarks 

(i) 

(ii) 

volts 

hours 

mA 

mA 

mA 

mAh 

0-008 

Pure platinum 

6-0 

250 

10-7 

1-6 

9-1 

193 

Contaminated 

platinum 

(iii) 

6-0 

250 

2-0 

0-9 

1-1 

70 

Contaminated 

platinum 

(iv) 

6-0 

0 

6-0 

— 

— 

24-9 

Contaminated 

platinum 

(v) 

3A5* 

250 

7-2 

7-0 

0-2 

17-4 

Contaminated 

platinum 

« 


* Corresponding to a cathode temperature of 850“K. 


Fig. 10.—Illustrating effect of barium absorption by core metal. 

At constant cathode temperature it is reasonable to assume that 
it is constant. 

Therefore Q 00 « 

This relation implies that the integrated area under the curve ( b ) 
of Fig. 10 is in direct proportion to the barium content of the core. 

(4.3.4) Factors affecting the Degree of Barium Contamination of the 
Core. 

The characteristics of Fig. 11 illustrate an attempt to gain some 
understanding of the factors that affect the degree of core con¬ 
tamination. Each curve represents the mean of six samples, and 



Time, hours 

Fig. 11.—Conditions affecting degree of core contamination. 


From the information given in Table 3 the following tentative 
conclusions are drawn: 

(a) Core Absorption. —From curves (i) and (ii) it is concluded 
that a powerful absorption of barium into platinum has occurred 
during the activation and operation of the cathode. . 

{b) Influence of A I T . —From curves (ii) and (iii) it is concluded 
that the quantity of barium absorbed by the core metal is a 
function of the range over which the total emission has decayed 

during the absorption period. 

(c) Zero Time Absorption. —The presence of barium m the core 
metal [curve (iv)] immediately after manufacture shows that 

penetration occurs during this phase. 

(d) Influence of Temperature. —Curve (v) shows that little 
barium passes from matrix to core at a temperature of 850° K, 
and this accords well with the observed lack of emission decay 
at temperatures below 800°K (see Section 3.3). Mobility of 
barium is clearly necessary both for core absorption and emission 

decay. 

(4.4) Loss of Excess Barium by Evaporation 
(4.4.1) Evidence of Loss, 

The main fall of emission in the platinum-core diode type 6D15 
over the first few hundred hours of life has now been traced to 
an actual physical departure of barium from the matnx. Ol 
the two possible modes of egress it has been shown that core 
solution is a powerful contributor, and it remains to be seen 
whether evaporation has an effect of comparable magnitude. 

That barium is evaporated from oxide cathodes is common 
experience and was perhaps first demonstrated in the classical 
experiments of Becker.6 With active nickel-core cathodes the 
evaporation is so rapid that at 1 250 D K a black stain of metallic 
barium is deposited on the valve envelope in 20 or so hours, 
and can be recognized by a sodium rhodizonate test. No such 
powerful reaction is observed with a pure platinum-core catho e. 
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and the act of evaporation must be demonstrated m more 
subtle fashion. 

An experiment carried out by C. B. Johnson 7 at Dollis Hill 
will be used to demonstrate the evaporation and at the same 
time to introduce a physical phenomenon which is to be con¬ 
sidered in the next Subsection. In this experiment two groups 
(50 each) of platinum-core pentodes type 6P12 were prepared 
under identical conditions and run on the life-test racks at the 
same cathode temperature but at different anode dissipations. In 
group A the anode temperature was 350° C, and in 5 000 hours 
this group had shown a significant growth of anode-control-grid 
capacitance. This capacitance growth is due to the deposition 
of barium films on glass envelope and mica. Group B runs 
with the anode at 240° C, and in the same period shows no 
sign of capacitance growth. A further point of interest is that 
the mean total emission of group A is about 50 % higher than 
the mean value of group B. It is proposed by Johnson - '' to 
explain these events in the following terms. Barium is evaporated 
from the cathode in both groups, and this barium 1 alls on the 
nickel anode plates. In group B with its cooler anode the barium 
settles and remains on the anode surface. In - group A the 
barium falls on to a hotter anode surface, re-evaporates and 
passes back either to the cathode or to the insulating surfaces 
of the valve. This secondary evaporation gives rise to the 
higher total emission of group A and also to its growth of 
capacitance. 

The hypothesis is neatly confirmed by placing the aged group 
B under conditions of group A—a very large but transient rise of 
total emission results immediately and the group ultimately 
increases in capacitance. 

(4.4.2) Rate of Evaporation Loss Relative to Rate of Core Absorption. 

The experiment described in this Section was based on the 
idea that barium is re-evaporated from a nickel anode main¬ 
tained above 320° C. If the hot anode or reflector completely 
encloses the cathode, barium will be returned to the cathode as 
fast as it leaves and no resultant surface loss of barium will occur. 

To develop this idea a type 6D15 diode was surrounded with 
a nickel shield running at a temperature of 345° C, and a decay 
curve was taken over the first 250 hours of life. The results are 
given in Fig. 12 as mean curves for a control batch and a shielded 
batch. Preliminary inspection shows that the rate and form ol 
the decay is practically unaltered by shielding, but the total 
emission is everywhere increased in the shielded case. The 
reason for this upward shift of the characteristic has been 
examined and the following explanation is offered. The total 
emission, measured at 400 mW, has an ambient temperature 
coefficient of +0-6% per deg C. The casing of the ordinary 
valve at 400 mW has an ambient temperature of around 22° C, 
corresponding to the envelope temperature; the shielded valve 
running at 400mW has a shield temperature of 56° C. There is 
therefore a difference of 34° C in ambient temperature between 
the two cases, and this leads to an error of 20 • 8 % in the total 
emission level. The temperature correction has been applied to 
the shielded case, and this brings them both into approximate 
coincidence. 

Some thought has been given to the influence of this shield 
on the temperature of the cathode during the decay period. 
For a common heater voltage of 6-0 volts the shielded cathode 
will run a little hotter than the standard structure. This does 
not matter in respect of evaporation, since any increase in rate 
of departure is compensated by an increase in rate of return of 
barium. With regard to core diffusion, however, the decay 
rate should be increased, but there is n6 evidence in Fig. 12 to 

* Mr. Johnson was assisted in this explanation by some useful conversations with 
Dr. J. J. Lander of Bell Telephone Laboratories. 



Fig. 12.—Influence of evaporation on initial decay characteristics. 

(a) Shielded case. (c) Temperature correction. 

(b) Normal type 6D15. 

show that this is happening.' It is possible, of course, that the 
increase in core-metal temperature is too small to show a 
detectable increase in diffusion rate, and this is confirmed to 
some extent by direct measurement of the tungsten-heater tem¬ 
perature in the two cases—at the same heater voltage no dif¬ 
ference in heater temperatures could be detected. 

In arranging the experiment it was found impracticable to 
enclose the cathode completely by the hot reflector, and end-gaps 
had to be accepted. The ratio of gap area to total area within 
the box was approximately 1:15, and it is assumed that the 
rate of evaporation loss from the system as a whole is reduced 
by this factor. The experiment is a slight one, but it gives 
support to the view that evaporation loss is not the predominant 
factor during the first few hundred hours of the decay. 

(5) DECAY IN A PLATINUM-CORE CATHODE UNDER 

LOAD CONDITION 

(5.1) Short-Term Decay 

So far, all the work described has been carried out under 
zero-load condition, so that the decay effects can be examined 
without the confusing presence of a possible electrolytic reactiva¬ 
tion by cathode current. The influence of a cathode load will 
now be studied, and Fig. 13 shows the relative influence of 
different levels of cathode current over a period of 900 hours. 
The curves are for mean values of ten samples in each group 
with all valves selected for an initial total emission of around 6 mA. 

The drastic initial decay from 6 to 3 mA is seen to be hardly 
affected by the cathode load, and over this phase, covering 
around 50 hours, the predominating influence is core absorption. 
Below a total emission of 3 mA, however, the influence of current 
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Fig. 13.—Influence of cathode current on decay characteristics. 
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Fig. 14.—Effect of gas attack on emission of groups of working 

valves. 


becomes apparent, and the decay rate is inhibited by an amount 
which is some function of the current magnitude. It is hoped 
in the present Section to go some little way towards proving 
that a cathode current results in the continuous production of 
barium within the matrix, and this hypothesis will be used as an 
explanation of the influence of current magnitude on the decay 
rate. 

(5.2) Long-Term Decay Characteristics 

Sufficient has now been said to attempt a prediction of the 
long-term behaviour of a gas-free platinum-core-cathode valve 
running under load condition. Three factors have to be taken 
into consideration, namely core absorption, evaporation, and 
electrolytic production of barium, and the resultant of these 
actions will determine the total-emission level at any time. In 
the initial stage the predominant influence is core absorption, 
and this will shape the total-emission/time characteristic for the 
first hundred hours. As soon as the barium concentrations in 
core and matrix approach equilibrium, the influence of core 
absorption becomes negligible, and the two factors of evapora¬ 
tion and electrolysis remain to settle the total-emission level. 
Depending on evaporation rate and current the barium con¬ 
centration in the matrix will approach a constant value, and 
the total-emission/time characteristic will become parallel to the 
time axis. This picture is, of course, essentially hypothetical, 
depending on the reality of the supposed electrolytic generation 
of- barium. 

Two actual cases of decay will be examined. The first con¬ 
cerns a group of platinum-core pentodes prepared with all known 
precautions against presence of residual gas, and the second 
concerns a similar group B in which residual gas is present. 
The two cases are shown in Fig. 14, and the gas-free group, is 
seen to conform, so far as the test goes over 8 000 hours, with 
the picture presented above; i.e. a rapid initial fall is followed by 
a flattening of the characteristic to an approximately constant 
value. 

The second case shows the behaviour of a group suffering the 
effects of residual gas generated from an imperfectly processed 
control grid. It has been shown elsewhere that the residual gas 
pressure in such circumstances is a maximum at zero time and 
decays in a roughly exponential manner. The rapid initial decay, 
therefore, is due primarily to gas deactivation of the matrix.. As 
the pressure falls the destructive action becomes progressively 
slower until it comes into equality with the barium-producing 
electrolytic mechanism. Thereafter the electrolytic action is in 
the ascendancy, and the matrix recovers towards its equilibrium 
value. 

Vol. 102, Part B. 


(5.3) Influence of Cathode Current on Storage of Barium in a 

Platinum Core 

The technique described in Section 4.3 for examining the 
absorption of barium in the platinum core provides a useful tool 
for investigating the effect of cathode current on barium produc¬ 
tion in the matrix. If a current flow results in continuous barium 
production, it is reasonable to assume that a proportion of this 
barium finds its way into the core. In this Section a direct 
comparison is made between the barium content of two cores 
one which has served its life under a matrix carrying current and 
the other under one carrying zero current. 

The practical details of the measurements are similar to that 
described in Section 4.3.2, and each curve in Fig. 15 is the mean 
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Fig. 15.—Influence of cathode current on barium storage in 

platinum core. 

of six samples. The three cases reported were not set up 
deliberately for the present purpose but were withdrawn from 
the life-test racks as suitable subjects for investigation. Details 
of the life conditioning are set out in Table 4, together with the 
mean values of Q for each case. The bare-cathode emission/time 
curves from which the Q functions are derived are shown in 
Fig. 15. 

The 6T15 type is identical in form to the type 6D15 diode, 
except that it is fitted with a third electrode and was run as a 
100-volt triode during the life conditioning. 

24 
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Table 4 


Curve 

Via 

t 

Tc 

Q 

Valve type 


volts 

hours 

mA 

mAh 


(«) 

(b) 

(c) 

_ 

6-0 

8 000 

10 

910 

6D15 

6-0 

3 000 

4 

735 

6T15 

6-0 

12 000 

0 

55 

6JL)15 


y n = Heater voltage during life conditioning. 
t = Time of life conditioning. 

I c = Cathode current during life condition. 

Q — Quantity of electricity obtained from bare 


cathodes at 1 250° 


K. 


The results appear to have considerable significance. The 
zero-load diode has accumulated no barium in its core and seems 
to have depended on its initial stocks—a result which shows that 
the reducing action of platinum on the barium—strontium-oxide 
matrix is of negligible importance. Both the current-carrying 
cathodes give unmistakable signs of substantial barium accumula¬ 
tion, and this can only have resulted from the action of cathode 
current. 

(5.4) Probability of Dispensation of Barium from Platinum Core 
to Matrix during Valve Life 

The experiments described in Section 5.3 suggest that core 
dispensation of barium to the matrix may exert a beneficial 
influence during the life of a platinum-core valve. If the matrix 
suffers a sharp fall of total emission following a transient gas 
attack, it can expect a flow of barium from the coie to assist its 

reactivation. . „ . , , , 

This possibility has been examined experimentally. A batch 
of six valves was run under current load condition for 3 000 hours 
to stock the cores with barium. The cathodes were then stripped 
of their barium-strontium-oxide matrix in the usual way and 
remounted in the bare state as type 6D15 diodes After 
increasing the emission to a maximum at 1 250 K (see big. 10) 
the batch was placed on long-term life test at the conventional 
cathode temperature of 1 020° K, and the total emission at this 
temperature was observed of a period over 6 000 hours. Results 
are plotted in Fig. 16 and indicate that after 6 000 hours the 
cathodes were still dispensing an appreciable supply of barium 
to the cathode surface. The emission from a pure platinum 
cathode at 1 020° K would be at least 1 000 times lower than the 
value reached at 6 000 hours on the contaminated cores. This 
dispensing action will be illustrated in greatei detail in Section 5.7. 


(5.5) Depth of Penetration of Barium into the Platinum Core 

The depth of penetration of barium into the platinum core is 
of interest and has been investigated in two cases—one with a 
life history of current load and the other without load. The 
technique used is to cut the platinum surface to a known depth 
with aqua regia and then measure the core for function Q c in 
the usual manner. In Table 5 results are set together with values 
of Q which which would be expected on the uncut surface. 

The depth of cut cl represents the thickness of the outer 
platinum surface removed, expressed as a percentage of the 
original platinum-core thickness. 


Table 5 




Fig. 16.—Dispensation of barium from a bare platinum core. 


Batches 1 and 2 were zero-load conditioned and show that 
barium penetration is largely limited to about 1 % of the platinum 
depth. Batch 3 shows a slight tendency to increased penetration 
under the impulse of cathode current. 

(5.6) Influence of Cathode Current on Recovery of a Platinum- 
Core Oxide Cathode from Oxygen Attack 

Useful information can be obtained by observing the behaviour 
of an oxide cathode under oxygen attack, and this general line of 
enquiry has received considerable attention at the Post Office 
Research Station. The example quoted in this Section is typical, 
and shows the influence of cathode current on recovery from an 
attack Experimental procedure takes the following form. A 
platinum-core type 6D15 diode is processed, and its space-charge 
characteristic is measured on a high-grade bench pump using 
silicone oil as its working fluid. After processing the valve with 
its cathode at a temperature of 1 020°K, it is subjected to pure- 
oxygen poisoning at a pressure of 1 X 10 4 mm Hg for 16 hours. 
The gas supply is then cut off, the residue is pumped away to 
a pressure of 5 x 10- 6 mmHg, the getters are flashed, and the 
valve is sealed from the pump ready for experimental examination. 

The cathode is first run under zero-load conditions at a cathode 
temperature of 1 020° K, and the space-charge condition is 
explored at intervals by a low-voltage pulse method over a 
period of 40min. At the end of this period the voltage is 
applied continuously to the collector for another 40mm. The 
results are set out in Fig. 17 in the form of a percentage recovery 
with time of the initial space-charge current—the initial value 
being that measured before the application of the oxygen attack. 
The curve shows no recovery during the zero-load period, 
followed by a rapid and complete space-charge recovery under 

load. 
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Fig. 17 .—Influence of current on recovery of a platinum-core 

cathode. 

This general type of poisoning-reactivation experiment is 
capable of many variants, and two will be mentioned as examples. 


(5.7) Influence of Core Dispensation of Barium on Recovery from 

Oxygen Attack 

It has been shown in Section 4.3.4 that there is a considerable 
core absorption of barium during the actual processing of a 
platinum-core valve. This absorption represents a reserve 
which may assist the cathode in recovery from an oxygen attack. 
To demonstrate this action the experiment of Section 5.6 is 
repeated but with the following variation: the zero-load phase 
is extended from 40 min to 800 hours to allow time for the diffu¬ 
sion of barium from core to matrix. During this extended 
period at a cathode temperature of 1 020° K the space-charge 
condition of the cathode is examined periodically by a low- 
voltage pulse method; the results are set out in Fig, 18. It is 



Fig. 18,—Influence of core dispensation on recovery from an 

oxygen attack. 

apparent from the curves that considerable space-charge recovery 
has taken place without the aid of cathode current, but the rate 
of recovery is very slow. The phenomenon is assumed to be 
due to core dispensation. 

(5.8) Nature of the Current-Dependent Activation 

The passage of an electron current through the oxide-cathode 
sets up a potential gradient across the matrix. The hot barium- 


strontium-oxide ionic lattice is thus under electric stress, and it 
is assumed that this results in a straightforward electrolysis. 
There is some evidence to support the idea of such a Faradic 
action in the manner of the recovery of cathodes from oxygen 
attacks. It has, for example, been found that the recovery rate 
is very dependent on the level of current traversing the cathode. 
At a cathode temperature of 1 020° K and an oxygen attack of 
the type recorded in Section 5.6, recovery at a current of 30mA 
takes about 30-40min, whereas recovery at 3mA takes 10- 
15 hours. The recovery is assumed to be complete when the 
normal-temperature total emission has reached 1 amp/cm 2 . These 
cases seem to indicate a dependence of recovery on the quantity 
of electricity. 

(5.9) Conclusions 

The primary object of Section 5 has been a search for the 
existence of a mode of excess barium production based on 
cathode current. Three points of significance have emerged: 

(a) The dependence of the total-emission level on current level. 

(b) The accretion of barium by the platinum core under load 
condition. 

(c) The dependence of emission recovery on cathode current after 
an oxygen attack. 

On the whole the evidence is regarded as strongly supporting a 
theory of continuous, current-dependent activation of a cathode. 


(6) HYPOTHETICAL EMISSION-LIFE MODEL OF A 
PLATINUM-CORE CATHODE 

(6.1) Under Zero Load 

Under zero load and freedom from gas attack the behaviour 
of the platinum-core valve appears relatively simple. In a well- 
activated cathode with high initial total emission, the emission 
decay over the first few hundred hours is dominated by the 
phenomenon of core absorption. As the barium concentrations 
of matrix and core approach equilibrium the rate of total-emission 
decay falls to a low value, and the phenomenon of evaporation 
becomes the prime compelling. factor. During this long-term 
phase of evaporation loss, the barium-concentration gradient 
between matrix and core changes direction, and the core begins 
to dispense barium to the matrix, This dispensation has the 
effect of inhibiting the rate of decay due to evaporation, Despite 
core,,dispensation, however, the trend is towards loss of barium 
from the cathode system as a whole, and the decay tendency is 
regarded as continuing indefinitely until the matrix concen¬ 
tration comes into equilibrium with the partial pressure of barium 
within the tube. 

(6.2) Under Load 

The reaction of the cathode under a constant-current load is 
obtained by superimposing a constant reactivation effect on to the 
zero-load model. Decay is everywhere slowed up until it ceases 
altogether at the point in time when evaporation loss is balanced 
by electrolytic production of barium. 

(6.3) Under Gas Attack 

Experience shows that gas attack in valves may take two 
forms: one is finite in duration decaying in approximately 
exponential fashion, and the other is indefinitely continued. 
The first form is a thermal outgassing phenomenon, and the 
second results from electron bombardment of insulating parts. 

The cathode reaction under load follows from an application 
of the principle of superposition. With the decaying type of 
attack the total emission falls below the equilibrium value of 
Section 6.2 and then slowly recovers to the normal equilibrium 
level as the gas pressure is withdrawn. Under a continuous 
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attack the total emission decays to a constant level below that of 
Section 6.2 and dependent on th,e«relative magnitudes of evapora¬ 
tion rate, gas destruction rate and electrolytic reactivation rate. 

(6.4) Comment 

This life model of the platinum-core oxide cathode is based on 
the experimental evidence of previous Sections together with two 
further assumptions—that the electrolytic action is invariant 
with time and that the behaviour of the cathode towards oxygen 
is representative of all other gases found in the working valve 
envelope. The picture presented is no more than a working 
hypothesis which is in harmony with a reasonably wide range of 
observed experimental facts. 

(7) CONCLUSIONS 

Two main conclusions are drawn from Part 1 of the paper. 
First, the behaviour of the gas-free platinum-core oxide cathode 
can be defined in terms of core solution, evaporation, core dis¬ 
pensation and electrolytic regeneration. Secondly, the cathode 
is largely immune to the action of oxygen. Once the attack is 
withdrawn the necessary excess barium is regenerated by 
current action. 

(8) APPENDICES 

(8.1) Pump Processing Detail for Standard Diode Type 6D15 

(a) Seal valve on to pump and evacuate to a pressure of 
5 x 10" 5 mm Hg. 

( b ) Bake for one hour at 400° C. 

(c) Eddy-current heat collector. Three doses of 15 sec dura¬ 
tion at 900° C. Degas getters. 

(d) Decompose cathodes to the following schedule: 


Time 

Heater voltage 

min 

volts 

i 

4-0 

i 

6-0 

i 

8-0 

i 

10-0 

4* 

12-0 


* Qr until manifold pressure falls to 5 x l0- fi mm Hg. 

(e) Repeat as for (c) with V H — 11 volts. 

(/) Collector bombardment: 

Time.5 min 

Heater voltage .. .. 11*0 volts 

Collector voltage .. .. 10 • 0 volts 

Collector current .. .. 100mA 

Flash getters and seal off pump. 

(g) Further activation: - 



Allow valves to cool and measure total emission at 400mW. 
No further treatment is given to the diode after this stage. 

(8.2) A Few Details on Piece-Part Pre-Processing 

(a) Glassware. Conventional treatment. 

■ (b) Mica. Vacuum stoved at 550° C for 16 hours, and stored 
in vacuum. 


(c) Metal piece-parts. Degreased and then hydrogen stoved 
for 5 hours at 950° C. Special precautions are taken to maintain 
hydrogen purity. 

(d) Carbonates. The carbonate sludge used throughout the 
work is a conventional co-precipitated one of barium-strontium 
carbonates in equimolecular proportion. The binder is a nitro¬ 
cellulose one, and the sludge is applied in the normal way by 
spraying to a known thickness and density. 

Part 2. EMISSION BEHAVIOUR OF AN OXIDE 
CATHODE ON PASSIVE AND ACTIVE NICKEL 
CORES 

(9) INTRODUCTION 

The barium-oxide-on-platinum system has been found to be 
essentially simple. The core metal is chemically inert and enters 
into none of the basic cathode reactions apart from its absorption 
effect. This absorption lends to the core its one positive func¬ 
tion—that of acting as a “bank” of excess barium. 

The nickel-core cathodes are more complex in behaviour, since 
the base metal itself and its useful contaminants are chemically 
active and play an influential part in the emission life of the 
cathode. It will be found helpful to study these .chemical 
actions in isolation, and a start will therefore be made by 
examining the pure or passive nickel case. This is very similar 
to platinum in behaviour but with two differences: the absorp¬ 
tion effect is largely absent and the core metal is strongly reactive 
to oxidizing residual gases at the working temperature. Once 
the pure nickel-core behaviour is appreciated, the more complex 
case of the active core can be approached with greater equanimity. 


(10) PASSIVE NICKEL-CORE BEHAVIOUR 
(10.1) Core Metal 

Very pure nickel is difficult to obtain, and in the present work 
a supply of nickel has been used that, although much purer than 
the conventional active-core metal, is still capable of some 
reducing action. Two supply sources were considered, one from 
an electrolytic method and the other from a powder-metallurgy 
carbonyl process. Quantitative spectrographic analysis of the 
two sources gave very similar results, and the data quoted below 
refer to the electrolytic type: 

Silicon .. .. 0 • 003 % 

Magnesium .. 0-001-0- 0005 % 

These figures must be treated with reserve, but they indicate that 
the activity of the passive metal is between 10 -1 and 10 -2 of 
that of the conventional active cores. 

It will be clear from these considerations that the passive 
nickel is pure only in the sense that it has a much lower level of 
activity than the normal core. Experience has shown, however, 
that this difference is a useful experimental device and leads to a 
contrasting behaviour from which certain chemical actions can 
be reasonably inferred. 

The relative levels of gross reducing power can be better 
appreciated from a simple experiment. Two batches of type 
6D15 diodes are prepared, one with passive and the other 
with active nickel cores. After the usual processing the two 
batches are run at 1 250° K for 50 hours. At the end of the 
run the active-core batch has developed an intense black stain of 
metallic barium on the glass envelope opposite the oxide- 
cathode; the stain in the passive-core batch is only just visible 
on careful inspection. That the stains in both cases are primarily 
barium is proved by opening the envelopes to air, whereupon 
the stains instantly disappear. 





METSON: A STUDY OF THE LONG-TERM EMISSION BEHAVIOUR OF AN OXIDE-CATHODE VALVE 


(10.2) Emission Decay under Zero-Load Condition 

The mean zero-load decay characteristic of a group of type 
6D15 diodes fitted with passive nickel cores is shown in Fig. 19, 



Time, hours 


Fig. 19 •—Zero-load decay characteristics. 

(a) Platinum. (c) Active nickel. 

(o) Passive nickel. 

together with the curve for platinum as a reference (the curve 
for active nickel should be ignored at this stage). The behaviour 
of the two cathode types is strikingly different, and may be 
summarized in the following way: 

(a) Over the first 1 000 hours the mean emission in the passive- 
nickel case is much superior to that in the platinum case. 

(b) After about 4 000 hours the characteristics converge, and 
thereafter the order of emission merit is reversed. 

(c) With the passive nickel core the emission rises to a maximum 
over the first hundred hours, whilst with the platinum core it falls 
continuously. 

These differences in behaviour must be due to one or both of 
the following causes: the presence of the low residual level of 
reducing power in the passive core, or differences in the basic 
properties of platinum and nickel. The first of these alternatives 
will be examined in this Section and the second will be con¬ 
sidered in Section 10.4. 

If the difference in behaviour is due to the presence of the 
residual reducing power of the passive nickel core, the degree of 
difference should be lessened by a lowering of the reducing 
power. The idea was put to the test in the following manner: 
A group of ten passive nickel cores were mounted in type 6D15 
structures and given the usual pump process. The bare cores 
were then run at a temperature of 1 500° K until a dense cloud of 
the core metal had evaporated on the glass envelope. This 
process caused a heavy loss of the volatile' magnesium con¬ 
taminant and resulted in a lowering of the gross reducing power of 
the core. The cores were then recovered, sprayed with car¬ 
bonates and processed in the usual way as type 6D15 diodes. 
A test over 6 000 hours resulted in a mean characteristic which 
showed no significant difference to that shown in Fig. 19. It 
is concluded, therefore, that the basic differences between the 
two characteristics of Fig. 19 are not due to the presence of the 
residual reducing power of the passive nickel core. 

(10.3) Investigation into Relative Rates of Absorption of Metallic 
Barium by Passive Nickel and Platinum Cores 

The difference in behaviour shown in the zero-load decay 
characteristics of passive-nickel and platinum cores can obviously 
be explained by a difference in the capacity of the two metals 
to absorb barium. That such a difference exists and is indeed 


very large can be shown by the following experiment. Two 
batches of platinum and passive-nickel cores were mounted bare 
in envelopes and given the usual vacuum processing. Each core 
was then set at a temperature of 1 000°K, and about 2-5mg 
of barium metal were distilled on to its hot surface from a getter. 
This distillation was carried out with the hand applicator of an 
eddy-current-heating machine in such a way that the period of 
distillation covered about 30sec. The cores from both batches 
were then recovered by opening the envelopes under fresh dis¬ 
tilled water, dried and remounted as bare-core type 6D15 diodes. 
After vacuum processing both batches were run at a cathode 
temperature of 1 250° K and a record was taken of the respective 
Q figures in milliampere-hours. The mean results for four such 
determinations are given in Fig. 20. 



Time, hours 


Fig. 20.—Characteristics of Q figures. 

(«) Platinum. 

(/>) Nickel. 

Comparison of the two characteristics shows that the platinum 
batch is immensely more active thermionically than the nickel 
batch. The Q figures derived from the characteristics are as 
follows: 

Q Pt > 40 000mAh 
Qni ~ 0*78 mAh 
QptlQm > 50.000 

If it is assumed that the Q figures indicate the relative absorption 
rates, it seems that at 1 000° K platinum absorbs barium at least 
ten thousand times faster than does nickel. 

(10.4) Interpretation of Results 

An attempt will be made to explain the differences in the form 
of the zero-load decay characteristics of oxide cathodes on 
platinum and passive nickel cores. For the purposes of analysis 
it will be assumed that the two systems are mechanically identical, 
have no reducing power, run at the same temperature under gas- 
free conditions, and that platinum alone has the power to absorb 
barium. Such a system has no means of generating barium and 
can only lose the metal by evaporation. It will further be 
assumed that the whole of this loss is by way of the outer surface 
of the oxide matrix. The rate of barium loss from this surface is 
directly proportional to the concentration n' of barium atoms 
lying on the surface, and from the known proportionality between 
surface emission and matrix conductivity, the loss rate can be 
related to total emission by 

Rate of barium loss oc n' cc (total emission) 2 
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The total barium loss over a period of time is thus a function ol 
the integral of the (total emission)2/time characteristic, and the 
losses of the two systems can be directly compared since their 
outer matrix surfaces are identical in all respects except con¬ 
centration of barium. A derived (total emission) 2 /time chaiac- 
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emission very low. If barium is now admitted to the matrix 
the emission will rise and the work function will fall progressively 
to a low value of about 1-leV. As injection of barium con¬ 
tinues the work-function trend is reversed, and it rises asympto¬ 
tically to a limiting value of 2-4eV, as the ratio of barium to 
barium-strontium-oxide becomes infinitely great. 

Minimum work function or maximum emission is then 
identified with an optimum value of the ratio of barium to 
barium-strontium-oxide. The rising characteristic of the nickel 
system is explained in the following terms. Up to 100 hours 
the ratio of barium to barium-strontium-oxide is greater than 
the optimum value, and the total emission rises because the 
matrix is losing barium by evaporation. At 100 hours the ratio 
is at an optimum, and thereafter it falls together with the total 
emission. In the platinum case it is assumed that the rapid 
absorption of barium into the core metal during actual manu¬ 
facture leaves the matrix with the ratio of barium to barium- 
strontium-oxide at or less than the optimum value at the 
beginning of the test life. 

This rather slight hypothesis has some little experimental 
backing. Examination of a number of type 6D15 oxide cathodes 
on platinum cores showed a proportion which did in fact lise 
to a maximum total emission before starting the decay. The 
time at which the maximum occurred was, however, always less 
than 5 hours. In a more deliberate experiment a type 6D15 
diode was processed in the presence of a barium generator of 
the batalum type. After the usual vacuum treatment, which 
included thorough outgassing of the batalum element, some 
barium metal was distilled on to the cathode at 1 020 K. The 
emission fell during the period of distillation and then slowly 
recovered to its previous value as the condensed barium on its 
surface dispersed by evaporation. This effect may be. due either 
to a temporary increase in work function or to an increase in 
thermal emissivity. The result is inconclusive but not destructive 
to the hypothesis. 
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Fig. 21.—Derived (total emission) 2 /time characteristics. 

(a) Pure nickel. 

[b) Platinum. 

teristic is given in Fig. 21, and integration of such curves over a 
period of 3 500 hours gives the following results: 

.3 500 

(. I T{ ) 2 dt = 660 units 


Nickel 


Platinum system 


Barium balance 


.3 500 

(I n ) 2 dt = 143 units 


= 517 units 


The period of 3 500 hours has been chosen since it coincides 
with the cross-over point (Fig. 19) of the two characteristics where 
both matrices must have the same barium concentration. 
Assuming equality of barium concentration at zero time, it 
seems that at 3 500 hours the platinum system still banks in 
its core metal a balance of 517 units, or 80% of its original stock, 
whereas the nickel-system stock is approaching exhaustion. 
The probability of further life after 3 500 hours thus appears 
more likely for the platinum than for the nickel system. The 
ideal core-matrix system would therefore seem to be one capable 
of transferring almost the whole of its zero-time barium stock to 
the core and then feeding the metal back into the matrix at a 
rate just sufficient to maintain the total emission at an adequate 
working level. The level accepted as adequate for the 2-watt 
cathode submarine repeater valve is. about 150/iA. This 
analysis covers points (a) and ( b ) of Section 10.2.. . 

The third significant difference in the characteristics ol rig. 19 
is the relative behaviour over the first 100 hours of test: with 
the platinum system the emission falls continuously, whereas 
with the nickel system it rises to a maximum at about 100 hours 
and then starts to decay. This difference is of interest, and an 
attempt will be made to explain it on the following lines. 
Imagine an oxide-cathode system in which the barium-strontium- 
oxide matrix is stoichiometric. Owing to the absence of excess 
barium the work function of the system will be high and the 


(11) OXYGEN ATTACK ON THE PASSIVE NICKEL CORE 
(11.1) Comparative Behaviour with Platinum Core 

The first of the two major differences between the core metals 
lies in their relative ability to absorb barium; the second con¬ 
cerns their reaction to oxygen attack. Platinum is unaffected, 
but nickel is powerfully oxidized at 1 020° K, and this leads to a 
remarkable contrast in behaviour of the two cathode systems. 
A simple experiment will illustrate the point. Two. type 6D15 
diodes—one fitted with platinum and the other with passive- 
nickel-core oxide cathodes—were mounted on a bench .pump, 
processed and then subjected to 16 hours of oxygen poisoning 
at a pressure of 1 X lO^mm Hg and a cathode temperature of 
1 020° K. After pumping away the gas, the pair were sealed 
from the pump, getters were flashed and the cathodes were run 
for 30min at 1 020° K with 8 volts applied to the collectors The 
voltage/current characteristics before the oxygen attack and a er 
recovery treatment are shown in Fig. 22. The platmum-core 
case has completely recovered whereas the nickel c^se shows 
sign of revival whatsoever. On further running of the nic e 
cathode at 1 250° K no further improvement occurred. This 
radical difference in behaviour can only be due to core oxidation 
in the nickel case. 

(11 2) A Reaction between Nickel Oxide and Barium Oxide 

It is assumed in the experiment of Section 11.1 an 
layer of nickel oxide forms during the oxygen attack and t 
this layer prevents a subsequent reactivation. The existence of 
the layer seems to be proved in the following experiment. Two 
sets of type 6D15 diodes with passive nickel cores were prepared, 
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Fig. 22.—Voltage/current characteristics before and after oxygen 

attack. 

a) Nickel before attack. (c) Platinum before attack. 

b) Nickel after attack. {d) Platinum after attack. 

and after vacuum processing, one set was subjected to oxygen 
poisoning at a pressure of 1 x 10“ 4 mm Hg for 16 hours at 
1 020° K. After pumping off the gas, getters were flashed and 
both groups were subjected to a steady increase of cathode 
temperature. The normal group showed no change of appear¬ 
ance of the oxide-cathode surface as the heater voltage was 
increased to 20 volts; the oxygen-poisoning group, however, 
gave a powerful reaction when the heater voltage reached about 
15 volts. This reaction takes the form of a vigorous fusing of 
the matrix from the normal white granular structure to a purple- 
brown fluid. The cathode temperature at which the reaction is 
first observed is about 1 400° K. Typical samples from both 
groups are shown in alternate positions in Fig. 23. 

The chemical reaction underlying the phenomenon is thought 
to be the formation of a fusible barium nickelite of the barium- 
nickel-oxide type, which is known to follow the interaction of 
barium oxide and nickel oxide at red heat. Two interesting 
points of practical importance to working valves arise from 
the question whether the nickel-oxide interface layer is stable 
with time and whether the nickelite reaction occurs at the normal 
working temperature of 1 020° K. 

(11.3) Stability of the Nickel-Oxide Layer 

A useful idea of the stability of the nickel-oxide layer with 
time at 1 020° K can be gained from the following experiment. 
Two batches of type 6D15 oxide-cathode diodes with passive 
nickel cores were vacuum-processed. One batch was held as a 
control, and the other was submitted to oxygen poisoning at a 
pressure of 1 X 10 -4 mmHg for 16 hours at 1 020° K. After 
pumping away the gas, getters were flashed and the valves were 
sealed from the pump. Both batches were then run under zero- 



Fig. 23.—Reaction between barium oxide and nickel oxide. 


load condition for a test period of 500 hours at 1 020° K. At 
the conclusion of the run both batches were subjected to a 
steadily increasing cathode temperature; the control batch was 
unaffected, but the oxygen-treated group showed the intense 
nickelite reaction at about 1 400° K. It is concluded that the 
nickel-oxide layer is relatively stable at 1 020° K. Microscopic 
examination of the cathode surfaces before the overheating 
treatment showed no differences between the batches, and this 
seems to show that prolonged heating at 1 020° K does not 
initiate the nickelite reactjon. 

(11.4) Reduction of the Layer by Hydrogen 

That the nickel-oxide layer is readily reduced by hydrogen is 
shown by the following experiment. Three passive nickel-core 
type 6D15 diodes were subjected on the pump to an oxygen 
attack at a pressure of 1 x 10" 4 mm Hg for 16 hours at 1 020°K. 
The gas was then pumped away and one valve was sealed off 
as a control sample. The two test cathodes were then set at a 
temperature of 1 020° K and subjected to the action of pure 
hydrogen at a pressure of 1 x 10 -4 mmHg with the collectors 
at 8 volts. Complete space-charge recovery was effected after 
3 hours of this treatment. Attempts to recover the control 
sample after the firing of its getter were unsuccessful, and after 
five hours’ treatment at 1 300° K it had regained only 10% of its 
original space-charge current. 

(12) ACTIVE NICKEL-CORE BEHAVIOUR 

It has been found useful to describe the behaviour of the 
passive nickel core as similar to the more basic platinum case, 
but with two differences; i.e. prevalence to core oxidation and an 
absence of core absorption. Following this precedent the case 
of the active nickel core will be based on the behaviour of the 
passive core, the one and only difference between the two cases 
being the introduction of powerful reducing agents capable both 
of direct chemical production of barium from the matrix and of 
reduction of the nickel-oxide layer. It will suffice, therefore, to 
limit work on the active core to a study of these reducing actions. 

The active-core nickel used for experiment in this Section con¬ 
tained approximately 0-08% magnesium and 0-08 % silicon, and 
was typical of the core metal used in industry. Both contami- 
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pentode valves which fulfilled the general requirement were 
found in the Life-Test Section. These valves came from a smgle 
factory run and were all aged under similar conditio . 
cathodes were recovered, stripped of the matrix overlay by 10 A 
acetic acid and distilled-water washing, and then subjec c o 
quantitative spectrographic analysis for magnesium The results 
are given in Table 6 and the mean values m Fig. 24. 
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nants are capable of direct reduction of barium oxide on the 
following lines: 

Mg + BaO = MgO + Ba 
Si + 4BaO = Ba 2 Si0 4 + 2Ba 

and the by-product of the silicon reaction is the undesirable 
orthosilicate interface layer. Calculation of the gross reducing 
power of the alloy shows that a typical cathode core is capab e 
of producing several hundred times the quantity ot barium 
necessary for full activation of the matrix overlay. 

(12.1) Reducing Power at 1250°K 

During manufacture, valve cathodes are taken up to a tem¬ 
perature of 1 200-1 300° K for a period ranging from 5 to 30 mm 
and the reducing power of the core under these conditions is o 
interest. The action can be demonstrated in the following 
manner: Two groups of type 6D15 diodes, one fitted wi i 
platinum and the other with active nickel cores, were processed 
and run at a cathode temperature of 1 250° K for 50 hours. The 
active group developed an intense black stain of metallic barium 
on the glass envelope whilst the platinum group showed no 
stain at all. The stain was proved to be barium by its reaction 
to a rhodizonate test and its instant disappearance in air. 

(12.2) Reducing Power at 1 020° K 

Reducing power at the conventional operating temperature of 
1 020° K can be demonstrated as in Section 12.1. At the lower 
temperature the action is, of course, much slower, but the 
envelope stains of barium in valves of the active group aie 
visible after 3 000 hours and fairly dense after 5 000 hours. No 
stains at all are visible in the control passive-core batch Both 
batches are aged under zero-load condition, and must be pro¬ 
cessed to a sufficiently high degree of vacuum to avoid oxide 

of the deposited films during the test run. 

It is clear that reducing power is available at the conventional 
operating temperature and must be considered as a potent factor 
in maintaining emission in early life. 

(12.3) Decay of Reducing Power during Life 

(12.3.1) Probable Form of Decay. 

The reducing power of an active nickel core is * 
and must suffer decay as it does useful work. To perform such 
work the reducing element must cross the core-matrix boundary 
Ld enter the malrix itself. If it is assumed that this boundary 
“freely traversed, the problem of decay is a relatively straight¬ 
forward exercise in diffusion theory. Thus if R 0 is the reducing 
power at zero time, the decay factor will take the general form 

R t = R 0 £~ xt 

The factor A can be expressed as a half-life function, and this 
itself will be an exponental function of core temperature. 

(12.3.2) Investigation of Decay in Working Valves. 

So far as the author is aware there is no f P U ,S Sh T h T s °L ml 
the problem of decay of reducing power with life. This is not 
IwXr -surprising since such an investigation would.require 
deliberate pZZg and a wait of years before useful results 
rnnld be obtained. The general lines on which such a test would 
be based would be the assembly of a large group of identical 
valves and their ageing in batches for times ranging from zero 
hours to 50 000 hours or more. The cores would then be 
recovered and examined for changes in concentration of the 

re No suelfdeliberate experiment has been arranged at the Post 
Office Research Station, but by chance a small group of common 


Table 6 


Life, hours .. . • 

0 

4 000 

36 500 

67 000 

Individual determina¬ 
tions, % magnesium 

0-076 

0-085 

0-072 

0-072 

0-068 

0-081 

0-063 

0-046 

0-057 

0-058 

0-055 

0-062 

0-039 

0-049 

0-038 

0-048 

0-055 

0-048 

0-041 

0-042 

Mean, % 

0-076 

0-057 

0*044 

0-045 
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Fig. 24.—Decay of magnesium with working life. 

Each of the figures in Table 6 represents the result obtained 
on one cathode core, and the individual values are set up to 
help assess the significance to be given to the mean lesults. T e 
batch is a small one, but there seems to be evidence to show that 
the bulk of magnesium decay occurs within the first 10 000 hours 
of life at 1 020° K. The levelling-out of the characteristic at a 
magnesium concentration of 0-044% may be due to one or bot i 
of the following causes: 

(a) The zero-time magnesium concentration of 0-076% may con- 

,a K»o1«l-o«hosiUcate interface layer may 
inhibit the passage of metallic magnesium from core to matrix after 
the first few thousand hours of life. 

No attempt was made to determine the decay of silicon with 
time, since it was found difficult to separate the sample from the 
orthosilicate layer. 

A second and rather different approach to the problem was 
made on three groups, each of six samples, which had aged for 
0 4 000 and 14 000 hours, respectively. The cathodes weie 
recovered, stripped of matrix in the usual manner, resprayed 
with carbonates and remounted as type 6D15 diodes. All the 
valves were then pumped to a gas-free condition, the getters 
were fired and the cathodes were run at 1 250°K for 50 hours. 
This is a simple test of gross core activity, which is measured by 
the intensity of the barium-metal stain deposited on the glass 
envelope. To give the test some little quantitative significance 
the stain densities were matched against a standard photographic 
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stepped density wedge* having a span of 21 steps ranging from 
the barely visible (No. 1) to the almost black (No. 21). The 
mean intensity number for each group of six samples is plotted 
in Fig. 25 against the ageing time in hours of the cathodes at 



Fig. 25 .—Stain-intensity-number/time characteristic. 


1 020° K. The test is undeniably crude, but it has the merit of 
showing the trend of gross effective reducing power in striking 
fashion. The results are consistent with the spectrographic 
evidence, and show a rapid decline in the first few thousand hours. 


nickel and active nickel. The supposedly significant chemical 
reactions are set out in Table 7, in which R represents the reducing 
element in the active-nickel case. 

It has been shown that the nickel-oxide interface found in the 
passive-nickel case is relatively stable with time at 1 020" K and 
prevents the build-up of an electrolytic action which might lead 
to rapid reactivation of the cathode. That a similar nickel-oxide 
layer occurs with the active core can be taken for granted, but 
in this case means are available for its reduction. If platinum 
and active nickel cores are subjected to a common oxygen 
attack of limited duration, it can be anticipated that the platinum 
cathode will recover rapidly by electrolysis whilst the active case 
will react in more leisurely fashion depending on the rate of 
flow of reducing agent to the oxide interface. The rate of 
recovery of the active core will therefore be a function of tem¬ 
perature, and its completion will only be possible if there is at 
least a chemical equivalence between gross reducing power and 
the mass of the nickel-oxide interface layer. These predictions 
are substantiated by experiment, and Fig. 26 shows a typical 
recovery characteristic from an oxygen attack at a pressure oi 
5-0 x 10-5mmHg for lOmin at 1 020°K. After shutting off 
the gas the valves were allowed to pump down for 10 min and 
then sealed from the manifold. No getters were used in the 
tubes, and recovery was effected at 1 020° K with a voltage of 
8 volts on the collectors. The recovery curves are expressed as 
percentages of the space-charge current given by each tube before 
the onset of poisoning. 


Table 7 


Platinum 

Pure nickel 

Active nickel 

Phase 

2Ba+ 0 2 = 2BaO 

2Ba + 0 2 = 2BaO 
2Ni + 0 2 = 2NiO 

2Ba + 0 2 = 2BaO 

2Ni + 0 2 - 2NiO 

NiO + R = RO + Ni 
BaO + R — RO + Ba 

Poisoning 

Poisoning 

Recovery 

Recovery 


(12.3.3) Comment. 

The evidence of Section 12.3.2 is slight and leads to little more 
than an impression of fairly rapid decay of conventional reducing 
power at 1 020” K. If a simple exponential form of decrement 
holds good, an estimated half-life of 10 000 hours at 1 020 K 
would lead to virtual extinction of reducing power at 50 000 hours. 

(12.4) Zero-Load Emission Decay Characteristic 

The mean zero-load decay characteristic at 1 020° K for a 
group of ten active nickel cores is shown in Fig. 19, together with 
the characteristics for passive nickel and platinum as a reference. 
The only known difference between the two nickel cases is int e 
concentration of reducing power. The’ two characteristics are 
similar in form, and the effect of increasing the reducing power is 
to displace the emission peak along the time axis by a ou 
3 000 hours. This shift is thought to be due to excess barium 
production by the reducing agents delaying the approach ol tn 
matrix to the optimum ratio of barium to barium s ron iu - - 
oxide. If this view is accepted, it must be ext<^J 0 . 1 

the cause of rapid decay of total emission after 3 000 hours as 
being due largely to the decay of reducing power. 

(13) OXYGEN ATTACK ON THE ACTIVE NICKEL CORE 
(13.1) Comparative Behaviour of Platinum and Active-Nickel-Core 

Cathodes 

The chemical complications of an oxygen a * tack ™ ^ 
cathode increase progressively with cores of platinum, pure 

* Kodak No. 3 density strip. Density increment, 0-15. 
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Fis 26 -Recovery of active nickel- and platinum-core cathodes from 
' a mild attack of oxygen. 

(a) Platinum. 

(£) Active nickel. 

The oxygen attack in the above experiment is regarded as mild 
and well within the capacity of the gross reducmg power of the 

active core.. 

(13.2) Comparison of Behaviour under a Heavy Attack 

To demonstrate the relative response to a heavy'oxygensittack 
the two type 6D15 diodes were subjected for 16 hours to a 
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nressure of 1 x 10-mm Hg at 1 020°K. After pumping away (13.5) Vulnerability to Oxygen Attack 

thP pvrpss eas the valves were sealed from the pump, the getters It has been shown that platinum is greatly superior to both 
® oched ’and the cores were left to reactivate at 1 020 K n i c kel-core types in recovery from oxygen attack, and it might be 
A +1^ current rarrvine condition. Recovery was rapid and assumed that the platinum-core valve is relatively careless of gas 
complete in theScTbut notably absent on the active and easy to process. However, this is not the case, and Fig. 28 
nickel core Extensive treatment at 1 250° K also failed to 
improve the nickel core, and it seems clear that 1to 
interface is more than chemically equivalent to h ®8 r ° s 
reducing power. If the core is finally taken up to 1 400-1 500 K 
it■ tonds to discolour-prohably a mild example ot a mckelite 

reaction. 

(13.3) Influence of Cathode Current on the Reactivation of an 

Active-Core Cathode 

A group of three active-core type 6D15 diodes was activated 
on the numo and subjected to a mild oxygen attack at 1020 K 
und« a P p”ssum of 5 0 x lO^mm Hg for 4min. The gas was 
then pumped away and the valves were sealed from the manifold. 

Recovery was effected at 1 020°K with one control 
current load and the other two with zero load Fiom time to 
time the two test valves were explored for reactivatron state by a 
lsec pulse method at the same potential asthatemployed 
control case. ■ The results are set out in Fig. 27, and they show 
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Fig. 28.—Response to common oxygen attack. 

(a) Platinum core. No reducing power. 

(b) Passive nickel core. Low reducing power. 

(c) Active nickel core. High reducing power. 
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Fig. 27.—Influence of cathode current on recovery of active-core 
0 cathodes. 

(a) Continuous cnthode current. 
b) and (e) No cathode current. 

that recovery is largely independent of current flow, and with the 
two test valves it may be regarded as a simple chemical reducing 
action. It will be recalled from Part 1 that in the platinum case 
no such recovery is possible, and quick reactivation is basically 
dependent on current flow. 

(13.4) Nickelite Reaction with Active-Core Cathodes 
A useful impression of the role played by the core activator in 
the recovery of active-core cathodes from oxygen attack can be 
gained by comparing the nickelite reactions on passive and active 
nickel cores. Two groups of type 6D15 diodes were processed 
subjected to 16 hours at a pressure of 1 x lO mm Pig at 
1 020° K and sealed from the pumps after the firing of the getter. 
Both groups were then run at 1 250° K for two hours to enable 
the core activators to work on the nickel-oxide interface. e 
cathodes were finally taken up to 1 400-1 500° K, whereupon the 
passive group showed an intense purple nickelite reaction whilst 
the active group gave only a faint discoloration. It is imagine 
that the active cores effectively reduced the nickel-oxide layer. 


shows that platinum is much more vulnerable to a common 
oxygen attack than either passive or active nickel cores. The 
reason for this lies clearly in the absolute dependence of the 
platinum core on electrolysis, whereas the two nickel cores are 
able to regenerate barium to varying extents independent 01 the 
existence of cathode current. It follows that, in early life at 
least, the active nickel core can maintain a common level ot 
emission at a higher residual gas pressure than can the platinum 
core. This insistence on a high quality of vacuum for efficient 
operation is a characteristic of platinum-core valves, ana probably 
explains the difficulty that experimenters have encountered in 
preparing such valves with high emission levels. 

(13.6) Comment 

The passive nickel core was seen to differ from platinum in its 
prevalence to core oxidation and its general inability to clear itself 
of its nickel-oxide interface layer. The addition of core reducing 
power has enabled the active nickel core to cope much more 
successfully with this layer and to bring its buoyancy under 
oxygen attack more into line with that of platinum However 
there is a definite limit to the extent of oxygen attack that the 
active core can withstand, whereas there appears to be no 
reasonable limit with platinum. This limit is probably reached 
when the nickel-core layer is chemically equivalent to the core 

te in C a 1 wdl^rocessed gas-free valve some core oxidation may 
occur during^manufacture, but this is readily cleared leaving the 
bulk of core reducing power available for reduction of the matr 
£2* ^ The resulting action at 1 020°K is a powerful flow of 
metallic barium, which maintains emission at an abnormally h g 
W1 Between 3 000-6 000 hours this action slows down, and 
'rLS begins to fall steadily until * 

reaches the same adequate steady working level as that of 
similar platinum-core cathode operating under the same current- 

Ca ?hi n virtues U of n 'this heavy flow of barium in early life are 
difficult to assess The abnormally high level of emission during 
fhe first 5 000 hours leads to no material improvement m per¬ 
formance of the common receiving valve and represents a 
Selndtae of barium. lu a badly processed valve 



METSON: A STUDY OF THE LONG-TERM EMISSION BEHAVIOUR OF AN OXIDE-CATHODE VALVE 


suffering from high residual gas level the superfluity may have 
merit in keeping the cathode in operation for a few thousand 
hours; under gas-free conditions, however, the flow can be dis¬ 
advantageous since it covers the insulating surfaces of the valve 
with a conducting film of barium and gives rise to electrical 
leakage, growth of stray capacitances and to intermittent noise. 

The reliance to be placed on core reducing power as an aid to 
valve life over 100 000 hours is problematical. The power suffers 
decay, and at 1 020° K it seems probable that the half-life is 
under 10 000 hours with activity approaching a theoretical 
exhaustion at 50 000 hours. If the cathode temperature drops 
to 900° K, the rate of deployment of the activator is substantially 
reduced, and under such circumstances might be a valuable aid 
in the 100 000 to 200 000-hour range. 

(14) CONCLUSIONS 

The long-term emission behaviour of an oxide cathode has 
been examined in a broad rather than detailed fashion, and a 
generally consistent pattern of behaviour has been observed. 
The basic model now accepted by the author is a matrix running 
under gas-free conditions, losing barium by evaporation and 
regaining it by electrolysis. In such a system both the working 
level of emission and the rate of barium evaporation are functions 
of cathode current, and in the equilibrium state atoms of barium 
and negative ions of oxygen leave the cathode separately but in 
equal numbers. Chemical activation plays no essential role in 
the model, and its provision is regarded only as a technical aid 
to the cathode in its combat with residual gas in early life. 

Perhaps the most interesting impression gained from the work 
has been the relative simplicity of oxide-cathode behaviour in the 
absence of a confusing core chemistry. It has, for example, been 
shown that the barium-strontium-oxide matrix is largely immune 
from permanent damage by molecular-oxygen attack, and alter 
restitution of the vacuum condition it shows a natural inclination 


to reassume its useful active state under the impulse of current 
flow. 

This is essentially an interim report, and the only justification 
for the emission-life model at this stage is that it seems in 
harmony with known facts. 


(15) ACKNOWLEDGMENT 

Acknowledgment is made to the Engineer-in-Chief of the Post 
Office for permission to make use of the information contained 
in the paper. The author also wishes to thank Mr. H. Batey for 
skilled assistance throughout the work. 

(16) REFERENCES 

(1) Eaglesfield, C. C.: “Life of Valves with Oxide-Coated 

Cathodes,” Electrical Communication, 1951, 28, p. 95. 

(2) Metson, G. H., Wagener, S., Holmes, M. F., and Child, 

M. R.: “Life of Oxide-Cathodes in Modern Receiving 
Valves,” Proceedings I.E.E., Paper No. 1137 R, June, 1951 
(99, Part III, p. 69). 

(3) Metson, G. H., and Holmes, M. F.: “Deterioration of 

Valve Performance due to Growth of Interface Resistance,” 
Post Office Electrical Engineers' Journal, 1953-54,46, p. 193. 

(4) Metson, G. H.: “Activation of High Vacuum Oxide-Cathode 

Valves,” Vacuum, 1951, 1, p. 283. 

(5) Forman, R., and Rouse, G. F.: “Oxide Cathode Base Metal 

Studies,” Journal of Research of the National Bureau oj 
Standards, 1951, 46, p. 30. 

(6) Becker, J. A.: “Phenomena in Oxide-Coated Filaments, 

Physical Review, 1929, 34, p. 1323. 

(7) Johnson, C. B.: Unpublished work. 

(8) Metson, G. H.: “Vacuum Factor of the Oxide-Cathode 

Valve ” British Journal of Applied Physics, 1950,1, p. 73. 


DISCUSSION BEFORE THE RADIO SECTION, 20TH APRIL, 1955 

ix cnQQtrur differences if in Section 8 the temperatures held 

Dr. D. A. Wright: The paper presents some ne J re ^ b | at the different voltages in the processing treatment, 

considerable importance in a very clear and interesting manner been given at me a neren 

and it is very valuable, in particular, to have the behaviour o . ^ ’ ■ the difference in results, I feel doubtful 

coatings of platinum established so a^^TiU^tation which the author gives of Fig. 19, i.e. 

however, to make a few critical remarks on some matters o ^ of ^^ions i n which too much barium is present in 

First, my own experience comparing pure and active nickel the coating 


does not entirely agree with that given in References 4 and 
We have found that if we give the minimum processing treatment 
which is sufficient to produce optimum emission from coatings 
on active nickel, the same processing treatment, ^Pphed 
coatings on pure nickel, does not m general produce such a hig 
emission. Moreover, at all earlier stages of processing t 
emission from the pure nickel is lower It shouiffibe meted that 
this is not a statement that pure nickel gives lower em ss on 
than active nickel; further activation will 
from coatings on pure nickel, and it may u y 

comparable with that from coatings on active luckel. 

We have convinced ourselves, too, that with active mcke 
coating in the best state of emission that we 
optimum surface covering of barium and has distributed mt^ 
coating also what seems best described as an optimum barm 
concentration. With the pure nickel cathode 
of barium, both in and on the coating, is ess suffices for 

nickel after a treatment identical with that which 

full activation of the latter. nnp can 

These remarks are not very helpful, of course, unless one can 

suggest some reasons for the difference m resuhs, and at present 
I am not able to do this. It would have been helpful, in ms 


I agree completely that, by distillation of barium from an 
external source on to the coating, one can lower the emission, 
by forming too much bulk on the surface. But we have never 
found evidence that this greater-than-optimum concentration 
can be produced by thermal treatment of the coating itself or by 
drawing current from it. Of course, this does not prove that it 
cannot happen, but we have never found it to happen. 

Secondly, I am uneasy about the statement in Section 2.3 tha 
emission is directly proportional to conductivity. Incidentally, 
this statement would contradict the suggestions m Section 10.4 
about what could happen if too much barium were present 
Under many conditions this statement is true, but it need not 
always be true. The requirement is that the situation at the 
surface remains constant while the internal barium concentra¬ 
tion i s altering. If the situation at the surface is constant, bo 
the conductivity and the emission are det^nmed1 by the position 
of the Fermi level. But if the surface adsorbed layer alters as 
well as the position of the Fermi level, there is one factor affecting 
conductivity while two factors are affecting emission, so tha 
there is not necessarily proportionality between them. 

This fact will not, of course, alter any of the author s con 
elusions in the earlier part of the paper. However, it does affec 
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the argument in Section 10.4, where he discusses the magnitude 
of the barium loss, comparing platinum with pure nickel. For 
example, at some stage the emission may be falling during life, 
entirely owing to a change in the surface covering of barium, 
and not affecting the bulk concentration at all. 

Under such circumstances a change in the surface concen¬ 
tration, linear with time, might produce a change in the work 
function, also linear with time, and hence a change in the 
emission, which would then be exponential with time. There 
could be quite a large change in emission with only a small 
change in the overall barium concentration. If this occurred, 
it would invalidate some of the remarks in Section 10.4. 

The fact that the life curves are exponential, as shown in Fig. 5, 
does not, of course, prove my point. Other mechanisms might 
produce an exponential curve. However, it is clear that the 
possibility I have outlined should not be ignored. 

Finally, I do not know why the author uses the expression 
“abnormally high emission level” in Section 13.6. The emission 
from the active nickel is not any higher at its best than the 
emission from platinum or pure nickel, according to his own 
figures. The highest emission which he quotes—and which 
incidentally agrees very well with the emission that we observe 
from well-activated coatings under , good vacuum conditions—is 
typical of a coating whose surface is covered with barium, and 
in which the internal concentration of barium is the optimum 
at the temperature in question, in vacuum. I do not think that, 
in any sense, this emission can be described as abnormally high. 

Mr- F. G. Haegele: The paper raises the fundamental idea 
that platinum simplifies the situation by avoiding either an 
oxidizing or a reducing interface, and it appears rather unfor¬ 
tunate in this particular case that we have found a new property 
for cores—that of core absorption and core dispensation. Can 
some of the difference which we have ascribed to this simple 
profit-and-loss account be ascribed to this new property rather 
than to the elimination of one of the old properties ? 

In Fig. 19 the two curves for passive and active nickel show 
manifestly the same peaks, and we can reasonably assume that 
these peaks are typical of an impurity in the cathodes and that 
they shift back in time, i.e. to a smaller number of hours, as the 
impurity level gets smaller. The author has posed the simple 
experiment of boiling out some of the activator. In view of the 
ratio of the impurities in passive and active nickel, which is of 
the order of 1: 50, can we regard this simple experiment as 
significant, bearing in mind that as we remove the magnesium 
we can expect that the peak will travel to the left of the curve 
and the slope on the right-hand side of the curve will gradually 
diminish ? The resulting change will be so small that it is doubtful 
whether, unless we have removed a very large proportion of 
magnesium, we should see any difference. 

In examining these curves I feel that the left-hand side is the 
most noteworthy, and it would be interesting if the nickel manu¬ 
facturers would provide extremely pure material, to see whether 
this upward slope could be made to turn itself inside out and 
become the same as curve (a). 

T should also like to comment on the novel explanation of the 
difference between curve (a) and the curves for nickel. A small 
change in processing, which might diminish the quantity of 
barium, would provide us with- more evidence. Has the author 
made this experiment? Alternatively, of course, there is the 
possibility of making a Richardson plot. 

In Section 12.3.2, does the spectrographic analysis for mag¬ 
nesium refer to a test taken on the surface of the cathode or on 
the bulk of the metal? In the latter case it would depend very 
much on the thickness of the cathode sleeve. Under item (a), 
X-ray diffraction might prove the existence of the oxide form. 

It may, of course, be no more than a coincidence that the 


steep fall in Figs. 24 and 25 corresponds in time to the rise in 
emission in Fig. 19 for the same active nickel. The author has 
stated that the results which are obtained here are quite slight 
in character, and I look forward to rather more data to cover 
this interesting period between 0 and 1000 hours, which may 
provide the pointer to further and more close interpretation of 
what I regard as the most interesting part of the zero-load 
characteristic curve. 

Dr. R. O. Jenkins: The author is a little unjust to previous 
workers in stating that the concept of electrolysis has never been 
proved, and that the proof would be the evolution of free barium 
rather than oxygen. In 1932 Berdennikova in the Soviet Union 
actually carried out the experiment. I believe that he correlated 
the total free barium evolved by a cathode during running with 
the emission (in coulombs) that had passed through the coating. 
His method was to have the cathode and anode running in a valve 
connected to a pump. When the valve was evacuated and out- 
gassed it was operated with anode current flowing. Finally, the 
free barium was estimated by letting in water vapour and the 
resultant free hydrogen, produced by reaction with the free 
barium, could then be measured after the water vapour had been 
frozen out. 

We repeated some of these results she or seven years ago and 
extended them, because originally only the total amount of 
barium produced was examined. Some of it was left in the 
matrix of the cathode and some was, of course, evaporated over 
the anode and possibly also on to the glass. 

We wanted particularly to find separately the amount retained 
in the matrix and also the amount which evaporated. If we 
wanted to measure* the amount on the anode it was dropped off 
into a side tube and the valve was removed from the pump, and 
similarly for the cathode. That also enabled us, although we 
were working on a pump system, to have a getter in the valve 
and approximate to normal valve conditions. The vacua were 
not, however, quite as good as in a commercial valve and 
definitely not as good as in the author’s carefully processed valves. 

One interesting point emerged when we re-examined the results. 
We had tested spectroscopically pure nickel and platinum 
cathodes. They were given identical treatment during the activa¬ 
tion and the same emission (in coulombs) during ageing for 
about an hour before estimating the barium evaporation. The 
evaporation from the pure nickel corresponded to just over a 
microgramme of pure barium, whereas from platinum it was 
only about 0 • 6 /xg. Neither of these cathodes could have pro¬ 
duced any free barium owing to chemical means. Therefore it 
must have been produced by electrolysis, and one would have 
expected the same quantity to be produced. It appears that the 
odd 0 ■ 4/xg had gone into the platinum, and this to some extent 
confirms the author’s results. 

It would be interesting to take some of the cathodes which the 
author had been using and strip off the coating. Instead of 
measuring emission with time and determining the Q-value, 
which is an integral of time emission, could not a tungsten 
filament be mounted adjacent to the platinum and the amount 
of barium being emitted be measured by the time taken to deposit 
a monomolecular layer on to the tungsten? 

A fairly close estimate could then be made of the total barium 
in the platinum. According to our measurements it would, 
after initial activation, be rather less than a microgramme. 
Assuming the figures given for the Q-value held, it would appear 
that about twenty times that amount might come from a valve 
that had been running for a long period with space current. 

Monsieur A. Bonan {France): The author states that for good 
valve life we have to consider emission and interface resistance. 
He seems to connect the two phenomena with the absence of 
silicon, which is why he tried to use platinum. 
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In Reference 3 the author refers to the use, in receiving-valve Emission does not seem to bear a direct relation to interface 


manufacture, of a nickel containing about O'05% magnesium 
and 0-08% silicon. During the processing the silicon reacts 
with the oxide matrix to form an interface layer of barium 
orthosilicate. At the beginning of the life we do not see any¬ 
thing, because this layer is activated by an excess of free barium 
atoms. The progressive deactivation of this layer owing the 
destruction in situ of the free barium by an invading oxidizing 
gas leads to the rise of interface resistance. 

In the present paper the author states that, if active nickel 
containing silicon and magnesium is used, we have, at the start, 
reasonable emission. If a small amount of oxygen is present 
the emission will fall. If we remove the gas the reducing agents 
come into play, and we have recovery of emission, because of 
the recovery of free barium atoms. But if free barium atoms 
appear in the layer they should also activate the orthosilicate 
and remove the interface resistance. However, if we make the 
test, we find, after a time, that interface resistance occurs. 

THE AUTHOR’S REPLY TO 

Dr. G. H. Metson (in reply ): I thank the speakers for their com¬ 
ments, which have been stimulating and thoughtful. Dr. Wright’s 
views on the emission levels from pure and active nickels are, to my 
mind, identical with my own. Under good laboratory conditions 
the levels are about equal; under poor processing conditions the" 
active nickel is always in better shape to weather the gas storm. 

I have sympathy with Dr. Wright’s doubts on the explanation 
given to account for the rising emission characteristic in Fig. 19. 
The idea of a “greater than optimum” barium concentration in 
early life is perhaps unconventional, but it is at least a rational 
hypothesis and I note that Dr. Wright offers nothing to supplant 
it. The paper makes considerable use of the supposed pro¬ 
portionality of surface emission and matrix conductivity, in that 
it assumes that total emission is a measure of excess barium 
content of the matrix. I agree entirely with Dr. Wright that 
this proportionality can be drastically disturbed by surface gas 
attack, but much care was taken in the work to see that the 
cathode was in concentration equilibrium at any time of emission 
measurement. Much of the work was carried out with the 
cathode under zero load in a sensibly gas-free atmosphere, and 
it is difficult to imagine a concentration disequilibrium occurring 
under such a condition. 

Mr. Haegele raises the point that platinum-core absorption 
and dispensation might complicate oxide cathodes rather than 
simplify them. I disagree with this contention, since in the 
equilibrium (or long-term) state the two actions are self-balancing 


resistance. We have had valves out of action owing to high 
interface resistance, which had higher emission than at the 
beginning of their life, before interface resistance was present. 

If the emission of a tube is relatively steady, the same cannot 
be said of the interface resistance. 

We found valves, out of action, which had an interface resis¬ 
tance of about 100 ohms, and we thought that it might be possible 
to compare them from time to time with other valves of the same 
kind. We put them on one side, and after three months we 
tested them again. The emission had not changed, but we found 
no interface resistance. It seems that Bounds and Briggs* also 
found such phenomena. 

According to the author’s reasoning, in the first case interface 
resistance should not appear, but it appears. In the second case 
it should remain constant, but it disappears. Moreover, in the 
two cases, the emission seems to be unconnected with interface 
resistance. 

THE ABOVE DISCUSSION 

and can be ignored. I am strongly of the opinion that our 
ultimate understanding of the oxide cathode will come from 
platinum-core studies, where the cathode can be examined in an 
isolation uncomplicated by inessential chemical side issues. 
The spectrographic studies of Section 12.3.2 for magnesium were 
conducted on the bulk material. 

The points made by Dr. Jenkins on the subject of electrolysis 
are pertinent, but I am surprised that he failed to raise the 
question of disposal of the electrolytic oxygen or the influence of 
electrolysis on cathode life. We are a little at variance in regard 
to our definition of “proof,” but I think that this is merely a 
question of attitude based on relative circumstance. In industry 
the active nickel core makes the existence of the electrolytic 
mechanism a matter of academic importance only, but the user 
of a platinum-core valve is wholly dependent on the phenomenon. 
With the bulk of British submarine repeaters working with 
platinum-core pentodes it is perhaps natural that at the Post 
Office we should remain excessively critical of the phenomenon. 

I agree with almost all that Monsieur Bonan has said. The 
essentials of long mutual-conductance life are the maintenance 
of adequate emission and the absence of interface growth. The 
latter can now be avoided, and I think there is little profit in 
studying it further. Future effort should concentrate on the 
basic problems of maintenance of emission. 

* Le Vide, May, 1954, p. 5. 
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(The paper was first 
SUMMARY 

Sintered alumina used for the insulation of valve cathode heaters is 
preferentially liable to sudden failure in service when the heaters are 
at a positive potential with respect to the cathode. The phenomenon 
has been studied in conventional valves run in varying conditions and 
also, in more detail, on simple two-electrode systems using recrystallized 
alumina as the insulant. 

The sudden failure is shown to be the last of three stages, (a) a time- 
consuming degradation of the insulant with rate exponentially related 
to operating temperature, (b) a period of intermittent sparking and 
arcing, and (c) a local weld between heater and cathode which appears 
as a more or less permanent circuit fault. 

The initial stage is accompanied by a transfer of tungsten from the 
heater across the alumina, and it is this process which is strongly 
enhanced when the heater is the positive electrode. Production of 
positive tungsten ions under electron bombardment from the cathode 
is postulated, and it is shown that tungsten transfer and also insulation 
failure are greatly retarded when the alumina contains a pore-free layer. 
This may be achieved in the laboratory by surface fusion or by the use 
of monocrystalline sapphire. 

Reasons for the apparent absence of widespread heater-cathode 
insulation failures are suggested. 


(1) INTRODUCTION 

(1.1) General Nature of the Insulation Breakdown 

Cathode heaters normally consist of a fine tungsten wire 
formed in some suitable shape and covered with a thin layer of 
sintered alumina which insulates the heater from the interior of 
the nickel cathode core. For reasons of circuit design the heater 
and cathode core may be operated at different potentials, and a 
failure of insulation under this condition may give rise to circuit 
derangement. 

Experience over the past few years seems to indicate that the 
probability of breakdown is related to the direction of the applied 
potential, and the dangerous direction is .that of heater positive 
to cathode. When breakdown occurs it appears to be quite 
sudden, with a fall of insulation from a thousand megohms to a 
fraction of a megohm occurring in a time of less than a minute. 

The paper describes the breakdown occurring in a range of 
common receiving valves, and records some preliminary experi¬ 
mental observations on the course and nature of the phenomenon. 

(1.2) Scope of the Investigation 

The investigation has been divided into two parts—a pheno¬ 
menological inquiry into the breakdown of common receiving 
valves, and an experimental approach to the nature of the pheno¬ 
menon through a simplified heater-cathode system. 

(2) BATCH TESTS OF COMMON RECEIVING VALVES 

(2.1) Testing Technique 

The valve type selected for examination was a high-slope 
indirectly-heated pentode with a 2-watt cathode system. This 


particular type was adopted as it is in common use, it is made 
in the United Kingdom by all of the large valve manufacturers 
and it can be readily assembled in the laboratories at the Post 
Office Research Station. Test batches of a common type were 
therefore available from a wide range of manufacturing sources, 
and it was furthermore possible to vary the heater-insulant 
system over an experimental range in the batches assembled at 
the Research Station. 

The general method of batch testing was to mount the test 
group on a substantial rack immune from mechanical shock and 
to run the group at some selected voltage with the heaters main¬ 
tained at a positive potential of 36 volts over the cathode cores 
(this particular potential was selected as of interest to the Post 
Office in the operation of submarine repeaters). Breakdown of 
heater-cathode insulation was detected and recorded by automatic 
repetition searching over the valve bank, each position being 
tested at intervals not exceeding thirty minutes. 

(2.2) Treatment of Data 

«► 

(2.2.1) Distribution of Lifetimes within a Batch. 

A study of the time to first failure of valves, within a batch 
tested in particular conditions, showed them to fall reasonably 
well into an exponential distribution with, consequently, a 
probability of failure constant with time. Results for one 
batch of 44 valves, shown graphically in Fig. 1, illustrate the 
extent of agreement between actual and theoretical distribution 
of survival for such an exponential distribution. 

For an infinite population, the time-constant of the exponential 
may be determined at any stage as the sum of the lives of the 
failures and of the testing times of the survivors, divided by the 
number of failures. The corresponding calculation of average 
life of valves in a sample batch at any stage gives the time- 
constant for the population life-distribution curve within con¬ 
fidence limits which may be derived from the number of failures 
and the Poisson probability distribution. 

(2.2.2) Batch Average Life. 

The time-constant of the assumed exponential distribution 
curve, calculable within known confidence limits, may be taken 
as a measure of batch average life without the necessity for testing 
to failure the entire batch. 

Calculated for 95 % confidence limits, it has been used as the 
criterion for assessing batches of valves run in different conditions. 

(2.3) Influence of Various Factors on Batch Average Life 

(2.3.1) Heater Temperature. 

Batches of valves were tested with different heater voltages. 
Heater temperatures were estimated from characteristics of heater 
current and voltage, using Shardlow’s curves of resistance and 
temperature. The plot shown in Fig. 2 indicates a reasonably 
linear relationship between the logarithm of batch average life 
and the reciprocal of heater temperature. There was no indica¬ 
tion that the nature of the breakdown had been altered at the 
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Fig. 1.—Distribution of survival within a batch of valves. 

- Curve showing actual survivors. 

-Theoretical curve. 

higher temperatures, and many subsequent tests were accelerated 
by running the heaters with a 10-volt supply, giving a heater 
temperature of near 1700° K. 

(2.3.2) Magnitude and Direction of Applied Direct Potential. 

All systematic testing has been carried out at the constant 
potential difference of 36 volts, but isolated tests at other 
potentials have left the impression- that an increase in applied 
potential tends to shorten the average life. 


Table 1 



No. of failures 

Average life 

Batch average life 
(95 % confidence 
limits) 



hours 

hours 

Heater positive 

46 

50 

38-68 

Heater negative 

10 

6340 

3 450-13210 


Evidence of a directional effect is given in Table 1 relating to 
two batches of valves tested at 1 700° K with a breakdown 
potential of 36 volts. 



RECIPROCAL OF TEMPERATURE, 10 4 /°K 

Fig. 2.—Batch average life as a function of temperature. 

I 95% confidence limits for average life. 

(2.3.4) Heater Coating. 

Various commercial brands of alumina powder from English, 
American and German sources were made into spraying pastes 
and electrophoretic coating suspensions. Pastes used in the 
commercial coating of heaters were also tested. Heaters coated 
with these were sintered at different temperatures and mounted 
in valves. No marked variation in batch life was found, but 
there was an indication that some powders give slightly longer 
life when sintered in the range 1 650°-l 700° C in preference to 
temperatures above 1 700° C. 

(2.3.5) Heater Construction. 

One batch of valves had an unusually long life when tested 
with occasional inspection, but when the survivors were opened 
and examined, it was found that breakdown had occurred 
undetected. These heaters were of the “faggot” type, all others 
being folded spirals, and the apparent improvement in life was 
attributed to the facility of free movement of this type of heater. 
A repetition of the tests, under continuous inspection, gave a 
much shorter life. 

(2,4) Breakdown Sites 


(2.3.3) The Cathode Core and the Heater Metal. 

No evidence was obtained to show that life was affected by the 
use of platinum, nickel or molybdenum as the cathode core metal. 

Also, no evidence was obtained to show that life was affected by 
the use of several varieties of silicated tungsten and molybdenum- 
tungsten as heater material. 


(2.4.1) Visual Appearance. 

After breakdown, heater coatings showed small stained patches 
the appearance of which suggested that they may have been due 
to arcing between heater and cathode. There was often a 
central dark spot with a metallic glint which lay at the bottom of 
a minute crater, and the inner surface of the cathode sleeve was 
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roughened and stained in patches corresponding to the positions 
of the stains in the alumina. No connection could be established 
between visible physical imperfections in the original coating and 
the position of the stains, which were taken to be the break¬ 
down sites. Fig. 3 shows part of a conventional heater alter 

breakdown. 


assumed that an initial time-consuming process leads to degrada¬ 
tion of the insulant with consequent production of transient 
sparks or arcs which would not normally be detected by the 
intermittent testing mechanism. Movement of the heater would 
often prevent this appearing as a permanent fault, but the worst 
stains are seen when local adhesion has occurred. Such an 
event would cause the fault to remain until severe movement, 
e.g. the mechanical vibration of the whole valve, disturbed the 
contact. It was, in fact, found useless either to remove the 
valve or to reduce the temperature of the heater in attempts to 
measure the cold resistance of the path, since the local short- 
circuit generally disappeared. 


Fig. 3.—Conventional heater showing breakdown sites. 


(2.5) Summary and Comments on Batch Tests 

The results indicate that there is, in all the conventional 
heater-cathode assemblies tested, the liability of sudden break¬ 
down of insulation. There is a marked directional effect, the 
liability being great when the heater is at positive potential with 
respect to cathode. This liability is an exponential function of 
operating temperature. The distribution of lives of valves within 
a batch approximates to an exponential distribution, which gives 
a constant probability of failure with time. 

The nature of these batch test results can be correlated with 
the appearance and frequency of the breakdown sites if it is 


Fig. 4—Simple assembly using recrystallized alumina tube. 

(3.1.2) Method of Test. 

Heater temperatures were adjusted by varying the voltage 
and were in general much higher than in the tests on normal' 
valves—usually about 2 300° K. The surface temperature of the 
alumina tube was approximately 1700°K measured by an- 
optical pyrometer. The applied potential was 500 volts from a 
d.c. source, equivalent to a voltage gradient across the alumina 
of lOkV/cm as compared with 5kV/cm in the tests on normal 


(3) TESTS ON SIMPLIFIED SYSTEMS 


(3.1) Technique 


(2.4.2) Stages of Growth. 

A survey of many scores of stains suggested that they had 
developed in a consistent sequence as follows: 

Stage (a ).—A small grey patch of indefinite shape. 

Stage (6).—Enlargement and assumption of a well-defined, 
roughly circular shape of even grey. 

Stage (c).—An intense stain at a central spot surrounded by an 
area of pale grey, bounded by a thin line of darker grey. 

In a batch of Valves run for constant time, the numbers of 
stage (c) stains on the heaters were roughly in the inverse ratio 
of the recorded times to first breakdown. 


(2.4.3) Chemical Tests. 

Chemical examination of material removed from stained 
portions of the heater showed tungsten present in all stains 
tested, and cathode core metal in some. There was always some 
staining material which could not be identified, being embedded 
in fused alumina grains, and this could have been heater or 
cathode metal or a compound of aluminium. 


(3.1.1) Description of Assembly. 

Commercial recrystallized alumina tubes, of bore 0*75 mm 
and wall thickness 0-43 mm, were cut to length so as to take a 
conventional 2-watt tungsten spiral heater, straight and uncoated. 
Around the exterior of the tube was wound in close contact a 
spiral of tungsten or platinum wire to serve as a second electrode. 
This assembly was mounted on a standard valve pinch, sealed in 
and pumped to high vacuum. Fig. 4 shows a typical assembly. 
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valves. Leakage currents were measured by a suitable meter 
protected by a 0 ■ 5-megohm series resistor. 

(3.2) Test Results 

(3.2.1) Leakage-Current Characteristics. 

The variation of current with time was studied, and a typical 
graph is shown in Fig. 5. An initial small rise was followed by a 


1 100 
1 000 
900 

< 


z 

LlI 


cc 

D 


Ul 

o 

< 

X. 

< 

UJ 

_J 






1 


- n 





A 








I 








J 








1 




















— 

— SLI 

-1-- 

GHT DISCHARGE 

\IOISE*—«■ 

— STR 

DNGDISC 

HARGE b 

IOISE—*- 

— 

• 


... u 





■v**X 


—* 

— 





;rz 









TIME, h 


Fig. 5.—Current/time characteristic under breakdown-inducing 

conditions. 


period of about 10 hours in which the current was stable. The 
current then rose rapidly, with violent fluctuation, to the value 
set by the limiting resistor, and this level was maintained for an 
ill-defined period terminated by heater burn-out. The curve of 
Fig. 5 has been smoothed to show the general trend in the rapidly 
rising period. During the initial stable period, it was possible 
to study the current/voltage relationship, and Fig. 6 shows this 
characteristic. 

(3.2.2) Discharge Noise. 

When a pair of high-impedance headphones was inserted in 
the d.c. circuit, it was noted that there was noise in the form of 
“clicks” superimposed on steady “frying.” . If the current was 
increased during the stable period by an increase in applied 
voltage, there was a rise in general noise level. During the 
unstable period, the rising current again produced a rise in back¬ 
ground noise level and also resulted in increased frequency and 
loudness of “clicks.” 

(3.2.3) Breakdown Stains. 

During breakdown, stains appeared on the outer surface of the 
alumina and developed roughly according to the scheme postu¬ 
lated in Section 2.4.2. These gradually grew together, producing 
a broad spiral band along the line of the external cathode wire. 
After breakdown, the alumina tube was sectioned and ground on 
Carborundum. Inspection of the stain shapes at different stages 
of grinding suggested that the stains had grown radially through 
the al umin a from external cathode to internal anode (i.e. heater). 
Fig. 7 shows a typical stained tube and the same in cross-section. 

(3.2.4) Effect of Reversed Potential. 

Two tubes, both carrying tungsten heaters and tungsten spiral 
outer electrodes were run at the same temperature and applied 
potential. In the system where the inner, hot wire was positive, 
catastrophic breakdown occurred in about 10 hours. Where the 
outer, cooler wire was made positive no breakdown occurred in 



Fig, 6.—Current/voltage characteristic before breakdown. 



Fig, 7.—Tube and cross-section showing breakdown stains. 


100 hours, and though there was some general discoloration of 
the alumina in the tube, there were no typical breakdown stains. 

(3.2.5) Effect of Lowered Cathode Temperature. 

Some assemblies were made in which the spiral cathode in 
close contact with the alumina was replaced by a hemicylinder ot 
platinum foil separated from the alumina by a gap of about 1 mm. 
These were run with heater temperatures of 2350°K. 
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surface temperature of the alumina was approximately 1 800° K, 
but the temperature of the foil probably did not exceed 600° K. 
The potential was 500 volts, with heaters positive. After 300 
hours there was no detectable leakage current and no stain 
formation. 

(3.2.6) Tungsten Transfer Phenomena. 

Fairly dense films of tungsten had often been found on the 
inner alumina surface of tubes and of normal heater coatings. 
In the tests described in Section 3.2.5 the bores were unusually 
clean, being practically free of tungsten despite the high tem¬ 
perature. A new test was made in which pairs of tungsten 
heaters were run at the same temperatures in the bores of small 
twin-bore alumina tubes with 500 volts applied potential between 
the heaters. One set was operated at 1 600° K and the other at 
2 300° K. In each case the bore surrounding the positive heater 
was contaminated with considerably more tungsten than was 
present in the bore of the negative side. It is also of interest 
that the “bores” in the sapphire plate assemblies described in 
Section 3.3 were nearly free from tungsten film after 1 500 hours 
at 2000° K. In those tests the cathode was hot, about 1 400° K, 
but passage of current was prevented by the nature of the insulant. 
These results suggest that bombardment of a heater by electrons 
from the cathode is probably a potent factor yielding enhanced 
tungsten transfer. 

(3.2.7) Effect of Fusing the Alumina. 

Some tubes were heated in an oxyacetylene flame until the 
outer surface was glazed, presumably giving a pore-free layer. 
One of these and an unglazed tube were tested under the usual 
conditions. The untreated tube suffered catastrophic breakdown 
in 8 hours, whereas the glazed tube maintained a steady insula¬ 
tion resistance of 5 megohms for over 300 hours. The stains in 
the unglazed tube were manifold and had in some places com- 



Fig. 8. -Surface-glazed tube showing slight staining. 


pletely penetrated the alumina. The glazed tube showed only a 
few stains of negligible penetration. Fig. 8 shows this tube and 
it may be compared with Fig. 7. 

(3.2.8) Chemical Aspects. 

Tungsten emanating from the heater could always be detected 
in the stained portions of the tube, and in some instances it was 
also detected on a platinum outer electrode. When a platinum 
cathode was used, this metal also could be detected in the more 
intense stains. As with the ordinary heater coatings, there was 
present staining material within alumina grains which could not 
be identified. 

(3.3) Use of Synthetic Sapphire 
(3.3.1) Description of Assembly. 

As an extension of the tests with glazed tubes, tests were made 
using monocrystalline alumina. Small plates of synthetic 
sapphire were grooved so that, when mounted in pairs, there was 
room for a conventional two-leg heater to lie in the grooves. 
The plates were bound tightly together with a spiral of platinum 
wire which served as cathode. The minimum wall thickness was 
0 • 25 mm. The assemblies were run with the heater positive. 
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(3.3.2) Test Results with Sapphire Plates. 

At first, the specimens were operated at heater temperature of 
1900° K and 500 volts from a d.c. supply. For 600 hours the 
insulation resistance remained greater than 10000 megohms. 
The potential was then raised to 1000 volts, equivalent to a 
maximum gradient in the alumina of 40kV/cm, and the 
heater temperature was raised to 2 000° K. This was maintained 
for a further 1 500 hours during which no staining could be 
observed, and the insulation resistance remained greater than 
5000 megohms. The temperature was raised to 2 350°K, and 
after another 500 hours the heaters burnt out without any increase 
in leakage current. 

(3.4) Comments on Tests with Simple Systems 

These tests have given an insight into the nature of the processes 
occurring during the induction period. The chemical evidence 
suggests that transfer of tungsten into and across the alumina may 
be the rate-determining process during the induction period when 
gradual degradation of the insulant is thought to occur. The 
results with cool cathodes indicate that tungsten transfer itself 
is dependent on electron flow. The results with partly fused and 
monocrystalline alumina show that porosity is a necessary link 
between electron emission from the cathode and tungsten transfer 
into and across the alumina. They also show that ordinary 
electrolytic processes cannot play a major part in catastrophic 
breakdown. 

(4) DISCUSSION OF RESULTS 

The main results of these experiments may be summarized as 
follows: 

(a) The breakdown, recognized in a working valve as a sudden 
failure of heater insulation, is the last stage in a process, the rate 
of which is an exponential function of temperature (Section 2.5). 

(b) One feature of this process is the transfer of tungsten from 
the heater into and across the alumina (Section 3.2.8). 

(c) Tungsten transfer is strongly dependent on the passage of 
current between cathode and heater (Section 3.2.6). 

id) The directional effect of applied potential observed in 
working valves is also observed in systems where both electrodes 
are of tungsten (Section 3.2.4). 

(e) The leakage current and the transfer of tungsten are sup¬ 
pressed by the presence of a layer of non-porous alumina 
(Section 3.3.2). 

An explanation of these facts can be given by assuming that 
positive tungsten ions are produced at the heater under electron 
bombardment. (These would move towards the cathode, and 
there is evidence that some tungsten actually reaches the cathode 
surface.) The rate of tungsten transfer is then dependent on 
. rate of positive-ion production, and the latter depends on current 
magnitude and on the temperature of the positive electrode. 

It is likely that some dissociation of the alumina itself, under 
electron bombardment, occurs simultaneously, and in this event 
oxygen ions will migrate towards the (anodic) heater and transfer 
of tungsten by migration as oxide is likely. The evidence does 
not permit a clear assessment of the importance of this stage. 

The presence of tungsten in the alumina and of positive ions 
in the region of the cathode surface would both tend to an 
increase in local field-strength at certain points. Such an effect 
would be self-accelerating and would terminate in a breakdown 
arc, as is found to occur. 

The breakdown can be avoided if the initial process, i.e. the 
bombardment of the heater with electrons, is prevented by inter¬ 
position of a pore-free layer of alumina. 

The mechanism outlined is undoubtedly simplified, but it 
probably includes the major factors responsible for heater 
insulation breakdown. 
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Having regard to the large number of series-operated a.c./d.c. 
receivers used on d.c. mains in this country with satisfactory 
results, it is curious that insulation breakdowns have not been 
more widely observed. In considering this point, the authors 
think it possible that the lack of widespread experience may be 
due to one or more of the following reasons. 

(a) Electrical and mechanical life of the valve itself may in 
some cases be less than the insulation life of the heater. 

(b) The breakdown “site” is unstable mechanically, and a low 
level of mechanical shock is usually sufficient to clear a fault. 
Examples have been found of valves with normal insulation but 
which have shown numerous breakdown sites when opened for 
examination. It is thought that such valves have suffered many 
heater insulation failures which have cleared themselves by 
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mechanical shock derived, e.g., from normal handling or the 
thermal shock of heater voltage switching. 

(e) A number of cases have been noted in which actual mech¬ 
anical fracture of the tungsten heater wire has coincided physically 
with an insulation breakdown site. It seems reasonable to 
assume, therefore, that a proportion of heater open-circuit failures 
is due initially to the insulation breakdown phenomenon. 

(5) ACKNOWLEDGMENT 

Acknowledgment is made to the Engineer-in-Chief of the 
General Post Office for permission to make use of the information 
contained in the paper. The senior author also wishes to thank 
Mr. D. J. Ravenhill, who has been associated with the experi¬ 
mental work involved in the tests on simplified systems. 


DISCUSSION ON 

“NOISE GENERATION IN CRYSTALS AND CERAMIC FORMS OF BARIUM 
TITANATE WHEN SUBJECTED TO ELECTRIC STRESS”* 


Dr. R. Street ( communicated ): It has been shown by the author 
that the noise developed in ferro-electric crystals and ceramics 
can be ascribed to the occurrence of discontinuous changes in 
polarization, and the analogy to the Barkhausen effect in ferro¬ 
magnetics has been pointed out. Attention has also been diawn 
to the time effects associated with noise generation by ferro- 
electrics. The similarity of the ferro-electric and magnetic cases 
may be even more striking than is claimed. 

For ferromagnetic materials the change of the intensity of 
magnetization, consequent upon a stepwise change in the applied 
field, is time dependent.! The phenomenon has been termed 
magnetic viscosity or after-effect. It is generally accepted that 
the observed time dependence is due to the influence of thermal 
agitation on the domain processes. For example, under certain 
circumstances, thermal agitation may provide sufficient energy 
to activate the movement of a domain boundary from positions 
of metastable to stable equilibrium. The process is thus one of 
thermal activation of Barkhausen discontinuities. By making 
plausible assumptions it is possible to show that. the time- 
dependent component of the intensity of magnetization should 
theoretically be of the fonn I(t) = .Slog t.% The origin of time, 
t, is the instant at which the stepwise change in field is made. 
In simple cases, S is directly proportional to the absolute 
temperature and depends inter alia on the material of the 
specimen and on the point of measurement on the magnetization 
curve. The predicted form of I(t) as a function of time has 
been observed experimentally for a number of materials, and, in 
particular, measurements of the quantity S have been made at 
different points on the magnetization curve. The maximum 
value of S for a given material occurs at, or near, the coercive 
force point of the magnetization curve. Thus the magnetic 
behaviour is similar to the ferro-electric behaviour illustrated in 
Fig. 11. Measurements on the temperature dependence of S, 
using specimens of Alnico and similar materials, demonstrated 
the linear relation predicted by theory. There are obvious 
difficulties in extending this to the ferro-electric case owing 
to the restriction of the available temperature range by the 


* Kibblewhite, a. C.: Paper No. 1752 M, January, 1955Tsee 102 B» P- 59 >- 
t EWING, J. A.: Proceedings of the Royal Society , A, 1889, 46, p. IL?. 

Street, R,, and Woolley, J. C.: Proceedings of the Physical Society, 1949, 62A, 

P I Street, R., and Woolley, J. C.: ibid., 1952, 65B, p. 679. ■ 


transition points and also by the increase in electric conductivity 
at the higher temperatures. 

The majority of measurements on magnetic viscosity have 
been made by direct magnetometric measurement of the intensity 
of magnetization of the specimen. The slow response of the 
magnetometer makes it impossible to observe individual Bark¬ 
hausen discontinuities while magnetic viscosity is proceeding. 
In the present connection it is interesting to note that the direct 
analogue of the ferro-electric method described by the author 
has been adopted in the investigation of magnetiq, viscosity of 
very-high-coercivity alloys, j In this form of apparatus the time 
differential of the intensity of magnetization is measured in 
terms of the e.m.f. induced in a search coil wound on a specimen 
placed between the poles of an electromagnet. For the majority 
of materials examined the e.m.f.’s induced by single Barkhausen 
discontinuities are not' sufficiently large to be resolved _ as 
individual pulses; the observed e.m.f., V, is a smoothly decreasing 
function varying as 1/t, 

for Koc^[I(f)]oc| f [logf]cci 


The failure to resolve the Barkhausen discontinuities is not 
surprising, since there is good evidence to show that for these 
specimens the volume of material involved in a Barkhausen 
discontinuity is about 10- :17 cm 3 . However, with suitably heat- 
treated Alcomax specimens it is possible to observe directly e 
impulsive Barkhausen e.m.f.’s superimposed on a 1// curve. 
The observed variation is essentially similar in form to that 

shown in Fig. 5. ' „ „„ t+n 

It would be very interesting to know whether any results e 
available which could be used to demonstrate quantitatively the 
existence, or otherwise, of “ferro-electric viscosity. . le 

phenonemon does in fact exist there appears to be no major 
difficulty in applying the thermal activation theory, developed 
for magnetic viscosity, to the problem. This would be of value 
in that the results shown in Fig. 6 suggest that the piocesses 
involved may be of a particularly simple form. The movements 
of the domain walls are also directly visible as noted , m Section 
5.5.1. As is the case for observations on magnetic viscosity, it 

f Street, R., and Woolley, J. C.: (To be published). 
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may be that the investigation of ferro-electric viscosity could 
lead to information on small-scale domain phenomena. 

Dr. A. C. Kibblewhite (in reply): Unfortunately, few of the 
results obtained in the course of the noise investigation of the 
barium titanate group lend themselves conveniently to an 
examination along the lines desired. However, those which are 
available do appear to support Dr. Street’s suggestion that there 
may be a close analogy between the time effects in certain ferro¬ 
magnetic and ferro-electric materials. 

In the ferro-electric ceramics examined the time effects referred 
to were most pronounced in the barium-lead-titanate com¬ 
pounds, and increased with the lead content, while in the pure 
barium-titanate specimens the effect was practically non-existent. 
In this respect the phenomenon seems to be similar to the ferro¬ 
magnetic case, where it is also noted that the changes in the 
magnetization with time are also greater in the high-coercivity 
materials. Considerable time effects were also discovered in the 
single crystals used in the measurements. 

The period of time over which significant changes in the 
polarization occurred also proved to be longer in the high 
coercivity specimens, although only in the 96 : 4 barium-lead- 
titanate ceramic did measurable increments continue for lengths 
of time comparable to those found in Dr. Street’s experi¬ 
ments. 

The increase of the polarization with time, subsequent to the 
application of a d.c. field to a ferro-electric, is most readily 
studied in two ways: (a) by recording the decay with time of 
the Barkhausen noise produced by the field, or (b) measuring 
the variation of -the incremental permittivity. A limited number 
of results from these two methods were available and the examina¬ 
tion of these is described below. 

Ideally, to examine the increase of the polarization with time 
from a study of the Barkhausen effect, the noise voltage should 
be integrated continuously over the period of measurement. In 
the present work the r.rn.s. noise level was recorded as a function 
of time. To'assimilate the above as closely as possible the level 
was averaged over equal intervals of time, and these values, taken 
as being proportional to the increase in the polarization, were 
plotted against log t. 

It was found that for values of t greater than about 1-5sec 
the relationship was indeed linear for the time over which the 
record was taken—20-30 sec. By the more sensitive method of 
counting the number of Barkhausen pulses produced by the 
applied stress, the time effects could be studied over longer 
periods. The analysis of such a record for the 98 : 2 barium- 
lead-titanate showed an essentially linear relationship between 
pulse number (i.e. A P) and log t, over a period of 3 min, but 
then fell away significantly. 

A similar examination of the incremental capacitance-time 
results revealed the same behaviour. With the single crystal and 
the 98 : 2 barium-lead-titanate specimen the time of measure¬ 
ment was some 60 sec, and in each case the decrease of this 
quantity (which is proportional to the increase in polarization), 
plotted against log t, showed a linear relationship. The 
same linearity was observed in the case of the 96 : 4 barium- 
lead specimen, and in this instance held over the 240 sec of 
measurement. 

It should be pointed out that in all these cases the applied 
stress was increased from zero and was almost invariably greater 
than the coercive field of the specimen. No results are therefore 
available on the time effects at various points on the hysteresis 
cycle. 

Likewise no results are available which might afford quantita¬ 
tive information on the effect of temperature on the phenomenon. 
In this connection, however, the reference made below to work 
by Merz seems pertinent. 


The fact that the polarization established by an applied field 
depended on its time of application raised the question whether 
there would be any decrease in the maximum polarization 
produced by a.c. fields of increasing frequency. An investigation 
of this was carried out on the crystal used in the noise investiga¬ 
tions. The strength of the applied field was kept constant and 
its frequency increased from 50 c/s to 20kc/s. The resulting 
hysteresis loops were photographed and the values of the 
maximum polarization measured. When these were plotted 
against the logarithm of the frequency a linear decrease in 
polarization was revealed up to about 15kc/s, when a sharper 
fall-off became apparent. Over a smaller frequency range a 
similar result was obtained from the measurement of the 
capacitance of the specimen on a high-voltage Schering bridge. 

It is possible to criticize these results on the basis that the 
effect may have been due to a temperature rise brought about 
by the large internal heating associated with the hysteresis losses. 
However, measurements of the actual rise in temperature of the 
specimen indicated that this was not sufficient to produce the 
effects associated with the upper transition point of the material. 
Moreover, forced cooling did not influence the results signifi¬ 
cantly. It is felt that the effect was quite genuine. 

It is not suggested, however, that this behaviour is common 
to all crystals of BaTi0 3 , but will be determined to a large extent 
by the physical form of the crystal and any strains, etc., present 
in it. Similar effects unique to individual specimens have been 
reported in connection with relaxations in certain ferrites. A>B 

This “lag” is also referred to by Merz, c who has shown that 
the strain components of the basic lattice structure of BaTiO a 
should be proportional to the square of the spontaneous polariza¬ 
tion in the same way as is found in other ferro-electrics. 

However, this relationship is confirmed only from the Curie 
point down to about 90° C, while at lower temperatures the 
measured values of the spontaneous polarization are smaller 
than expected. It is found that this discrepancy decreases with 
increasing field strength and temperature annealing. Merz 
concludes that the difference is, at least in part, due to the 
existence of anti-parallel domains which persist long enough at 
50 c/s at low temperatures to prevent the crystal from polarizing 
completely. The influence of temperature suggests that the 
effects depend to a large extent on the physical state of the 
specimen. 

It is tempting to conclude that this frequency dependence of 
the polarization and the long-time effects following the applica¬ 
tion of a direct voltage, are manifestations of the same pheno¬ 
menon, but the evidence is slight. 

Other time effects have been reported in the titanate group. 
In work on piezo-electric constants Bradfield D noted a creep 
under steady fields, which continued for several hours, and he 
suggested that some process with a relaxation time of several 
minutes was taking place. A comparison with the course of the 
incremental capacitance variation showed that this proceeded 
about six times faster. 

The whole problem of the time effects in BaTi0 3 is obviously 
fairly complicated, but what results are available suggest that 
some of the effects at least may be explained in terms of Dr. 
Street’s “ferro-electric viscosity.” 
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By A. C. GORDON-SMITH. 

(The paper was first received 2nd March, and in revised form 5th May, 1955.) 

(2) DESCRIPTION 


SUMMARY 

The instrument is in the form of a differential air thermometer, and 
consists of two similar glass cells connected by a glass capillary tube. 
A carbon-coated strip is placed in each o‘f the two cells; one of these 
strips absorbs the radio-frequency power to be measured and the 
other is heated by direct current. A liquid pellet in the capillary tube 
is displaced as a result of the differential expansion of the air in the 
two cells arising from the heat dissipated in the carbon-coated strips. 
After balancing the system by adjustment of the d.c. cell the radio- 
frequency power is finally determined by the measurement of the d.c. 
power which must be substituted for the radio-frequency power in the 
same cell in order to maintain the state of balance. The instrument 
has been used to measure powers of 10 to 100 mW at a wavelength of 
3 cm with a discrimination of about 0-2mW. 


(1) INTRODUCTION 

Until recently, centimetre-wave powers of the order of milli¬ 
watts have been measured by some form of bolometer or 
thermistor in a bridge circuit. It is known that these instruments 
do not respond in the same manner to both direct-current and 
radio-frequency heating, particularly as the wavelength decreases 


The milliwattmeter, illustrated diagramatically in Fig. 1, 
consists essentially of a differential air thermometer operating 
in a manner first described by Fleming. 4 Two similar glass cells 
are connected together by a piece of capillary tubing containing a 
liquid pellet which serves to indicate the differential expansion 
of the heated air in the two cells. Each cell contains a carbon- 
coated strip, one to absorb the radio-frequency power, the other 
being heated by direct current. The two cells and carbon strips 
are made as nearly identical as possible in order to compensate 
for ambient temperature fluctuations. The following'procedure 
is adopted in making a measurement. The expansion of the air 
in the one cell, caused by the heat communicated from the carbon 
strip absorbing the radio-frequency power, is counterbalanced 
by the expansion of the air in the other cell produced by a corre¬ 
sponding d.c. power applied to its carbon strip. In this balancing 
process the liquid pellet is kept stationary, and there is thus no 
actual expansion in either cell but only an increase in pressure. 
During tests on the instrument the equality of the two cells was 
checked by applying d.c. heating, and under balance conditions 
the d.c. powers differed by only about 2 or 3 %. In order to 



Fig. 1.—Milliwattmeter. 


(a) Waveguide. 

lb) Liquid pellet in capillary tube, 
(c) Metal plate. 

through the centimetre band; and they are normally calibrated 
by reference to a water-calorimeter, 1,2 though Cullen 3 has now 
demonstrated the possibility of another standard which depends 
upon the torque exerted on a vane suspended in a waveguide 
through which the radio-frequency energy to be measured is 
passing. For accurate measurements, both the water-calorimeter 
and Cullen’s wattmeter require a power of 10 watts or more. 
This means that a known attenuator must be used to calibrate a 
thermistor at the milliwatt level in terms of such standards. 

A considerable number of precautions have to be taken in the 
calorimetric method of power measurement if the error is not to 
exceed 2%, and some of these have been discussed in detail by 
Bailey, French and Lane. 2 It would clearly be desirable to have 
an instrument capable of direct measurement of powers in the 
range 10-100mW, thus avoiding calibration by comparison 
with a power a hundred times or more greater and the use 
of an attenuator, which may add a further element of un¬ 
certainty. It is believed that the instrument described in the 
paper will meet this need. 

Written contributions on papers published without being read at meetings are 
invited for consideration with a view to publication. . 

The paper is an official communication from the Radio Research Station, Depart¬ 
ment of Scientific and Industrial Research. 
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(d) Carbon strip. 

( e) Glass cell. 


allow for the slight differences in the characteristics of the two 
cells the magnitude of the radio-frequency power is finally 
obtained by determining what d.c. power must be substituted 
for the radio-frequency power in, the same cell to maintain the 

state of balance. ’ _ . 

The air cells are made of glass tubing with an outside diameter 
of 1 cm and a wall thickness of 0 • 05 cm, and they are tapered 






Fig. 2.—Glass cell and carbon strip in perspective. 

at one end as shown in Fig. 2; the overall length of each cell is 
5 cm. The internal diameter of the capillary tube connecting 
the cells is 0-5mm and its length is about 30cm. The absorbing 
elements are made of cardboard strip coated with carbon, and 
they are bent into the form of a V with the carbon on the inside. 
They are tapered as shown in Fig. 2 in such a manner that the 
heating in each case leads to similar'temperature gradients along 
them. In addition, it is found that this taper, in conjunction 

5 1 
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with an adjustable metal back-plate, gives a very good matched 
termination to the waveguide along which the radio-frequency 
power is flowing. The metal plate reflects the small fraction of 
power, which would otherwise be lost, back into the absorbing 
strip. Various liquids have been tried for the indicating pellet 
and a silicone oil of low viscosity has finally been selected as 
the most suitable. 

So far, the milliwattmeter has been used only at a wavelength 
of 3 cm. It is mounted in a section of rectangular waveguide 
of the same dimensions as that along which the power to be 
measured is transmitted, and an aperture is cut in the upper face 
of the waveguide so that the movement of the indicating pellet 
may be observed. When the highest attainable sensitivity is 
required a low-power microscope is used. 

(3) PERFORMANCE 

Measurements have shown that the voltage standing-wave ratio 
achieved when the milliwattmeter is included in the waveguide 
system as described above is not worse than 0-9, so that no 
additional impedance transformation is required. 

If d.c. or radio-frequency power is applied to one cell, the 
other remaining unheated, it is found that the deflection of the 
pellet varies linearly with input power over the range 10 to 
lOOmW and is at the rate of 1 -Smm/mW. This indicates 
that the rise in the mean temperature of the air in the cell 
varies linearly with input power and implies that all the heat 
lost from the cell to the surroundings is also a linear function 
of the input power. It would thus appear that the rise in the 
mean temperature of air inside the cell would not be influenced 
by the nature of the temperature gradient along the absorbing 
strip. 

The following is a detailed description of the manner in which 
a measurement is carried out. Between the radio-frequency 
source and the milliwattmeter there is inserted a flap-attenuatoi 
by means of which the attenuation can be varied rapidly between 
zero and 30 dB. The attenuator is operated in conjunction with 
a switch in the d.c. supply to the radio-frequency cell so that 
it is possible to effect a quick substitution of d.c. for radio-fre¬ 
quency power. The indicating pellet is brought to a balanced 
position with radio-frequency power in one cell and d.c. power 
in the other. Owing to the thermal inertia of the system the 
establishment of a balance under steady-state conditions takes 
several minutes, but the final adjustments, involving only small 
increments of power, may be made much more rapidly. The 
balance condition is repeated with d.c. power substituted for 
the radio-frequency power, and it is ascertained that the balance 
is not disturbed by switching between the two forms of heating. 
This procedure retains the advantage of steady-state conditions 
whilst minimizing the effect of fluctuation in the ambient tem¬ 
perature. The d.e. power equivalent to the radio-frequency 
power is then determined with the aid of a voltmeter and milli- 
ammeter, both of which must be accurately calibrated. 

Further evidence that the heat is dissipated in the absorbing 
element in a similar manner for both kinds of heating is found 
from the fact that when d.c. is substituted for radio-frequency 
power under balance conditions at various levels the initial 
balance in each case remains unaltered apart from small 
fluctuations that may arise from ambient temperature changes. 

From subsidiary measurements on the absorbing properties 
of the glass cell, it is estimated that about 1 % of the radio¬ 
frequency power to be measured may be absorbed by the cell, 


and although the heating so caused would contribute to the 
final increase in the temperature of the air inside the cell, there 
would be a small residual error in the determination of the 
power, since a similar effect is not present when the cell is 
heated by direct current. This error could be virtually eliminated 
if the cells were made of a suitable low-loss material. 

(4) COMPARISON WITH OTHER METHODS OF 
POWER MEASUREMENT 

With the aid of a directional coupler having a coupling factor 
of 15-50 ± 0-05dB a power of about 40mW was measured by 
means of the milliwattmeter described, and the power at a level 
15dB lower was determined simultaneously by a thermistor 
bridge, which had previously been calibrated by reference to a 
water-calorimeter in the manner described by Bailey, Fiench 
and Lane. 2 The agreement between the two measurements, 
allowing for the coupling factor, was well within the limits of 
experimental error, estimated to be about 2%. 

(5) CONCLUSIONS 

It is considered that the milliwattmeter described in the paper 
is a convenient and reliable instrument suitable for the direct 
measurement of radio-frequency power in the range 10 to 
lOOmW at wavelengths of about 3 cm. There seems to be 
no reason why the instrument should not be designed for 
both longer and shorter wavelengths in the centimetre and 

millimetre region. . . 

Further work at present in progress, in which metallic films 
on mica strips are used as the absorbing elements, indicates that 
it should be possible to achieve greater sensitivity and so to 
measure powers much less than lOmW. ... 

The work described has been concerned mainly with the 
production of an accurate instrument suitable for use in the 
laboratory. It is possible, however, that an application might 
be found for a simpler construction in which no d.c. heating 
was necessary and in which the displacement of the pellet was. 
calibrated directly in terms of radio-frequency power. 
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SUMMARY 

rpL., “hntwine ” which forms the radiating element of the 
Supertumstile aerial, can be used to fate ^ 

in certainvertfcahy polarized transmissions; 
examples for both horizontally auu J * * thickness com- 

unlike the Supertumstile' “Satl application is to television 

parable with a wavelength. The imme PP (41-68 Mc/s) 

broadcasting in the On«ed Krngdom n bo* Band n 

and Band III (174-216 Mc/s). t m having separately fed 

transmitting aerial is the use of a split system navmg f 

halves to avoid the need for a reserve aena . 


(a) 



(b) 


(1) GENERAL CONSIDERATIONS 
It is becoming general practice for a number c>f broadMl 

Ration stations may,' in tbe /fll 

(88-95 IIlTmSTb Mc/s) The aerial systems for 

S thfotr m 

the required It is then inevitable that some 

of the aerial systems will be mounted on a mast whose thickness 
Ts comparableMth a wavelength. Thjts f m a n^^uieRB.C. 

stations a square-section mast of about • known- 

For thin masts, satisfactory aenai designs are well taro , 
these include, for horizontally poianzed transmissron tl m R-CA. 

Supertumstile aerial* which uses radial ehements, and for ^ 
cally polarized transmission the four-dipote:system cage 

Coldfield 2 and other high-power British stations In Qn 

the four elements of one tier are fed m ph 15 ^' th ese 

square-section masts of side greater than about 0 1 
systems no longer give a horizontal radiation pa tern that 

sufficiently uniform for general broadcasting pmposes. 

For thicker masts an arrangement 
in-phase dipoles (horizontal or vertical according to 
tion required) can usually be found for which the hoiizon a 
radiation pattern is satisfactory, though the number £ any 
required may sometimes be inconvenient y g • • de _ 

systems of this kind, pairs of dipoles may e _ appreciably 
band batwing element as illustrated m Fig. 1, wit PP d l Y _ 

affecting the “y 


Fig. 1. 


-Two in-phase dipoles, (a), may be replaced by a batwing 
element, (S), having a closely similar radiation pattern. 

Approximate dimensions are in terms of mid-band wavelength, X. 
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pig. 2.—Systems for horizontal polarization. 

In-phase radiating currents. 


Upper Figures are plan views. -> In-phase rachaung — -r ^dialing 
“LowerFiSam 1 l“ntal-radiation patterns from relative-field-strength measurc- 
men^with models at 450 Mc/s. 

The advantages of using batwings instead of dipoles are as 

follows: , . 

(n\ The bandwidth of the batwing unit is at least as good as 
thS ofa wfde-band dipole which has a parallel stub to give 

° P (™The S numbeTof feed points of the complete aerial system 

18 (d Mechanical support is generally more convenient. 

(d) A wide choice of impedance (60 to 150 ohms) is aval a e 
by suitable adjustment of dimensions. 

band batwmg element as musua^u m a. mL a /uerrmtinm eiven in the paper are of systems in which 

Stag the radiation pattern. This follows the line of devdop- "““^“and whtah may be mounted on thick 

ment of the Supertumstile from the simple turn , _ "Resides systems for horizontal polarization m which 

“o ti«s of thetauple turnstile are replaced by- a smgta«et of ma^ — sy ^£ ^ * the Super- 

batwing elements; thus in the Supertumstile tte batvmgs « tipy ^ systems for vertical polarization mwinchlthe 

two planes at right-angles and have a central pp . P the number of elements per tier is halved by replacing dipoles by 
seen in the plan view, Fig. 2(a). But for § en ® r ^ pp mustr ated batwings Although in the application to television broadcasting 
batwing unit may also be used without a centi al p , advantages of batwings are sufficiently attractive to warran 

ta Fig. 1(h), . . ^^S.Uemi»‘hefeigd.theremaybeotoap^t.»s, 

■ -- —— ——---- ' ~ r nerhaos not requiring a wide band, m which the dip y 

" ad “ “ from which they were derived might be preferred. 

Dr. P hilli ps is with the British Broadcasting Corporation. 
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(2) HORIZONTALLY POLARIZED TRANSMISSION 
Fig. 2 shows a plan view of aerial systems for radiating hori¬ 
zontally polarized waves, together with their horizontal radiation 
patterns. The Superturnstile is shown in Fig. 2(a). The radia¬ 
tion pattern illustrated assumes a relatively thin supporting pole, 
and represents a ±0-5dB variation, but it must be remembered 
that the variation increases rapidly with size of pole, reaching 
about ±1 - 5dB for a pole of 0 - 2 A diameter. 

Fig. 2(b) shows a variant of the radial-element system. Two 
batwings are mounted perpendicular to the faces of a square- 
section mast and fed in antiphase. The batwing on each face 
is one-half of that illustrated in Fig. 1(b ), since the parent system 
consists of quarter-wave rods projecting from the mast—-an 
adaptation of the V- or quadrant-aerial . 4 If the mast-side 
dimension is about a quarter-wavelength the horizontal radiation 
pattern is nearly uniform, as illustrated. Some of the proposed 
low-power B.B.C. stations will radiate horizontally polarized 
waves in Band I, and a system based on the idealized arrangement 
of Fig. 2(b) will be used on a 4ft-square mast at most of these. 

The systems shown in Figs. 2(c) and 2(d) are tangential arrange¬ 
ments of batwings, i.e. the units [Fig. 1(6)] are mounted away 
from the mast and tangential to a cylinder centred on the mast 
axis. The system shown in Fig. 2(c) is also for a mast of about a 
quarter-wavelength side but is an arrangement deliberately 
chosen to give a directional pattern. This form of aerial was 
developed for the Band I transmission at the Norwich station, 
because the power that could be radiated over a wide sector to 
the south had to be limited to avoid interference in parts of 
southern England and on the Continent, where the same channel 
is being used. 

A system with the dimensions shown in Fig. 2(d) gives a fairly 
uniform horizontalradiation pattern and is suitable for Band III 
transmissions with a square-section mast of 4 ft side. Such an 
arrangement of four tangential batwings, with suitable adjust¬ 
ment of the spacing from the mast, can be made to give a fairly 
uniform pattern for a square-section mast whose side is in the 
range 0-5 to 0-9A, or less than about 0-24A. 

(3) VERTICALLY POLARIZED TRANSMISSION 
The batwing unit of Fig. 1(6) can be used with the slot aperture 
horizontal in arrays for radiating vertically polarized waves. 
Fig. 3 shows a provisional design for one tier of a Band III 
aerial suitable for the cylindrical portion of a mast such as is 
used at most high-power B.B.C. stations. Four batwings, 
mounted tangentially round the 6 ft 6 in-diameter mast as shown, 
and fed in phase, can give a reasonably uniform horizontal 
radiation pattern even though the mast diameter exceeds a 



wavelength in Band III; the variation with bearing is between 
+2-5dB and — 2-2dB relative to the mean. 

Four batwings mounted in the same way on a square-section 
mast of 4 ft side would give a considerably more uniform 
horizontal radiation pattern. Comparison with the system of 
Fig. 2(d) for horizontal polarization is interesting, since, in the 
event of Band III transmissions being required at a later date 
from the newer sites of the B.B.C., satisfactory designs for either 
kind of polarization—similar in basic requirements for elements 
and feeder system—would be available for mounting on the 
4ft-side masts. 

It should be emphasized here that the reduction in the number 
of feed points by the use of batwing elements in place of dipoles, 
in systems for horizontal polarization, is achieved because the 
number of tiers required to fill a given vertical aperture is reduced. 
But the factor of reduction is by no means always as low as one- 
half in systems of this type, though there is usually a worth-while 
improvement. Systems for vertical polarization can achieve the 
full reduction of one-half in the number of feed points within 
each tier, the optimum tier spacing being unaffected; but, unless 
there is a satisfactory parent system with dipoles JrA apart, the 
use of one batwing for every two dipoles may seriously degrade 
the horizontal radiation pattern. 

(4) OTHER DEVELOPMENTS 

A new feature of most television aerial systems to be installed 
at future B.B.C. stations is that they will be split into upper and 
lower halves. Each half will be fed through a separate trans¬ 
mission line running up the mast, and the halves will normally 
radiate in phase. In the event of a fault in one half the other 
half may continue to be used. With full power in one half of 
the aerial the effective radiated power would be reduced below 
normal by only about 3 dB. This arrangement allows a separate 
reserve aerial to be dispensed with. 

Future developments in television may require the transmission 
of two Band III programmes simultaneously from the same site, 
in which case there are obvious advantages in using a single 
Band III aerial array for the purpose. Batwing arrays of the 
type described can be matched very well to the feeder system 
(e.g. to give a standing-wave ratio better than 0 • 9) over the whole 
of Band III. With two channels spaced 15 or 20 Mc/s apart 
there should be no great difficulty either in combining both pairs 
of sound and picture signals into one feeder system oi in tiimming 
the aerial end of the feeder system to give the high degree of 
matching required at the two vision carrier frequencies. 

(5) ACKNOWLEDGMENTS 

The author is indebted to the Chief Engineer of the British 
Broadcasting Corporation for permission to publish the paper. 
The designs described are some of those being developed and 
engineered in the Research Department and the Planning and 
Installation Department of the Corporation. 

(6) REFERENCES 

(1) Wolf, F. J.: “Triplex Antenna for Television and F.M.,” 

Electronics , July, 1947, p. 88 . 

(2) Bevan, P- A. T., and Page, H.: “The Sutton Coldfield 

Television Broadcasting Station, Proceedings I.E.E., Paper 

No. 1116 R, November, 1951 (98, Part III, p. 416). 

(3) Carter, P. S.: “Antenna Arrays Around Cylinders,” Pro- 
" ceedings of the Institute of Radio Engineers, 1943, 31, p. 671. 

(4) Wells N * “The Quadrant Aerial: an Omni-Directional 

Wide-Band Horizontal Aerial for Short Waves,” Journal 

I.E.E., 1944, 91, Part III, p. 182. 



621.375.221.2 


Paper No. 1889 R 
Sept. 1955 


ON DISTRIBUTED AMPLIFICATION 
By D. G. SARMA, M.Sc. 

{The paper was first received 21th September, 1954, and in revised form 19th April, 1955.) 


SUMMARY cascade and terminated at both I“ d ^piifier LTwhSedepends 

The response characteristics of a distributed amplifier are discussed. 0 ff nCT^of the low-pass filter sections. The 
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method, 

which may be called “staggering,” may be applied with advantage to 
almost all the conventional circuits employed m constructing dis¬ 
tributed amplifiers. It enables one to obtain a flatter gain/frequency 
characteristic and a more linear phase-shift/frequency characteristic 

than could be obtained with the corresponding unstaggered amplifier. 

- . 1 _ r* xi r^-v r-srvrimpntPTTVnllflGTS tO cl 


on the cut-on irequeuuy ul ^— u 

overall gain characteristic is governed by the variation of the 
characteristic impedance of the anode line within e P 
band and the overall phase-shift characteristic is identical 
with’that of the lumped lines. Since the characteristic im¬ 
pedance of such lumped lines consisting of senes^nductance 


characteristic ana a muic mitai -- peoance oi sucu ium^u - - ,, . f 

than could be obtained with the corresponding unstaggered amplifier ^ shunt . capaci tance elements increases as the cut-off fre 

Photographic records of the response of experimental amplifiers to a ^ . g ap £ oachedj the amplifiers show a peak in the gam 

step-voltage input show this improvement very clearly. characteristic below the cut-off frequency. Also, in general, the 

--- phase-shift characteristics of low-pass filter sections devote from 

,,, TW 'rortntT(~nr>N linearity as the cut-off frequency is approached. Attempts to 

(1) INTRODUCTION J jn the ain characteristic have given rise to a 

The principle of distributed amplification was origina y number of c i rcu i t arrangements. Similarly, attempts have been 
suggested by Percival and has since been developed by many tQ linear j ze t i ie phase-shift characteristic by using special 

other workers. A distributed amplifier consists mainly of two Mogt of these me thods replace the simple constant-* 

transmission lines of identical characteristics, called teg network by more complicated networks which exhibit 

and the anode line, with a number of amplifying valves.arranged LC ““ more linear phase-shift characteristics. Thus 

between the two lines in the manner shown m Fig. 1. The lump tual coupling between the coils forming the successive series 

elements of the line has proved to be useful in improving the 
phase-shift characteristic, and pairing of the anodes and intro 
during lossy elements in the filter networks have been used to 

improve the gain characteristic . 1 ’ 2 

A new method is described in the paper which improves bo i 
the gain and the phase-shift characteristics at the same time. 
This method may be termed “staggering.” The lumped lines m 
the distributed amplifier are so arranged that the anode-line 
travelling wave and the grid-line travelling wave are not in phase 
at corresponding points along the lines. It may appear at first 
that this will produce distortion by spacing the component 
signals (i.e. the signals which appear at the output through the 
different valves) in time. But it is found that the steady-state 

, + , , A • al gain and phase-shift characteristics may be improved considerably 

transmission lines are terminated properly at each end. A signal proper i y adjusting the stagger. The principle underlying this 
voltage applied at the input end of the grid line travels down the Dr0 vement i s quite simple and is explained in Section 2 with 

line to the other end where it is absorbed by the terminating / t0 the constant-/: LC filter network, 
impedance. This travelling signal, is picked up by the several 

valves, the grids of which are connected to the grid line as shown. PRINCIPLE OF STAGGERING 

From the anodeof "Ive ^ In an amplifier embodying the constant-* LC filter network as 

characteristic^ the forlard-travelling signals from each of the the elements of the lumped lines the stagger js introduced^by 

anodes appear at the output terminating impedance at the same making the cut-off frequency of the grid line a > 

amplified and spaced equally apart. This voltage is of no by the two lines increases continuously as the frequency 

_ .D _ ic inct in the: non-reflectmg increased. .. 



consequence for amplification, and is lost in the non-reflecting 

terminating impedance. ■■ . 

For faithful reproduction of the input signal an amplifier is 
required to have a large bandwidth with flat amplitude and de ay 
characteristics. The lumped transmission lines used in a dis- 


increased. .. ;11 

With the above arrangement, therefore, the anode line will 

introduce a phase shift larger than that introduced by the grid¬ 
line. In Fig. 1, let the phase shifts introduced by the individual 

cprtinnc of the anode line and the grid line be 9 and v g 
characteristics. The lumped transmission imra — - -7 sections 01 me «uiuuc b p 

“ amplifier consist of low-pass filter sections a rrange^ fespectivdy.^^ ^ ^ ^ ^ characteristic of the 

amplifier can be understood in the following way: Let OA m 
Fig. 2 represent the voltage vector at a particular frequency at 

[689] 
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The improvement in the gain characteristics is easily under¬ 
stood. If the stagger is adjusted in such a manner that the 
vectors OA, OB, etc., arrange themselves so that the resultant 
is zero at some frequency just below the cut-off, the peak in the 
gain characteristic can be avoided. 

Tischer 3 has shown that the gain-bandwidth product of an 
amplifier is approximately proportional to 


r o° 

A(co ) cos [A (f>(a))]da> 


•no 


Fig. 2.—Vector diagram to illustrate improvement in phase-shift 
characteristic due to “staggering” in 5-valve amplifier. 


OV = Input voltage. 
OA, OB, OC, OD, OE 


Output voltages due to valves Vi, Vj, Vj, V.i, Vs respectively. 


the output terminals of the amplifier due to the component 
signal which has travelled through the first valve and then through 
the anode line. Its phase angle with respect to the input voltage 
is tt + (n — 1 )6 p , n being the number of valves in the amplifier. 
The component signal, which travels along the first section of the 
grid line and then arrives at the output terminals through the 
second valve and the remaining portion of the anode line, 
suffers a phase shift of 6 g + (n — 2)9 p + tt, and consequently 
lags behind the voltage OA by an angle (9 p — 6 g ). Let this 
voltage be represented by the vector OB. In a similar manner, 
the component signal which arrives at the output through the 
third valve travels through one section more of the grid line and 
one section less of the anode line, and consequently falls behind 
OB by the same phase angle (9 p — 0 g ). Thus, the overall output, 
which is the vector sum of these and all other such component 
signals travelling through different portions of the anode and 
grid lines, suffers a net phase shift which is less than that intro¬ 
duced by the anode line from the anode of the first valve to that 
oi the last valve, and greater than the phase shift introduced by 
the grid line between the grids of the first and last valves. As is 
shown later, the phase shift of the final output is, in fact, the 
average of these two phase shifts. Since the grid-line cut-off 
frequency is made higher, the phase-shift characteristic of the 
grid line is such that its deviation from linearity is less than that 
of the phase-shift characteristic of the anode line at all frequencies 
below the anode-line cut-off frequency. Consequently, the 
average of the two characteristics is more linear than the phase- 
shift characteristic of the anode line (see Section 10.1). That is, 
the linearity of the overall phase-shift characteristic of the ampli¬ 
fier is better than would have been obtained by making the cut-off 
frequencies of the two lines identical and equal to that of the 
anode line (see Fig. 3). 



Fig. 3.—Curves illustrating the principle of phase-shift improvement 

by staggering. 

(a) Phase-shift characteristic of anode line. 

(b) Overall phase-shift characteristic of amplifier. 

(c) Phase-shift characteristic of grid line. 


where A(co) is the amplitude characteristic and A <j>(co) is the 
departure of the phase characteristic from linearity. When a 
distributed amplifier is staggered, both A(co) and A^(oj) are 
modified. Therefore, the gain-bandwidth product will improve 


CO 


if the reduction in 


A(a>)da> is more than compensated by the 


reduction in A (f>(oo). Photographic records of the transient 
response of experimental amplifiers (Figs. 14 and 15) show that 
there is a slight overall improvement in the rise time of the 
staggered amplifiers. Since the gain is the same In both ampli¬ 
fiers, this means a corresponding improvement in the gain-band¬ 
width product. 

We shall now proceed to study the effect of staggering on the 
gain and phase-shift characteristics of distributed amplifiers with 
three different types of network. 


(3) AMPLIFIER WITH CONSTANT-* LC FILTER NETWORK 

The overall gain characteristic of a staggered distributed ampli¬ 
fier with constant-*: LC filter network is given (see Section 10.2) by 


AOO-gJf 


sin mp/2 
sin j/f /2 


and the phase shift by 

(/>(x) = (n — 1 ) (arc sin x + arc sin qx) 


0 ) 

( 2 ) 


where g m = mutual conductance of the valves employed. 

Z Qn — characteristic impedance of the anode line 

= V(c)vd -* 2 ) 

n = number of valves in the amplifier. 
ijj = (0 p — Q g ) — 2 (arc sin x — arc sin qx). 
co 0p and a) 0g = anode- and grid-line cut-off frequencies respec¬ 
tively. 
q = co Qp Ju>Q g . 

x = normalized frequency = to/ a> 0p . 

This gain is measured from the grid of the first valve to the anode 
of the final valve. The gain and phase-shift characteristics of the 
corresponding unstaggered amplifier are given by 

A(x) = ngj^ . .(3) 

and = 2(n — 1) arc sin x. .... (4) 

Curves of the gain and phase-shift characteristics for both the 
staggered and unstaggered cases are shown in Figs. 4 and 5 for 
n = 5 and for different values of q, the staggering factor. 

In order that the gain may fall to zero just below the cut-off 
frequency of the anode line, the relation 

q = sin (7r/2 — Trfn) . . . • • (5) 

has to be satisfied (see Section 10.2). This, however, is not the 
optimum value of q. From the curves in Figs. 4 and 5 it appears 
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Fig. 4.—Normalized gain/frequency characteristic for different values 
B of staggering factor q. 

q = 1 corresponds to the unstaggered case. 



Fig. 5.- 



Fig. 6. 


-Normalized delay/frequency characteristic for different 
values of m. 


-Normalized phase-shift/frequency characteristic for different 
values of staggering factor q. 

q—\ corresponds to the unstaggered case. 

that the optimum value of q lies near 0-7 for n = 5, although 
eqn. (5) yields q = sin 54° = 0-809. 


(4) AMPLIFIER WITH LINK HA WIG MUTUAL COUPLING 

between adjacent coils 

It is known that the phase-shift characteristic of an 
low-pass filter can be made linear up to about 60 /of th.. pass 
band by making the value of m greater than uady. Such values 
of m require a negative inductance element in ft® shunt branch 
nf the filter This may be realized m effect by lntioaucmg a 
mutual coupling between the adjacent coils of the senes elements 

0 The “day characteristics of m-derived filter sections with m 
greater than unity are shown in Fig. 6. From fins set of curves 
ft is Sen that the value of m for the best linearity of the phase¬ 
s' ftXaSeristic (i.e. for the flattest delay characteristic) is 
about 1 27 Thus, if a distributed amplifier is constructed wi h 
transmission lines consisting of m-derived filter secuons with 


» = 1-27, its phase-shift 

60% of thepass^ ^ ^ than that of the corresponding 

ch“ticTeS«s inan overall improvement of the amplifier 

response. . . ori _ we ii as the gain characteristic, 

The phase-shift fflte? sections as men- 

° f " f‘w ™vtfWd“r by staggering. The 
7 ndpl"ySg the improvement inthis case is the same as 

‘"at » ^ S™ 0 fhis^e Stari—W -aking the m-values 
ofThe anode line and the grid line different, the grid-line having 

th Sin2flte overall delay characteristic of a staggered distributed 

rfi • t Lp nveraee of the delay characteristics of the anod 

andlhfg;rid fine(Section 10.1), the m-values of the lines me 

dnd ® t « t the average of the two delay characteristics may 
so chosen that the average oi g revea]s that there are a 

amplifier is given (see Section 10.3) by 

g m Z 0 sin m l J l 2 . . . . (6) 

2 smp 

and the phase-shift characteristic by 


A(xJ 




(7) 


CO 


where x 


R, 


•QpCpk 


CO 


'R-OgCgk 


normalized frequency 
m p x p - nycg. 

m and m = m-values of the anode and grid lines respectively. 
p S_(anode-earth) capacitance. 

'-'pk 

C sk 


Rop’ R 0S 

d„ 


m-vaiuca ui u.iw w—- c 

anode-cathode (anode-earth) capacitance, 
grid-cathode capacitance. . 

anode- and grid-line characteristic impedances, 

respectively, at zero frequency, 
phase shift of the anode line per section 
m„x p 

= 2 arc tan T/TTrir^’ 
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Fig. 7.—Normalized gain and phase-shift curves for 5-valve amplifier. 

(а) - Staggered: m a — 1'4; m p — 1 -2. 

-Unstaggered: m g — m p — 1-2. 

(б) -Staggered: m a = 1-375; m p = 1-175. 

-Unstaggered: — m p =1-2. 

(c) -Staggered: m g = 1 -4; mj, = 1-14. 

-Unstaggered: tn„ = m p = 1-14. 


6 g = phase shift of the grid line per section 
= 2 arc tan 


m g x g 


VO - *2) 


__ Op'"# 

0 VK~^)V[1 +(1 - l/mpx*] V[1 +(1 - l/^)x2]‘ 

0 = °p ~ B S- 

Curves of the gain and phase-shift characteristics for three 
combinations of ra-values are shown in Figs. 7(a), 1(b), 7(c). In 
Fig. 7(a), m g = 1*4 and m p = 1 -2; in Fig. 7(b), m g = 1 ■ 375 and 
m p ~ 1 • 175; and in Fig. 7(c), m g = 1 -4 and m p — 1-14. The 
number of valves taken is 5. The value of R Qs C sk is kept equal 
to R 0p C pk . This means that the ratio of the cut-off frequencies 
of the anode and grid lines is made equal to the ratio of their 
m-values. 

The gain and phase-shift characteristics of the correspond¬ 
ing unstaggered distributed amplifier (obtained by putting 
m g — m p = m) are 


A 0 (x q ) 



( 8 ) 


&,(*,) - 2n arc tan ... (9) 

These are also plotted in Figs. 7(a), 7(b) and 7(c) in dotted 
lines. The improvement in each case is noteworthy. 


(5) AMPLIFIER WITH BRIDGED T-NETWORK 
The bridged T-network shown in Fig. 8 may also be used in 
building distributed amplifiers. 1 If this network is adjusted so 
that 

C 2 (l + «) = 4Cj.(10) 

it behaves as an all-pass line with constant characteristic impe¬ 
dance independent of frequency. 


Cl 



(a) Actual. 

(b) Theoretical, in which Li 


M, and a — ALz/Li. 


The gain and phase-shift characteristics of an unstaggered 
amplifier under these conditions are given 1 by 

,__s m R' l 


,, x S,n K l 

A(x) = n m 


and 


where a, 


2 [1 — *2(1 + a)] 2 + x~ 

<K*J = 2n arc tan 1 __ + - • 


(ID 

(12) 


co 

2 


■q ■ t Rfipk 


%RiC sk - 


R[ = characteristic impedance of the lines. 


1 -j- a = 1+4- 


1 - k 


Xj 1 + k 

k = coefficient of coupling between adjacent coils. 
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The other symbols have the same meaning as before. The delay 
is given by 


_2 1 + jr 2 (l + «) 

w c [1 — x*(\ + a)] 2 + x 2 


seconds 


(13) 


where co. 


R,C 


I'-'pk 


The gain and delay characteristics are plotted in Figs. 9 and 10. 
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smaller than 0-45 require the coefficient of coupling between 
adjacent coils to be in excess of 38 %, practical difficulties limit 
the construction of such sections of line. Thus it is not possible 
to use this network alone to obtain a very fiat delay characteristic. 

The bridged T-network may, however,' be used very effectively 
to build an amplifier with a flat delay characteristic if the anode 
line is made up of ra-derived sections and the grid line is built 
with bridged T-sections. (See Section 10.4 for the theoretical 
expressions for the gain of such amplifiers.) Thus, if it is adjusted 
so that the value of m for the anode line is 1 *4, and (1 + a) for 
the grid line is 0-45, and also R bg C gk lR 0p C pk =0-6 (R 0p and R bg 
being the characteristic impedances, and C pk and C gk being the 
shunt capacitances of the anode and grid lines respectively), 
the resultant amplifier has a fiat delay characteristic up to 
about 110% of the pass band (defined by cut-off frequency 
a) c = 2lR 0p C pk ), i.e. up to a frequency well beyond the -6dB 
point. Also, the gain characteristic falls continuously from its 
zero-frequency value as the frequency increases. Such a charac¬ 
teristic is quite suitable from the point of view of the transient 
response of the amplifier. Calculated curves for the gain and 
phase shift of such an amplifier are shown in Fig. 11. 


0-2 


NORMALIZED FREQUENCY, Xq_ 


Fig. 9.—Normalized gain/frequency curve for bridged T-network for 
different values of (1 + a). 




The gain characteristic, eqn. (11), shows a maximum within 
the pass band for values of (1 + a) > 0-5. For (1 + a) < 5 > 

the characteristic falls steadily from the zero frequency value A 
flat amplitude characteristic is obtained up .to about 50 % ot tne 
pass band (defined by the cut-off frequency oi c ) for (1 + a) - 00. 

The delay characteristic, eqn. (13), is very similar to the gain 
characteristc. For values of (1 + a) > °\ 35 * shows a peak 
within the pass band, and for (1 + a) < e 

diminishes steadily with frequency from its zero-frequency value. 
If (1 + a) = 0-35 a very flat delay characteristic is obtained up 

to about 70% of the pass band. , , - 

A comparison of the curves m Figs. 9 and 10 shows that m the 
case of the bridged T-network very fiat gam and delay charac¬ 
teristics cannot be obtained at the same time If an amplifier 
is built to give a flat gain characteristic, its delay characteristic 
will not be very satisfactory. Also, since values ot (1 + a) 


(6) EXPERIMENTAL RESULTS w 

In order to verify some of the calculations described above, 
distributed amplifiers of different models were built and their 

characteristics studied. , . , , v 

For the amplifier described in Section 3, having the constant- 
LC network, a low-frequency model was built. The cut-o 
frequency of the amplifier was kept very low m order to avoid 
complications arising out of unwanted couplings between t e 
inductance elements. For the same reason, closed-magnetic- 
circuit dust cores were used for the inductances of the lumped 
lines In order to minimize the effects of stray capacitances, the 
shunt capacitances of the lines were made large compared with 
valve and wiring capacitances. These measures were taken 
order to be & ble to observe the effects of staggering in the absence 
of major interfering effects. For the terminations of the^anode 
and grid lines, m-derived half-sections were used The charac¬ 
teristic impedance of the anode line was made 600 ohtns Three 
values of the staggering factor were taken (q - I 0,0*09 
0-71 and the grid line was successively adjusted to have the 
cor espondtag St-off frequencies. The amplifier had 5 valves 

T?e steady state gain and phase-shift charactenstics obtamed 
experimentally for the three values of the staggering factor 
shown in Figs. 12 and 13. 






694 


SARMA: ON DISTRIBUTED AMPLIFICATION 



0 0-1 0-2 0-3 0-4 05 OS 07 0-8 0-9 10 1-1 

NORMALIZED FREQUENCY 


Fig. 12.— Experimental gain/frequency characteristic of 5-valve ampli¬ 
fier with constant-^ LC filter network for different values of 
staggering factor q. 




o 0-1 0-2 0-3 0-4 0-5 0-6. 07 0-8 0-9 1 0 M 

NORMALIZED FREQUENCY 


Fig. 13.—Experimental phase-shift/frequency characteristic of 5-valve 
amplifier with constant-^ LC filter network for different values of 
staggering factor q. 

Photographic records of the transient response of these ampli¬ 
fiers were also made. They are shown in Figs. 14(a), 14(6) and 
14(c). The progressive reduction in the amount of overshoot 
and the decay time of the oscillations of the output voltage (for 
a step voltage input) with the reduction of the staggering factor 
is clearly noticeable. This is a consequence of the linearization 
of the phase-shift characteristic due to staggering. The rise time 
of the amplifier is also found to improve. 

For the stagger.ed amplifier described in Section 4, another 
low-frequency model was constructed. The anode-line cut-off 
frequency of this amplifier was l-39Mc/s, and air-core coils 
were used to obtain the required amount of coupling between the 
adjacent coils. In order to study the effects of staggering, the 
m-value of the anode line was kept low (1 • 14) and that of the 
grid line was adjusted successively to 1-14, 1-3 and 1-4. For 
such high values of m the required coupling between adjacent 
coils is very large. It may not be possible to attain these values 
if the coils are spaced uniformly, especially when the ratio of 
length to diameter of the individual coils is large. In the experi¬ 
mental amplifier the coupling was increased to the desired value 
by taking some turns of each coil very near to its neighbours. 
For the terminations of the anode and grid lines nz-derived half¬ 
sections were used as in the previous case. 

Photographic records of the transient response of the amplifier 
for these three combinations of the anode- and grid-line ra-values 
were made. These are shown in Figs. 15(a), 15(6) and 15(c). 




Fig. 14.—Photographic records of transient response obtained with 
step-voltage input on 5-valve amplifier with constant-^ LC filter 
network. 

(a) Staggering factor, q = 1-0. 

( b ) Staggering factor, q = 0-809. 

(c) Staggering factor, q = 0-7. 
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15.—Photographic records of transient response obtained with a 
step-voltage input on 5-valve amplifier with /n-derived fil e 
sections for different combinations of anode- and grid-lin 
m-values. 

(a) m p = m„ = M4. 

( b ) m p — 1 • 14; ntg — 1-3. 

(c) nip — 1 ■ 14; m a — 1 - 4. 

Time marks are 0-25 microsec apart. 


As in. the previous case, the overshoot, the decay time of the 
oscillations and the rise time show pronounced improvement as 

the stagger is increased. . . , 

The steady-state gain and phase-shift characteristics obtained 
by experiment corresponding to the last of the three combinations 
mentioned above (i.e. m p — 1 • 14 and m g = 1- 4) are shown in 
Fig. 16, and the corresponding theoretical curves are plotted to 

the same scales to facilitate comparison. . 

The theoretical calculations for the steady-state characteristics 
are made on the assumption of lossless lines terminated wit 
their proper characteristic impedances for all frequencies within 
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Fig. 16.—Gain and phase-shift characteristics for values of m p 

—— 1 * A. 


1 * 14 


m s — 1 • 4. 

Theoretical curves. 


_o — Experimental observations. 

the pass band. As this assumption is not rigorously true, the 
experimental characteristics show some deviations from the 
calculated values. 

(7) CONCLUSION 

Phase staggering is found to be a very simple and useful device 
for improving the overall gain and phase-shift characteristics ot 
different types of distributed amplifiers. The greatest improve¬ 
ment is obtained in the case in which m-derived sections form the 
anode and the grid lines. 
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(10) APPENDICES 

(10.1) General Case of Staggered Distributed Amplifier 

Consider the portion of a distributed amplifier between AB 
and CD in Fig. 17. It is the portion between the middle ot a 
series element immediately preceding the grid of a valve and 
the middle of the series element immediately following the anode 
of the same valve. Let the voltage at CD due to a voltage V { 
at AB be V, considering only the forward travelling signal. 
T et yiy. = q, the gain of the system between AB and CD. Let 
there b in valves in all in the amplifier, and let the phase shifts 
per section of the anode line and grid line be 9 p and Q g respectively, 
each section being a T-structure as in Fig. 17 between AB and QR. 
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Assuming that there is no loss in amplitude due to the lines 
within the pass band (but only phase shifts of 0 p and S g per section 
as mentioned above) the component signal V t at the output 
terminals (due to the input V it ) passing through the first valve of 
the amplifier and all but one section of the anode line may be 

written , , 

Vi = GV ln e-^ n ~^ .U 4 ) 


In a similar manner, the component signal V 2 passing through 
the second valve to the output terminals is 


V 2 = G V jn e “ 2)0 -f j +.... (15) 


since this component passes through one section of the giid 
line and (n - 2) sections of the anode line. The other com¬ 
ponents, passing through the third, fourth . . . nth valves are 


given by 


y 3 = Gy /n s-JH n -3)0p+26,i 
y 4 = G F/„£ “•/[(«-4)0,, + 30 ff ] 

V n = GVWo 


The resultant output V 0 is 


y 0 — 2 V n = 1 + 6^ -+■ + • • • + £ 7 ' ( " 

1 .... ( 16 ) 

where 1 jj is written for (0 p — 6 e ). 

Summing, 


GVtffi-to-Wb 


(1 - e-M) 


sin mfjjl 


(1 — e&) sin tp/2 


e ~j(n-!)<!>' . (17) 


where <f>' is written for (6 p + 6 g )l 2. Since the angle of G proves 
to be equal to — cj>' for all the types of network mentioned m 
the text, the overall phase shift is equal to -»<//, and is thus 
equal to the average of the phase shifts introduced by the anode 
and the grid lines. As a result, the overall delay characteristic 
is equal to the average of the delay characteristics of the anode 
line and grid line. The magnitude of G depends on the charac¬ 
teristic impedance and transfer characteristics of the network 

The expressions for the gain characteristics of the different 
staggered amplifiers will now be deduced. 

(10.2) Amplifier with Constant-/? LC Filter Network 

For an amplifier with constant-ft LC filter network, the varia¬ 
tion in the magnitude of G is the same as that of the mid-shunt 
characteristic impedance of a constant-^ LC section. Thus 


G _ l _ M +Q g )i2 = (18) 

2 VO ~ * 2 ) 2 

where R 0 = \/(LjC) for the anode line. 

x — G p k = ^/^op- 
0 p = 2 arc sin x; 0 g = 2 arc sin qx. 

Q ^OpI^Og’ 

g m = transconductance of the valves used. 
a) 0p and ojq s = anode- and grid-line cut-off frequencies, 
respectively. 

Applying the general relation, eqn. (17), the overall gain 
characteristics is 

ko Z 0;x sin w/r/2: 

V in h m 2 sin 0/2 

where ift = (0 p — 6 g ) 

To calculate the gain from the grid of the first valve to the anode 
of the final valve, the half-T sections at the input and output ends 
are omitted and the expression becomes 

V a _ Sin n>f, 12 lW (19) 

Sm 2 sin ip/2 

In order that the amplitude may fall to zero just below the cut-off 
frequency of the anode line, the factor 

sin wt/f/2 
sin ip 12 

has to vanish at w 0p , that is, 

( 771 / 1 / 2 ) = 7r at x — 1 . . • • .• (20) 

Since i/r/2 = arc sin x — arc sin Vx, putting x = 1 and solving 
for q, we obtain from eqn. (20) 

q — sin ( 77/2 — 77 / 7 ?) 

(10.3) Amplifier with 771 -derived LC Filter Network 

For the determination of G , consider the circuit arrangement 
shown in Fig. 18. This is a portion of the equivalent circuit of 



the 777- derived LC filter used in the staggered distributed amp¬ 
lifier. The ratio VI V t may be calculated by the method used 
by Ginzton et ah 1 This ratio becomes 


G - 


V _ L-Qpgfj 

vr 2 


{ ( 1 - *§)[! - a - "i|V|]P - 0 - 


g—y’(0p+Otf)/2 


7' 

gfn ^o 8 -J*' . 
2 


(21) 
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where 6„ = 2 arc tan 


MgXg 


VO- 


*g> 


6„ — 2 arc tan 


m p x p 


p -- V(i 

(Q g and d p are the phase shifts of the anode and grid lines 


xj) 


respectively, per section.) 


(oRo g C gk f2m„. 
x p = a>R 0p C pk l2m p . 

m g and m p — w-values of the grid and anode line, respectively. 
R 0p = characteristic impedance of the anode line (at 
co = 0) = VWJCQ. 

R og — characteristic impedance of the grid line (at 

« = 0) = V(L k IC k ). 



Fig. 19.—Equivalent circuit for calculating VI Vi for amplifier with 
bridged T-network in the grid circuit and m-derived sections in the 
anode circuit. 


Hence, the overall gain characteristic of an amplifier using this 
network and having n sections may be written from eqn. (17) 


Vq = smwft/2 }nA , 
V in 2 sin ’A / 2 


( 22 ) 


where ifj —(6 p — 6 g ) 

While combinations of the anode- and grid-line m-values are 
chosen from Fig. 6 in order to obtain a fiat delay characteristic, 
it is assumed that the curves of these delay characteristics are 
normalized with respect to the same frequency. This requires 
that x p m p be equal to x g m g for a given value of co, i.e. 
■^o gCgk ~ R opC pk - Thus let 


. a „ mx m 

where t>„ = 2 arc tan — -g 

g g -2ar ctan^— 


— r 

X kg ~ 


x m 2m 

R 0g , R lg = characteristic impedances of the anode and grid 
lines respectively, at zero frequency. 


x g m g = x p m p = x q 

then Zq becomes 

Z' __ R 0p m jj -_—_ . (23) 

0 {(mj - v'2) [(1 + x 2 q (\ — lImp] [1 + *2(1 _ l jmj)]} 

The corresponding gain characteristics of the unstaggered ampli¬ 
fiers are obtained by putting m g — m p in all the above expressions, 
and eqns. (8) and (9) of Section 4 are the result. 

(10.4) Amplifier with Bridged-T All-pass Sections in Grid Line 
and m-derived Low-pass Sections in Anode Line 

For this case, the value of Vj V h calculated in a way similar to 
those in the previous cases (see Fig. 19), is 

V _ ffm R 0 P 
Vi 2 

_ l _ e -M P +e»)/2 

V{[1 - xj(l + a)] 2 + <}V[1 - 0 - rrP)x%] 

— ^ r—R>" .(24) 

2 . 


Applying the general relation [eqn. (17)] again, the overall 
gain characteristic is 


Vo _ZnZo' sin 4/ 2 ^_ m , 
V in 2 sin ijjj2 


where \fs —9 p — 9 g 
Putting mx m = x kp , 


R 


7" — 


OP 


V{[! “ x ls( [ + a ^ 2 + x ksW t 1 + ^ - l l m 2 ) x lp\ 

so that the overall gain characteristic may be written 

Zq sin m]jl2 
A ( x kpl = S m ~2 " s j n ^/2 

and the overall phase-shift characteristic 

i / n n (®P + 

n x k p) = — • • • • 


(25) 


(26). 


(27) 


(28) 


For the amplifier described in the paper, m p = 1 *4, (1 + a) 
= 0-45, (R lg C gk lR 0p C pk ) = 0-605. 
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These denote that either the wave is evanescent (x) m that 
direction, or it is propagating (®) in that direction or that re 
wave exhibits a number (0, 1, 2, . . .) of anti-nodes within e 
narticular dimension. 

The rationalized M.K.S. system of units is used throughout 
and the sinusoidal time-factor is implied. Further, excepting 
Section 6, all field quantities are understood to contain the 

^ The quantity Z„ is absorbed in the symbol H (magnetic-field 
vector) and consequently all impedances and coupling coefficient 
are normalized with respect to that quantity. As a result of this 
normalization the quantities involved m the formulae are 
dimensionless and the wavelength, for example, is measured m 
units in which one chooses to measure distances. 


SUMMARY 

Wave propagation in waveguides whose walls exhibit an arbitrary 

but small surface impedance is studied. 

It is shown that, although in the case of circular waveguides all h- 
and H-modes are stable, in the case of rectangular waveguides all 
E-modes and higher-order H-modes are unstable, leaving only Ho- 
modes that can propagate without change of form. _ 

General formulae are derived from which the propagation coefficients 
of imperfect waveguides can be calculated, and for imperfect cavities 
an expression for the bandwidth and resonant frequency is obtained. 


kn — 


2tt 


Ao 


LIST OF PRINCIPAL SYMBOLS 
/X0) €q = Permeability and permittivity of free 
space. 

o>V(fio € o) = Free-space propagation coefficient. 




A 0 = Free-space wavelength. 

, cr i = Permeability, permittivity 


ki = mvV/ e <) 


con- 


zth 


(1) INTRODUCTION 

The concept of impedance between two points of an electric 
circuit is an old one, and Ohm’s law in its original form provides 
us with a definition of impedance (Z) in terms of two measurable 
quantities—the current (I) and the potential difference (V) 
Although impedance is not a directly measurable quanti y 
(being measured by the ratio V/I) it is an important quantity 
since in a way it describes quantitatively an electrical property of 
V \ e 0 / a bo(i y or a network between two chosen points, and as such it 

z . = ± = Normalized intrinsic impedance of the can be rega rded as a physical characteristic of the body or the 

1 \£i) ith medium. network considered. Undoubtedly, it is largely due to the as - 

_5| = Normalized (with respect to Z 0 ) surface mentioned feature that the impedance concept has been so 


and 

ductivity of the ith medium. 
Propagation coefficient of the 
medium. 


— ^ (¥9 ^ = Free-space impedance. 


H t \s 


successfully employed in many branches of engineering 
Principal^components of Z s (defined a P^ s “^ eS 


and 


y = cc + jfi — &2 


coefficient of the 


in Section 3.3). 

Axial propagation 
guided wave. 

: Attenuation coefficient (axial). 
= £H = Phase-change coefficient (axial). 


a 

27T 


'R 
2rr 

Tc 


— Cut-off coefficient. 


a, b 
u, v 


— 

e u e 2 > e 3 ~ 
In the modal notation 
m - 
n = 
1 = 


Jc x , k y — Propagation coefficient (Cartesian) in 
the transverse plane of a rectangular 
waveguide. 

Dimensions of a rectangular guide. 
General co-ordinates in the transverse 
plane of the waveguide, 
v = Radius of a circular waveguide. 

L = Length (axial) of a resonator. 
r — Wave coupling coefficient normalized 
with respect to Z 0 . 

Quantities defined by eqn. (86). 
Metrical coefficients. 

M m „ i the indices are: 
“Circumferential” index (0, 1, 2, . . .). 
“Radial” index (x, ®, 0, 1, 2, . . .). 
“Axial” index (x,®, 0, 1, 2, .. .). 


Written contributions on papers published without being read at meetings are 
invited for consideration with a view to publication. . . T t . 

Dr. Karbowiak is with Standard Telecommunication Laboratories, Ltd. 


There has been, however, some delay and even reluctance, in 
the past, to extend the impedance concept to “field” problems 
(as distinct from “circuit” problems) of electrical engineering. 
One of the difficulties of adopting the impedance concept to 
field problems is the absence of conduction current, and even 
when the electromagnetic field is bounded (as it usually is), the 
current flowing in the bounding surface is not related uniquely 
to the field at a point but is a function of the total field con¬ 
figuration. Consequently no satisfactory definition m terms of 
voltage and current is possible, but the difficulty is not red, and 
a satisfactory definition of impedance (due to Schelkunoff ) m 
terms of the field vectors E and H can be constructed. Accord¬ 
ingly we define the impedance in the direction n at a point m an 
electromagnetic field by 

Z = .(1) 

2 5.n 

where S is the complex Poynting vector.* The impedance so 
defined is termed “wave impedance” and the concept of wave 
impedance has been used by a number of investigators 2 - 3 m the 

solution of a variety of problems. _ . - 

Here the concept of impedance is applied to the solution oi 
boundary-value problems. In particular, wave propagation m 
waveguides whose walls are other than perfectly conducting is 
investigated in detail, with particular reference to those whose 

* This is analogous to Z = i ~ in electric-circuit theory, where P is the complex 
power flow. 


[ 698 ] 
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geometry is either perfectly rectangular or perfectly circular. 
Throughout the paper, where quantitative formulae are involved, 
these are subject to one assumption only—namely that the wave¬ 
guide surface impedance is small. Under this condition the 
problem for any physical waveguide can be solved in two separate 
steps. First, a solution is found for an arbitrary value of surface 
impedance for the given guide shape (Sections 4, 5 and 6). 
Secondly, an expression for the surface impedance of the guide 
surface is found in terms of the physical properties of the surface 
(Section 3) and this value of surface impedance is used, in the 
general formulae derived, to find the value of propagation 
coefficients. 


(2) OUTLINE OF APPROACH 

(2.1) General 


The simplest boundary-value problem that one can encounter 
is that involving surfaces (S) on which the wave function (ip) 
satisfies either of the two requirements given by the following 


equations: 


[<Ak = 0 • 


• .( 2 ) 



= 0 . 


(3) 


In the case of eqn. (2) the surface S { has the property that the 
tangential component of the E-vector ( E t ) on the surface iS) is 
zero, while with eqn. (3) the tangential component of the 
H-vector (H t ) is made to vanish on the bounding surface S 2 . 
Because of this property the surface can be regarded as a 
short-circuit surface, while the surface S 2 forms a virtual open- 
circuit to the field considered. Such boundary conditions are 
called perfect. 

No physically realizable bounding surface can satisfy the con¬ 
ditions of eqns. (2) or (3), but many can be made to approach 
very closely to one of them, and this is the state of boundary 
that will occupy our attention. Primarily we shall be concerned 
with boundaries on which E„ and thus the ratio EJH t , is small, 


FRAGMENT OF 
GUIDING, PLANE 



Fig. I.—Sign convention for Z s . 

and this ratio* defines the surface impedance of the boundary 
(Fig. 1); it will be assumed throughout that the inequality 
(Section 3.1) 

I E, 


H t 


Z s 


1 


(4) 


is satisfied. ... 

The problem on hand is the wave propagation in imperfect 
uniform guides (rectangular, circular, etc.), and although the 
problem could, at least in principle, be solved for each particular 
case by rigorous solution of the boundary-value problem, the 
approach, in general, suffers from prohibitive complexity.. 

The alternative approach to the problem is well known in the 
case of metallic guides and provides us with a means of cal¬ 
culating the attenuation of the guide. In this method the problem 
is solved for the case of a perfect guide and it is assumed that the 
field is not materially affected, by the substitution of imperfectly 
conducting walls for the perfectly conducting boundaries. 

* This ratio will, in general, be complex, and carries a sign that is positive when the 
vector product (E ;< H) of the field components at the surface is directed into 
surface, and is negative when it is directed away from the surface. 


Subsequently, the power loss to the guide wall is evaluated by an 
integration process and the integration of the Poynting vector 
over the cross-section of the guide yields the power carried by 
the guide; the attenuation of the guide is then calculated in the 
conventional manner.* This conventional approach to imperfect 
waveguides leads to an expression for the attenuation coefficient 
which can be correct only if the above italicized assumption is 
true. 

The method introduced here is no more involved than the 
integration method and is based on the calculus of perturbation 
as explained below. 

(2.2) Perturbation Effects 

Suppose the solution to the problem of wave propagation in a 
perfect guide of a given shape is known and suppose that it is a 
mode of the region appropriate to the guide shape. Let this 
mode be denoted by M 0 and let /j 0 (= ~jyf) be the phase 
propagation coefficient of the guide; then the free-space propaga¬ 
tion coefficient, k 0 , and the separation constant, h Q (cut-off 
coefficient), are connected as follows: 

H K + PI = i<l - rl ■ ■ ■ ■ ( 5 ) 

However, when the walls are imperfect the field inside the wave¬ 
guide is given by 

ifj = M q + 2 Tj-iVf,'.(6) 

i=i 

where M ( - are orthogonal modes of the region. Further, h 0 will 
become h [equal to h 0 -|- 8(h)] and consequently y 0 will become 
y (equal to y 0 + Sy), and since /c 0 is a constant, 

S(y) .(7) 

The perturbation term, S(y), is, in general, complex 
[§(y) = a + yS(/3)], its real part a being the attenuation 
coefficient of the guide, and its imaginary part, §(/3), a 
measure of change of the guide wavelength (A^ = 27 t// 3 ). The 
quantity 8(h) depends on Z s , but the actual functional dependence 
is a matter of the guide geometry and can be calculated from the 
value of Z s and the dimensions of the guide (see Sections 4 and 5). 

(2.3) Purity and Stability of a Mode 

With a perfect guide a simple function M t is the solution to 
the problem—this is a pure mode. We note, however, that an 
imperfect guide cannot support a pure mode, but the original 
mode is, of necessity, accompanied by a denumerable infinity of 
other modes, as given by eqn. (6), and the field inside the guide 

is then said to be an impure Mo-mode. . . . . 

It is thus evident that in the case of imperfect guides it is 
difficult to speak of modal propagation and the conventional 
division of waves into E- and H-modes takes less significance 
when viewed in this light. Yet, provided that as Z s tends to 
zero all coefficients in eqn. (6) tend to zero, the mode M 0 . is 
said to be stable and we can then speak of an imperfect guide 
as supporting a substantially pure M 0 -mode. 

(3) THE MEANING OF SURFACE IMPEDANCE 
(3.1) Boundary separating Two Media 

Imagine a plane TEM wave incident, at an angle 8 to the 
normal, on a plane boundary between two homogeneous and 
isotropic media. As is well known, a proportion of the energy 
will be reflected and the remainder transmitted into the other 
medium (characteristic impedance, Z 2 ). Although the nature of 

* E.g. see Lamont, R. L.: “Wave Guides” (Methuen and Co., Ltd., London). 
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the phenomenon will depend, in general, on the polarization of 
the incident wave, provided that |Z 2 | A |Zjj the impedance 
“across” the plane separating the two media is substantially 
equal to Z,, the characteristic impedance of medium 2, and, 
as such, is a constant characteristic (at any given frequency) of 
the boundary. 

Now suppose medium 1 (a dielectric) filling the inner space of 
the guide is bounded by a metal crust whose thickness is large 
in comparison with the skin depth at the frequency considered: 
the solution to the wave propagation in such a guide is obtained 
by analysing wave propagation in a guide whose walls exhibit the 
physical property Z s = Z 2 , where Z 2 is the characteristic im¬ 
pedance of the metal concerned; at the same time the condition 
of eqn. (4) is satisfied. 

Using the well-known expression for the characteristic 
impedance of a good conductor^ we find that the surface im¬ 
pedance of a metal surface is given by 


- * +JX. = U(^y +n - ■ (B> 


It will be observed that the surface impedance of a metal surface 
possesses equal resistive and inductive components. The resistive 
part is, in general, responsible for the attenuation while the 
reactive part is the factor influencing the phase velocity of the 
guided wave. As a result we can form the following physical 
picture of wave propagation in an imperfect guide. 

The guide tan be imagined to be formed by lossy walls pos¬ 
sessing the attribute of resilience or inertia: the energy of the 
wave is thus slowly damped out and part ol the energy carried 
by the wave is made to surge backwards and forwards across the 
guide wall. Further, because Z s is finite, the energy of the wave 
is forced to penetrate the guide wall where, through the medium 
of the wall impedance, the principal mode is coupled to a number 
of other modes [eqn. ( 6 )]: the purity of the mode is thus spoiled. 


(3.2) The Uniform Impedance Sheet 

A plane boundary separating two media as described above is 
an example of a homogeneous impedance sheet. In particular, 
since the value of this impedance is independent of the polariza¬ 
tion of the field, it is not only a homogeneous but also an isotropic 
impedance sheet. There is a whole variety of such surfaces, but 
here we shall discuss but one more case that is of significance, 
namely that of a metal surface coated with a uniform layer of 
dielectric. 

Imagine a TEM wave incident on a perfectly conducting 
plane coated with a thin layer of dielectric, as indicated in Fig. 2. 
It is evident that the wave impedance in the direction normal to 
the plane y -■ 0 depends on the value of the angle 9, and, in 



general, no unique definition of the impedance of the plane y = 0 
is possible. However, it can be shown that for large values of 6 
(glancing incidence) this impedance acquires a unique significance. 
This is of particular importance in connection with guided 


waves: here the electric vector is substantially normal to the 
surface (6 — 90°). 

Further, the surface impedance of a conducting sheet when 
coated with a thin layer of dielectric depends on the polariza¬ 
tion of the wave. Thus, for example, this impedance when 
referred to the plane of the conductor is, for E-waves, given by 
(see Appendix) 



while for H-waves this impedance is zero. It must be em¬ 
phasized, however, that this impedance is independent of the 
orientation of the impedance plane relative to the direction of 
wave propagation, and for this reason such an impedance sheet 
will be called isotropic. 


(3.3) The Anisotropic Surface Impedance 

Imagine a surface made up of strips of different materials as 
shown in Fig. 3, where the directions 77 and £ are two principal 



axes of the surface which need not, in general, coincide with the 
direction of the wave propagation z. It is clear that such a 
surface is no longer homogeneous; however, if the widths of the 
individual strips t { and t 2 are very small in comparison with the 
wavelength of the wave, the heterogeneous nature of this surface 
will be of no consequence (quasi-stationary solution) and the 
surface then may ■ be expected to behave as if it were homo¬ 
geneous, of a uniform impedance Z s . The assumption that the 
period of the heterogeneity of the surface (fi + t 2 ) is small in 
comparison with the wavelength will be made throughout this 
Section. 

It is apparent from the impedance sheet, shown in Fig. 3, that 
the performance of such a structure will depend on the angle 1 p, 
i.e. the orientation of the sheet relative to the direction of wave 
propagation; for this reason such a surface will be termed 
anisotropic. Further, it is evident that a single complex number 
will no longer suffice to describe the physical property (Z 4 ) of 
the surface adequately, and consequently the following notation 
will be introduced: 

Let the impedance of the surface shown in Fig. 3 when the 
field is polarized with the E-vector directed along the £ axis be 
Z s (l, 77 ), and when polarized with the E-vector along 77 axis 
by z/t, rj ); further, where no confusion is likely to arise these 
impedance components will be denoted byZr and 2^, respectively. 

Suppose, as an example, that the guide is made of thin strips 
of two different metals whose intrinsic impedances are Z x and 
Z 2 respectively; for a wave polarized along the 77 axis we have 

= z lh + ZA . (10) 

h + h 


Similarly, 


7 — z ^ z 2 (.h + fg) 

c z 2 t l +z l t 2 
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Another example of an anisotropic surface is a grooved or 
corrugated surface (Fig. 4). If we let Z x be the impedance 
(TEM; fringe field neglected) as presented by the narrow 



so that the remaining field components, apart from a constant 
factor, are given by 


^(■sm w cos v 
x h 2 Vcos A sm y J 


h 2 

cv) 

(T»C» 




(4.1.2) H-waves. 


. ( 16 ) 


groove, and Z 2 the intrinsic impedance of the metal of which 
the surface is made, and if the period of the structure is sufficiently 
small, 


then 


Z„ 


z \ h + Z 2 t 2 

h + h 


( 12 ) 


Or, if the surface is made of a good conductor* (\Z 2 \ < \Z { \), 


while 


sZ, 


h 

h +h 


Zx. 


r h + f 2 

2 ~h~ 


■ (13) 
. (14) 


(3.4) Other Types of Impedance Sheets 

The impedance surfaces described above are just a few 
examples of surfaces that, although physically distinct, can be 
described in terms of the quantity Z„ and in the case \Z S \ < Z 0 
that quantity, characteristic of the surface, can be calculated 
quite simply as has been illustrated. 

There is yet another type of surface that merits further elucida¬ 
tion: the randomly corrugated or “rough” surface. The reflec¬ 
tion of electromagnetic waves from a rough surface has been 
discussed in detail by Rice 5 and Ament 6 , and from their work 
some idea regarding the properties of rough guide surfaces may 
be obtained. The relevant properties are listed below: 

(i) The roughness of a corrugated surface can be resolved into 
its Fourier spectrum; thus a periodic corrugated surface will have 

' a discrete spectrum, while an aperiodic rough surface will be 
characterized by a continuous roughness spectrum. 

(ii) If there is a significant correlation between a periodic function 
and the aperiodic rough surface, the roughness spectrum of the 
surface will exhibit a pronounced peak in the vicinity of that period, 
and, if this period is significantly less than the wavelength of the 
guided wave, such a surface tends to behave as if it. were uniformly 
corrugated at the corresponding period. 

(iii) The low-frequency components of the roughness, spectrum, 
whose period is greater than the wavelength of the guided wave, 
are responsible for the scattering of the wave. 

(iv) The high-frequency components of the roughness spectrum 
whose period is significantly less than the wavelength of the guided 
wave give rise to surface reactance. 


These are derived from the wave function 


*>“&)&) ■ 


(17) 


so that the remaining field components, apart from a constant 
factor, are given by 



In these expressions k x , k y and k z have the following meaning 
(Fig. 5): 



pig, 5 .—Co-ordinate system in relation to a rectangular guide. 
For perfect guides 



(4) WAVE PROPAGATION IN RECTANGULAR 
WAVEGUIDES 

(4.1) Field Equations pertaining to Rectangular Guides 
(4.1.1) E-waves. 

These are derived from the wave function 


.... as) 

z Vcos * Acos y J 

* Compare this result with that obtained by a more rigorous method. 8 


while for an imperfect guide these values are 

H = k 2 + k 2 + k\ 
k x ~ k x o + S(k x ) 
k y = k y0 + &(k y ) 
k z = k zQ + S(k z ) 
h = h 0 + B(h) 

y = a -F == [a -f j'S(/3)] + j'/3 0 
Sy = a +./S/3 


(21) 
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The surface impedance of guide walls at x — a and y — b are 


H, 


H, 


if. 


H. 


y = b 


y—b 


= Z s (y, z ) 
- Z s (y, z) 
ZJx, 2) 

■ Z s {x, z) 


( 22 ) 


with analogous expressions for the surface impedance at x = 0 
and y = 0 . 


(4.2) The E on and H on -waves 

These waves are characterized by k v0 — 0. As is well known, 
a perfect guide cannot support an E 0 -mode, thus the E 0 -mode 
can be coupled to the H 0 -mode only by the medium of, for 
example, the wall impedance. Consequently the field in a 
rectangular guide must be derived from 

H z — cos k x x . cos k y y 
E z = r sin k x x . sin k y y 



where, since. Z s is small, r and k y (= 8k y ) are likewise small. 

We now suppose that all walls are perfect but for the wall at 
x = a, which will have two components: the circumferential 
component Z s (y, z) and the axial component Z s (y, z). In this 
case obviously k y — 8k y — 0 and there is no coupled E 0 -wave; 
however, the H 0 -wave, although its purity is unimpaired, suffers 
a change in the coefficients k x and k z as follows. From eqns. 
( 22 ), (23) and (18) we have, to the first order of quantities. 


li 

V-/ 

kT 

.k 0 k x . . , 

= ./-vy" (- sin k x x) 

x~a “o 


~ ~/%8(h) 
h 0 

since k Y — h. 

•>\ 



Consequently 

8 (A) = 

l(t) jZ0 ' z) ■ ■ 

Thus from eqn. (7), 

S(y)i = 

■iT&WV ■ ■ 


(24) 

(25) 


Therefore, the performance of the guide depends only upon 
the circumferential component of the impedance. 

We turn our attention now to the wall at y — b, which again 
has two components; the circumferential Z s (x, z) and the axial 
Z x (x, 2). In this case 8k x — 0 while k y — 8(k y ), and conse¬ 
quently there will be a coupling between the H 0 - and E 0 -waves. 
Neglecting terms of second and higher orders in 8(k y ), we get 

r.b. 8k v 

y ~ b /%■ + Vjpk y 

hi 

~ b S k., . .' . . . (26) 

k 2 k x * 


Z s (x, 2) == 4 

t! x 


and 


Zc 


2lx, z) 


E x 

w. 


(£§* . (27) 


K k x- 


x — a 


h 2 

n Q 


h 2 

n 0 


Substituting from eqns. (26) and (27) we get 


b(8k y ) 2 

= 



k . 

. (28) 

Since 

8(y) = 

1 8 2 (k y ) 

2 jfi o ' ' 

• 

.. (29) 

therefore 8(y) — 

1 

2b 


W °\kj J 

k() 

/So 

. (30) 


For a homogeneous surface impedance that is independent of 
the polarization, we have Z c — Z a = Z s , for which case eqn. (30) 
becomes 

s<rh = i . <31) 

If in addition Z s (y, z) = Z s , then adding eqns. (25) and (31) 
and multiplying by two, the total 8(y) for a homogeneous 
rectangular guide is given by 


S(y) 2 


k n r2/h n \ 2 . 1 




o f/«oV 

0 [Av 


+ b 


The real part of this expression is 


(32) 


Ao _ a \\J 



(33) 


which is the familiar expression for the attenuation coefficient of 
a uniform metal guide. 

An interesting property of the guide is that the coupling 
coefficient, r, between the E 0 - and FI 0 -waves depends solely on 
the axial component of the surface impedance of the broad face. 
From eqns. (26) and (28) we get 



This, for the case Z c —Z a = Z s , simplifies to 




(35) 


which is a small quantity if Z s is small. 

Further, from eqn. (32) we conclude that while the attenuation 
coefficient, a, depends only on R s , the phase propagation 
coefficient, /3, is affected only [by the amount S(/3)] by the 
reactive part of the surface impedance. 


(4.3) Higher-Order Waves 

I-Iigher-order waves in rectangular guides are H m n - or E m>n - 
waves (m, n # 0 ) for which k y0 y=- 0 and k x0 0 and the field 
of these waves is derived, when the walls at x = 0 and y = 0 are 
perfect, from eqns. (23). If we let r be the normalized coupling 
coefficient then the field components are 

H z = cos k x x cos k y y 

E z = r sin k x x sin k y y 

Ey = + ~w T ) sin k * x cos V 

B y =j(^jr ~ 7 ? t t ) cos k * x sin V 

E x - l^ T ) cos k - x sin k y y 

H x = j(^Z + k pr) sin k x x cos k y y 


(36) 
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Suppose now that all guide walls are perfect except the wall 
at x = a, which has a uniform surface impedance Z v 


Thus 


H, 


H, 


(37) 


To the order of 8(k x ) only, the substitution of eqn. (36) into 
eqn. (37) leads to 

r . a . 8(k x ) 


J 


_ k Jh r \ 

V hi hi ) 


Zx 


'( 


o 

knk 


0 ** 


hi 

n o 


+ 


kjc 


zy r 


h 2 

o 


-'ja . 8(k x ) =. 


(38) 


The elimination of Z x from eqn. (38) furnishes a quadratic for 
the coupling coefficient r, with two solutions, namely 


k 0 • k y 
Tl k z • k x 

r = _ = _ L 

T2 k 0 k v T \ 


(39) 


It is important to note that, provided Z x is small, as has been 
assumed, tj and r 2 are independent of the value of Z x \ the 
coupling coefficient depends only on the order of the mode and 
the dimensions of the guide. 

Substitution of eqn. (39) back into eqn. (38) gives 


Consequently 





8(y) i 
S(y) 2 


k 2 
x z , 


a k 0 /3 0 

\ k _0r 

a fio 


(40) 


(41) 


Since the coupling coefficient as given by eqn. (39) is not small 
we draw the conclusion that neither E- nor H-modes are stable 
with respect to a small perturbation of the quality of the boundary, 
unless m or n is zero. 

Although no higher E- or H-mode can be stable in a rect¬ 
angular guide, we see from eqns. (39) and (40) that the com¬ 
bination of waves 


{E x H)^n » (#„.» + r x E n J . . . . (42) 

or m x ) m ,n = (#»,„ + .... (43) 

are stable. The propagation coefficients of these waves are 


respectively 


Thus 


and 


Yi = Yo + s (y)i 1 
72 = yo + S(y) 2 j 

A-A, + «A-A + a^. 

1 ^0 

a fio 


P2 = fo + W.2 = Po + --'i?Xl 


«1 

«2 


1 k 2 
- 

a k 0 f3 0 

1 k 


a j3 0 


°R, 


(44) 


(45) 


(46) 


Undoubtedly we can superimpose (E x H) m tl and (EH x ) m n in 
suitable proportions to get at any particular point along the 
guide a pure E min - or H m n -wave, but since (E X H)- and (EH X )- 
modes have different phase velocities the wave will propagate 
down the guide suffering a change of form. By this we mean 
that, for example, an E-wave will, while passing down the guide, 
gradually change entirely into an El-wave and then back again 
into an E-wave. It is only the particular combination of E- and 
H-modes as given by eqns. (42) or (43) that is stable and can 
proceed down a rectangular guide without change of form. 

fk \ 2 

Further, we note that since = a. 2 k, and that since usually 


a > A 0 / 2 , a! is less than a 2 and consequently—unless the wave 
at the entrance to a guide is a pure (EH x )-wave—the wave at the 
end of a long guide will be substantially a pure (E x H)-mode. 

The particular combination of E- and H-modes, as given by 
eqns. (42) and (43), with coupling coefficients as given by 
eqn. (39), are known as longitudinal-section waves, first men¬ 
tioned by Buchholz 7 in 1939. These waves are characterized 
by the absence of the E x component as in the (E x H)-mode or 
the absence of the H x component as in the (EH x )-mode—as a 
study of eqn. (36) together with eqn. (39) will reveal. Fig. 6 
illustrates the E and H lines of force of these modes in the 
transverse plane of the guide. 



x, 


• 'X* — ^ 1 

i \ 


w 
111 

"I 

& 

-eg 




-y 



-I ir— y L-JJU- 

(a) 


Fig. 6 .—Field of longitudinal-section waves. 

(a) (iJj-Hlu-mode. 

(b) (£■#») n-mode. 

- Electric lines of force. 

-- Magnetic tines of force. 


In conclusion we may state that it is meaningless to talk of 
attenuation of metal guides when carrying, for example, an 
E-mode. A metal surface has a surface impedance given by 
eqn. ( 8 ), and consequently it follows from the foregoing analysis 
that a metal guide cannot support an E-mode of whatever order. 
For a similar reason it is equally inappropriate to talk of attenua¬ 
tion of metal guides when supporting higher-order H-modes. 

This study is not meant to be a challenge to the conventional 
method of evaluating the attenuation coefficient of a guide by 
the integration method as outlined in Section 2.1, but when the 
method is applied to modes other than H 0 a misleading set of 
results is obtained. 

To complete our conclusions, consider a rectangular guide 
whose walls are perfect with the exception of the wall at y — b, 
which has a uniform surface impedance Z 2 . 


Thus 



E x 

rr 
Jtt , 


y=~b 


(47) 


Since the analysis for this case is similar to the one considered 
in eqn. ( 37 ) the details of the analysis will be omitted and only 
the results given. We find that, as before, there are two coupling 
coefficients, namely 


and 



k 0 k x 

kjCy 


kjCy 

k 0 k x 


'\ 


> 


(48) 
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The corresponding perturbation terms are 


and 


3(/cPi - 

S(*» 2 = 

8(y)i 
S(y) 2 


^ J® <*» 


1 


(49) 


k 2 

%-Z 2 


1 

3 /r 0 /jo 
1 k 0 
' 5 jao 


(50) 



The only stable waves are 

(E y H) m>n = (H min +r[E m J 

and (EH y \ n ,n = + T 2 ^,«> 

Finally, consider a guide whose walls at x 


. . • (51) 

. . . (52) 

0 and y — 0 are 

perfect, but the walls at x = a and y = b have impedances Z L 

an fn^his e casewefind not only that higher-order E- °r H -modes 
cannot exist but that no linear combination of the modes (of the 
form E +tH ) can be made to travel down a uniform 
rectangular guide— whose two adjacent walls are imperfect 
without change of form. In fact it is only the H 0n - and J*W 
modes that can propagate down a uniform and imperfect guide 

without change of form. 

(5) APPLICATION TO CIRCULAR GUIDES 
(5.1) Field Equations pertaining to Circular Waveguides 

(5.1.1) E-waves. 

E = J 


where the coefficient /z 0 is given for E-waves as the solution of 
J ni (/i 0 v) = 0, and for H-waves as the solution of 
and where s is the radius of the guide. 

For an imperfect guide the coefficients are given by 

k2 — h 2 _ y 2 

h=h 0 + 8h l. ... (56) 

y = yo + = JPo + 

8y = a + ySjS 

The surface impedance of the guide wall at r 


s is 


h 

H, 


nj, 

Tr, 


r=s 


r~s 


= Z s ((f>, z) = Z z 
= axial impedance 
- Z/0 z) - Z 0 
= circumferential impedance 


(57) 


jB m 






sin 


cos 


4) 


from 


Hr- 






}hy 

h m 


(53) 


(5.2) E-waves 

Let the field of an E m>n -wave inside a perfect guide be derived 

E z = J m (/w) cos (m<j>) .( 58 ) 

Then in the case of an imperfect guide the wall impedance 
will couple, in general, a certain amount of H-wave, which is 

derived from 

H z = rJ m (hr ) sin (m</>).(59) 

where r is the normalized coupling coefficient and h is given by 
eqn. (56) with 1iq as the solution of 

J m (M = 0.. (60) 

In this case, substituting from eqns. (53) and (54) into eqn. (57), 
we get 


J m (/«) 


(61) 


(5.1.2) H-waves. 


Eh 

E r 

E* 

EI r 

Jh 


^ " 4 ) 


Jk o m \ 


sin 
■ cos 


m<f 


sm 


mcf^j 


(54) 


h 


jfi m 

'' hi 


H-Z m h 


In these expressions the coefficients h and k 0 have the following 
meanings (Fig. 7). For perfect guides: 

. . . (55) 


k 2 0 


hl + P 2 o 


h l 


Vo 


. . . (62) 

rljhs) 

We now expand in Taylor’s series the Bessel functions occurring 
in eqns. (61) and (62) about the pomt h 0 s, and to the first order 
of quantities we get 

— zS(h)] m (h 0 s) 1 . ^3^ 

and TJhs) a r m (h 0 s) J 

On substituting eqn. (63) into eqns. (61) and (62) and neg¬ 
lecting higher-order quantities, we get 

T = |”yz i ). ..... m 

h l s 
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and 


Thus 


m = 

S(y) 


-i fa 


1 k 


O' 


s |S C 


(65) 


( 66 ) 


Thus 


S(y) = - 






z 0 + z 


h 0 s) 


m 


i 


\h 0 sj 


Consequently, separating real and imaginary parts, the attenua¬ 
tion coefficient, a, is given by 


For a homogeneous and isotropic guide surface Z# 
and eqn. (77) leads to 


705 


(77) 


Z=Z. 


a 


1 ij? 


and the phase propagation coefficient, /3 0 , is altered by 

5 (j 8 ) 


1 

^ A 0 z 


(67) 


( 68 ) 




m l 


|_(V) 2 - 


777- 


+ 




Thus, in this case 


1 A, 


a = - 


s Ar 


m z 


LC/zo^) 2 — ?n 2 


+ 


(x!) : 


R. 


(78) 


(79) 


The coupling coefficient, r, is small and tends to zero as whh a similar expression for S(j8) but with in place of R s . 

\Z 2 \ —> 0, consequently all E-waves in a circular guide are stable. We 0 b serve that, although the propagation coefficients of an 
Further, since for all E 0 -modes r = 0, we conclude that the H _ wave depend on both the circumferential and the axial 
purity of E 0 -modes is unimpaired by the finite value of Z z . components of surface impedance, the coupling coefficient r is 

It is important to note that the performance of a circular guide proport i ona i to Z alone. Further, as can be seen from the 
is unaffected by the value of the circumferential impedance when bo ve f ormu i a e, the propagation of an H nn -mode is unaffected 


AU -- - -- 

small, and it is tempting to deduce that the propagation of 
E-waves is unaffected by the circumferential impedance, however 
large. An analysis carried out to that end shows that this is 
indeed the case. 

(5.3) H-waves 

Let the field inside a perfect guide, when carrying an H mjn - 
mode, be derived from 

H z — J m (hr) cos (me/)).(69) 

Then, if the guide is imperfect the wall impedance will couple, 
in general, a certain amount of E-wave, which is derived from 

(70) 


E z = tJ m (hr) sin {mj>) 


In these expressions t is the normalized coupling coefficient 
and h is given by eqn. (56) with h Q as the solution of 


yjM - 0 


(71) 


Proceeding as before, from eqn. (57) on substitution of eqns. 
(53) and (54), we get 


tJ m m 


above formulae, the propagation of an H Qn -mode is unaffected 
by the value of Z tj> \ in fact the purity of H 0n -modes is unimpaired 
by the introduction of imperfect walls. Although the propaga¬ 
tion of higher-order H-modes is influenced by and Z z , these 
modes are stable. 

(6) APPLICATION TO RESONATORS 
(6.1) General 

Hitherto our attention has been focused on travelling waves; 
in particular we have been considering axial guided waves. By 
this we mean that the power as transmitted by the wave is 
carried principally in the axial direction, heretofore referred to as 
the z-direction and the assumed functional dependence was 
g-Y*. These waves can be conveniently denoted by E m;n>0 and 
H m n e where • indicates that the wave is an axial wave. 

We now proceed to investigate standing waves of the form 
E l and H mn t as met, for example, with cavity resonators. 
Here, as in the’case of travelling waves, our field coefficients for 
a perfect cavity are related by 

(5). 


fio m 
h o 


J F 


j n m 


T Axcfa) 

n Q 


and 


7o») 

hr, JJhs) 


TJ 


h 2 

n o 


(72) 


(73) 




h l + ^0 = h 0 + k z 


zO 


The Bessel functions occurring in eqns. (72) and (73) are con¬ 
veniently expanded in Taylor’s series about the point h 0 s, and to 
the first order of quantities we get 


r m (hs) at J JM 


( m \ 2 

\IiqsJ 


1 


s8(h) 


j a m 


* J m (M 


(74) 


When the cavity walls are imperfect, however, the relevant 

equation is .... 

lc 2 — h 2 -j- k 2 .(80) 

where, owing to imperfect side walls (walls parallel to the axis 
of the cavity), the coefficient h 0 becomes, as in the case of travelling 

waves, . , 01 , 

h = ho + 8h .(81) 

Similarly, owing to imperfect cavity end-plates (walls per¬ 
pendicular to the axis of the cavity) the coefficient /3 a becomes 

k z — fio + $k z 

hr 


With these approximations eqns. (72) and (73) furnish 

/So 


1,2 

"o 


UZz) 


and 


m = 


1 ho 
$ k n 


jZ '* +jz ={f) (y)_ 


/ m \ 2 
\h 0 s) 


(75) 


(76) 


/So = 

XJ 

Consequently k is given by 

k — k o 4- 8 (k). 

where obviously 


s (fc) = h Mhy+h[k 2 ) 

k Q k o 


(82) 


(83) 


(84) 
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Now, since 

k Q = o) 0 V (^ 0 e 0 ) 

and k = to a/ (/ x o fi o) = O^o + 8co)\/ (/x 0 e 0 ) 


(85) 


We have that 

g ( 6U ) = A) %) + *o W = + y/\ 2 . . (86) 

o> 0 A' 0 /<r 0 

Thus, from the knowledge of S(Ar z ) and 8(h) for any given cavity 
we can calculate from eqn. (86) the bandwidth or the Q-factor, 
as well as the real shift of resonant frequency from that of a 
perfect cavity (co Q ). 

It is evident from eqn. (86) that, if we let tu 0 be the resonant 
frequency of a perfect cavity and co j that of an imperfect cavity, 

then the quantity Aj = —--- is a function oi the real parts 

OJ Q 

of S(/c z ) and 8(h). The imaginary parts of 8(k z ) and 8(h) give 
rise to the quantity jA z , which has the following significance: 

The resonant frequencies of any system are given, as is well 
known, in terms of the Q-factor of the system by* 



where co Q is the resonant frequency of the same system in the 
absence of losses. If we assume that Q is a large number, the 
resonant frequencies will be adequately represented by 


, • w o 
co coq h./ 2Q 


. ( 88 ) 


and, as is well known, the half-power bandwidth of the resonator 
is equal to the reciprocal of Q. 

The comparison of eqns. (86) and (88) shows that 


(a) E-waves. 


E z — f (a, v) cos fiz 

k bf . 0 
E u = — -Z. — sin fiz 
u h\e, bu 

k z bf 


H, 


h\e 2 bv 
jk 0 bf 


u h\e 2 bv 


sin fiz 
cos jS z 


H, 


jko bf 


° hie, bu 


cos j3i 


( 90 ) 


(b) H-waves. 


H z — jf(u, v) sin j3z 

E u = rr br sin 
14 hle 2 bv 

^ K bf . 0 
B ’ = -4,ru sm ^ 

w '”|r 2 I C0S ^ 


• (91) 


Consider the effect of a homogeneous and isotropic impedance Z s . 
In this case the boundary condition to be satisfied at z = L is 


H r 


= Z, 


z—L 


H„ 


(92) 


In the case of E m n r waves (1+0), if we let r be the coupling 
coefficient, from eqns’. (90), (91) and (92) we get 


A 2 = = ]. (bandwidth) 


(6.2) The Effect of Resonator End-Plate Impedance 

The quantity 8(h) as deduced in Section 5 for circular guides 
is applicable in this case. With rectangular guides 8(h) is 
the sum of 8(k x ) and 8(k y ) and is applicable in this case. The 
quantity 8(k,) is yet, however, to be calculated as the perturba¬ 
tion effect of the resonator terminating plates. 

Imagine a cylindrical cavity of arbitrary shape and length L as 
shown in Fig. 8. Suppose now that the wall at z = 0 is perfect 



Fig. 8.—An arbitrary cylindrical cavity. 

and that the wall at z = L is characterized by a small surface 
impedance. The field components inside such a cavity (u and v 
are co-ordinates in the plane transverse to the axis of the guide) 
are: 

* Eg se e Pipes, L. A.: “Applied Mathematics for Engineers and Physicists” 
("McGraw-Hill Book Co., Inc., New York and London, 1946), p. 164. 


_ A) bf ^ T JffL 

hi^e, bu h^e 2 bv cos k z _ ^ (93) 

_ .4 y , T _@o bf sin k z s ■ 

J h\e x bu r hle 2 bv 

If the wave is reasonably pure r will be small, and after 
approximating to trigonometric functions we get 

sw = ~ ~°0A).( 94 > 

Similarly, for a resonator excited in H-mode 


8(fc * )= XF° 0Zi) ■ ■ ■ ■ • <95) 

The case of E^.o-modes requires a little more attention. 
The propagation coefficients of this mode are related by 

H ~ hi 

an d h* « A 2 + 8\k z ) .(96) 

Therefore, if the surface is homogeneous and isotropic, we 
obtain from eqn. (93) 

S 2 (/c.) = k ^UZ s ) .(97) 


(6.3) The Rectangular-Box Resonator 

Consider a cavity resonator as shown in Fig. 9. Let us denote 
the surface impedance at x — 0 and x = a by Z X>Q and Z xA 
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Then, using eqn. (86) and eqns. (65) or (76) as the case may 
be, we get for E m n t -modes 

for 1^0, and 

— = bandwidth 

Q 



( 102 ) 


2 (Ri , K,o + 

fA7 + ' 


2 L 




1 , X Z,Q + X Z , 1 

it 0 lT + -2L 


) 


(103) 


for / = 0. 

For H m n>1 -modes we get 

— — - (bandwidth) = x 
2 Q 2 k o 


respectively, and let the surface impedance of other walls carry 
similar notation. If we assume that all surface impedances are 
homogeneous and isotropic, we get from eqn. (86) (for H 0 -modes 

°" ly) SM _ 5 k_ x , M fa & 

\k q) ko 2 k 


1 A>\ 2 

5 vc 0 / 


1 + 


(po \ 2 (™\ 2 

\h 0 J \h 0 sj 


o 


CO 0 \K 0 

Substituting from eqns. (24), (28) and (96), 

2fhl \(Z^ + Z rA ) + r. 1 

o 


ko k Q 


(98) 


L 


/ m \ 2 
VW _ 


* + & 


Af \ 2 fc?,l 
L 


(Ai + ;A 2 ) — ^ 


[_a/c 0 vc 0 


(I)^ 0 + ^ + + Zj, ' ,) 


■ (99) 


Thus the real part of eqn. (99) gives the shift of resonant 
frequency, while the bandwidth of the cavity is given by twice 
the imaginary part of eqn. (99). It is thus evident that the reactive 
part of surface impedance is responsible lor the change in 
resonant frequency, while the bandwidth of the cavity depen s 
solely on the surface resistance of the cavity walls. More pre¬ 
cisely, inductive walls (positive X s ) bring about a decrease in 
resonant frequency, while capacitive walls (negative X s ) ^crease 
the resonant frequency of the cavity. Further, we note that, it 
X — R (a metal surface), the amount by which the lesonant 
frequency of the cavity is decreased equals one-half the bandwidth. 

If all the cavity walls exhibit the same impedance, Z s — R s +jX s , 

' fix 2' 


1 


bandwidth 



1 L 2 

+ k Q b + L/c 



and A t 


1 , X. 

- bandwidth x ~ 

2 R s 


( 100 ) 


In this particular case eqn. (100) yields the familiar expression 
for the Q-factor of a rectangular cavity, excited m the H 0 tl;1 - 

mode, namely 


1 

IQ 


•77 jR, 


( 101 ) 


where R s is given by eqn. (8). 

(6.4) The Circular Cylindrical Resonant Cavity 

Consider a cylindrical cavity, as shown in Fig. 8 whose 
periphery is the circular radius 5. Let us denote the surface im¬ 
pedance of the curved surface by Z x and that of the surfaces at 
z - 0 and z - / by and Z z>1 respectively. Let us further 
assume these impedances to be homogeneous and isotropic. 


.... (104) 

while A! is given by eqn. (104) with the corresponding reactive 
components of surface impedances in place of the resistive 
components. Here, the same observations apply as have been 
made in connection with eqn. (99). 

(7) SUMMARY OF MAIN CONCLUSIONS 

A complete analysis of imperfect guides in terms of the surface 
impedance of the guide wall has been carried out. Particular 
attention was given to the rectangular and circular guides, and 
it was shown that all E- and H-modes are stable in circular 
guides, but of all the modes that could exist in a perfect 
rectangular guide only H 0 -modes are stable. 

General formulae were derived from which the piopagation 
coefficients of imperfect guides for any small value of Z can be 
calculated. In a similar manner the bandwidth, the Q-lactor 
and the resonant frequency of imperfect cavities can be calculate 
using the formulae derived. 

The concept of surface impedance is useful not only where 
theoretical computations are involved; a design engineer equipped 
with a knowledge of a variety of impedance surfaces is greatly 
assisted by the method in the design of—for example—microwave 
components. Moreover, one can form a clear physical picture 
of many phenomena when using the impedance concept foi a 
similar reason that one enjoys an understanding of circuit 
problems, provided, of course, that one becomes accustomed to 
thinking in terms of impedances. 
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(10) APPENDIX 

It has been shown 4 that in the case of vertical polarization, 
the normalized surface impedance of a perfectly conducting 
surface when coated with a thin layer (thickness t) ot a dielectric 
(of dielectric constant = Cj) is given by 

2 s = (V>(Y) 2 .905) 

when referred to the surface of the dielectric. Consequently, 
when referred to the surface of the metal, this impedance is 



(106) 


In the case of horizontal polarization it is easy to show by a 
method similar to that illustrated in the Appendix of Reference 4 

that z s =k 0 t .(107) 


when referred to the plane of the dielectric. Since this is the 
same as the impedance of a conducting surface coated with a 
“thin layer of free space,” the impedance as given by eqn. (107), 
when referred to the plane of the conductor, is zero. , 


DISCUSSION ON 

“A GENERAL EXPERIMENTAL METHOD TO DETERMINE THE PROPERTIES OF 
ARTIFICIAL MEDIA AT CENTIMETRE WAVELENGTHS, APPLIED TO AN ARRAY 

OF PARALLEL METALLIC PLATES”* 


Dr. J. B. Birks ( communicated ): The general theory of the 
reflection and transmission coefficients of an mterface, of a 
symmetrical slab, and of a composite slab, which the author 
derives, has been given previously.! The method employed 
was similar to that used by the author, but the impedance 
concept was also introduced to extend the theory to oblique 
incidence and to waveguide transmission. This publication was 
based on work I carried out from 1942 to 1945, and it precedes 
the paper by Lengyel (1951) to which the author refers. 

Dr. R. I. Primich (in reply): I am indebted to Dr. Birks for 
pointing out the reference to his work which had been missed. 
A careful study of the paper will show that the source reference 

* Primich, R. I.: Paper No. 1701 R, January, 1955 (see 102 B, p. 26). 

t Birks, J. B. : 1 ‘Dielectric Housings for Centimetre-Wave Antennae,” Journal I.E.E., 
1946, 93, Part IIIA, p. 647. 


for the derivation of the slab formulae is Reference 20, which 
lists both Dr. Birks and Dr. Redheffer, but none of these individual 
reports was available to me at the time. Lengyel has simply 
applied the formulae in Reference 20 to the system of parallel 
plates, and these are the formulae I have used, with a very brief 
outline of the derivation relegated to the Appendix. I have 
made no attempt to claim original derivation and I feel that a 
careful examination of the paper will lead back to Reference 20. 

For application to artificial dielectrics the impedance concept 
can be misleading, and it has been very carefully and inten¬ 
tionally avoided, as indicated in the Introduction. The concept 
of complex transmission and reflection coefficients, which has 
been used in its stead, can include by definition the case of 
oblique incidence (and hence, waveguide transmission). 
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. SUMMARY 

A radar set has been used to investigate the propag^^ 

radiation through various types of weather. , M f a . s ^®^s and of 
made of the attenuation caused by the precipitation part 

the intensity of radiation scattered back. No a P c but the 

to correlate the results obtained with drop-size distribution, but the 

results are plotted against precipitation rate. scattered 

The attenuation caused by rain and the intensity of radiation scattered 

back by rain agreed well with theoretical predictions 

The echo intensity from fogs was too low to detected bu 
attenuation of a corner-reflector echo was measured m several fog 
of different visibilities. While the results were of the- sot* order as 
those predicted by theory, there was some variation, especially fo g 

“Sut,Caused by dry snow has not been measurec, but 
moist snow produced attenuation two and half times greater than ra 
of precipitation rate. The echo intensity returned fronti*e 

“radar bright band,” composed of melting snow, was 14-19“ 
than the echo intensity from the dry snow above it, and 2-8 dB more 
than the echo intensity from the rain below it. 


LIST OF SYMBOLS 

Equivalent echoing area of a corner reflector. 

Constants. 

Gain of an aerial over an isotropic radiator. 

Pulse length. 

Mean water content of a fog, g/m . 

Number of drops per cubic centimetre. 

Precipitation rate, mm/h. 

Peak power received. 

Peak power received after attenuation. 

Peak power received from a corner reflector. ^ 

Peak power received from a scatterer. 

Peak power received from a shell of thickness or and 

radius rd. 

: Peak power received from unit volume. 

- Peak power transmitted. 

= Range of scatterer. 

= Range of corner reflector. 

= A scattering function (equals ajArr). 

= Visual range, ft. 

= Attenuation per unit length. 

= Attenuation, dB/km. 

= Wavelength. 

= Equivalent echoing area. 

~ Semi-angle of transmitted beam, measured to 3 dB 
point. - 

(1) INTRODUCTION 

At wavelengths below 1 cm the effect of precipitation particles 
on the propagation of electromagnetic radiation is serious com- 
£ar£STeffect at longer wavelengths. When.radiation is 
incident upon a particle there is some absorption of energy by 
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the particle itself, and in addition, some of the incident energy is 
scattered. Both these effects produce attenuation of a beam of 
radiation traversing a cloud of particles. Some of the radiation 
is scattered backwards towards the source, and this produces the 
type of radar echo known as “rain clutter. 1 

These effects have been discussed theoretically by several 
authors, their results being based mostly upon the theoretical 
computations of J. W. Ryde and D. Ryde, summarized m 
Reference 2. The magnitude of the effects is shown to depend 
upon the complex permittivity of the scatterer, the ratio of drop 
diameter to wavelength and the concentration of drops in the 
atmosphere. The permittivities chosen for water and ice were 
those determined by Saxton 3 for water and by Dunsmuir and 
I amb 4 for ice. The numbers of raindrops per unit volume tor 
various precipitation rates were calculated from the drop-size 
distributions of Laws and Parsons. 3 In the present paper the 
theoretical curves shown in Figs. 1 and 2 are based upon ie 

original work of J. W. Ryde and D. Ryde. ■ ,, 

In 1951 Saxton and Lane 3 - 7 published revised values for the 
nermittivity of water. The differences between the new and 
earlier values are small at a wavelength of 8-6mm, and it was 
not thought worth while to undertake the lengthy computations 
npoessarv to correct Ryde’s scattering function . 
probable that the new values of NS will be at most 10 % d,derel3t 
from Ryde’s values. It is simple to use the new values to cal¬ 
culate the attenuation due to fog, and the curve shown m Fig. 3 
was drawn using the later values of permittivity. Visual rang 
is related to attenuation, following the procedure outlined by 

R ^There have been several measurements of attenuation, and 
back scatter caused by rain, 8 - 11 and although there is some 
uncertainty none has indicated that Ryde’s theory is grossly m 
error No measurements in the 8 mm waveband appear to have 
been made, nor has the attenuation through fog been measured 

“somereports of measurements in snowstorms are available,' 2 
and there have been measurements of .^ 
meltine snowflakes forming the radar bright band.. y 

S s during the relative echo intensities from the regions above, 
below and in the bright band, the relation between the echo 
intensities from rain and from the snow produang it can be 
obtained These observations tend to confirm Ryde s theo y. 
Present knowledge of the echoing properties of a £ 

diameter comparable with the wavelength, is so inadequate as 
to preclude an accurate comparison between the results given in 

lh InvTew offfLe 3 " uncertainty in some of the results published at 
was thought worth while to investigate the propagation of radi 
tion in the 8 mm band. 

(2) equipment used 

(2.1) Radar Equipment 

The investigation was carried out with a laboratory-bum radar 
set using a pulsed magnetron as transmitting valve. Separat- 


r r\/~\ ~\ 



710 ROBINSON: MEASUREMENTS OF THE EFFECT OF RAIN, SNOW AND FOGS ON 8 6 MM RADAR ECHOES 


transmitter and receiver aerials were mounted on a frame which 
could be rotated by hand in azimuth, and in elevation up to 
36° above the horizontal. Eighteen-inch-diameter metal search¬ 
light mirrors fed from waveguide horns were used as reflectors. 
The principal characteristics of the set are listed below. 

Wavelength .. .. 8 -6 mm. 

Transmitted peak power 15 kW (nominal, not measured). 

Pulse length .. .. 0T5 microsec. 

Beam width .. .. 1° 30' (measured between 3dB power 

points). 

Polarization .. .. Circular. 

The signals were displayed on a range tube with a time-base of 
6, 12 or 24 miles. 

An r.f. attenuator, calibrated against a precision piston-type 
attenuator, was placed in the waveguide between the receiver 
horn and the input to the head amplifier. The display was 
calibrated using this attenuator and the echo from a corner 
reflector. The attenuator was also used in assessing signal 
strength, sufficient attenuation being inserted to bring the signal 
to some predetermined level. 

The radar set was housed in a hut 20 ft above falling ground, 
giving it an uninterrupted path of about 10 miles. 


Rain is not composed of drops of equal radius, but by consider¬ 
ing drop-size distributions a mean value, NS, for the scattering 
function per unit volume may be obtained. 

All drops at range r in a spherical shell of thickness 8r return 
radiation to the radar aerial if they lie within the beam of semi¬ 
angle 6. The volume of this portion of the shell is nr 2 9 2 Sr, 
provided that 6 is small—a condition fulfilled in the equipment 
used. Hence the power returned by drops within the shell P rsh 
is given by 


rsh 


P t G 2 X 2 NS6 2 8r 

16Trr 2 


(3) 


The echoes returned by all drops within one-half the pulse volume 
will be indicated as though they were returned from drops at 
one range. Hence, if A is the pulse length, the power returned 
to the radar set during one pulse length is 


P r = 


P t G 2 X 2 NS0 2 
16 ?t 




dr 

A 


h 

T 


P t G 2 X 2 NSd 2 h 

“K 2 ' 2 _ t) 


(4) 


(2.2) Rain Gauges 

Two Mark 2 Bibby recorders and gauges were used to measure 
the precipitation rate at the radar site and at a site 1 -75 miles 
distant, the instruments recording the amount of rain falling in 
each 1 min interval. The recorders, being separate from the 
collecting funnels and connected to them by land lines, were 
placed side by side in the same room as the radar set. Since 
each recorder drum was driven by a synchronous motor, time 
synchronization of precipitation-rate reading and radar-echo 
intensity could be made accurately. 


For one radar set, P t G 2 X 2 d 2 h /32tt is a constant, C, and A 2 /8 can 
usually be neglected compared with 2r z . 


Hence 



(5) 


If the atmospheric and rain attenuation is z per unit length, 
the attenuated power returned, P ra , is given by 


ra 


r 2 



(2.3) Corner Reflector 

A corner reflector, mounted on a tower 65 ft above ground level 
8*27 miles from the radar set, was used as a standard target. 
It was made to such tolerances that the equivalent echoing area 
of the reflector was within % dB of the theoretical at a wavelength 
of 3 mm. It had sides 70-4 cm long and an equivalent echoing 
area of 1-41 x 10 4 m 2 at the wavelength used. The signal 
returned from this reflector was used to evaluate the echo 
intensity returned from rain and the attenuation through fogs. 
There was an optically clear path between the reflector and the 
radar set. The effective height above the immediately surround¬ 
ing terrain was such that contributions to the reflector echo 
intensity due to an indirect path were negligible. 


(3) PROPAGATION THROUGH RAIN 
(3.1) Theory of Scattering by Raindrops 

The intensity of radiation scattered back from rain may be 
calculated from the theoretical equation for the power, P rs , 
returned to the radar receiver by a scatterer of equivalent echoing 


area a, as 


G 2 X 2 a 

F '(4t7)V4 ‘ 


( 1 ) 


The power returned from one raindrop of equivalent echoing 
area, a, is obtained from Ryde’s scattering function S, which by 
definition equals ct/4tt. If there are N drops of equal radius 
per unit volume, the power returned by unit volume of the beam, 
P r) „ is given by 

D _ P t G 2 X 2 4nNS 

rV (4tt)3,'4 . 


(3.2) Measurements of Attenuation in Rain 

The attenuation caused by rain was calculated by measuring 
the echo intensity returned from the rain at different ranges at 
quarter-mile intervals up to 2 miles, and at half-mile intervals 
beyond this. From eqn. (6) it can be seen that 

10 log ( P m r 2 ) — 10 log CNS — 20zr log s . . (7) 

Thus if 10 log (P ra r 2 ) is plotted against r, a straight-line curve 
should result for rain of uniform precipitation rate. The gradient 
of the line is the attenuation in decibels per unit radar range, or 
twice the attenuation per unit range for one-way transmission. 
The attenuation thus obtained includes the atmospheric attenua¬ 
tion, taken as 0-096 dB/km at 10° C, due to oxygen and 
water vapour. Values of 0 • 02 dB/km for the former 15 and of 
0-008 dB/km/g/m 3 for the latter 16 are assumed, the atmosphere 
being considered to be saturated with water vapour at 10° C. 
Errors due to these assumptions are estimated at less than 
0-03 dB/km, and are probably 0-01 dB/km. 

To measure echo intensity the aerials were elevated 3° above 
the horizontal, in order to ensure that all the beam was clear of 
the ground. Greater angles of elevation are undesirable, as the 
beam may enter the bright band. The rain echo was examined 
on the range display, and was usually visible between the ground 
ray and a range of 6 miles or less, depending upon the precipita¬ 
tion rate. If the echo intensity changed with range in a non- 
uniform manner, no attempt was made to take readings. Since 
this was so on about 90 % of all occasions when rain was falling, 
many erroneous results were avoided. 

When the results were plotted it was sometimes found that the 
points did not approximate to a straight line, presumably because 
the precipitation rate changed with range or with time. (A. 
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time of up to 3 min was necessary to complete a set of readings.) 
These results were rejected. 

If the precipitation rate had been changing exponentially with 
range, the points still would have been on a straight line, but tl e 
rain gauges at 0 and If miles range would have read differently. 
If there was reason to suspect that this was so, the results were again 
rejected. It was found that when the precipitation rate was less 
than 1 mm/h the attenuation was so small that errors in the 
readings became comparable with the change in readings due to 
attenuation; therefore no results were used when the precipitation 
rate was less than this. 

Sixty-five sets of readings were plotted for precipitation ra es 
of 1 mm/h or more. After some had been "rejected for the 
reasons outlined above, 51 values of attenuation from 16 storms 
were accepted and are shown in Fig. 1. Ryde’s theoretical 


great that the rain echo would be attenuated too much to provide 
more than a few reliable readings. At such rates it would be 
better to measure the absorption over a short path length between 
a separate transmitter and receiver. 

(3.3) Measurements of Echo Intensity from Rain 
The power returned by rain at a range r is given by eqn. (4), 
which is 

P t G 2 X 2 NS9 2 h P,G 2 X 2 NSd 2 h 
p r = r „ h 2 \ ~ 32rrr 2 

H 2r ~ -s) 

when h < r. The power, P rc , returned from a corner reflector 
of echoing area A at a range R is given by - • 



Pig, i.—Attenuation of 8 • 6 mm wavelength radiation produced by rain. 

curve of attenuation at 10° C plotted against precipitation rate is 
also shown, and it can be seen that the results are m good agree¬ 
ment with this. The best straight line through the experimental 
points was computed by the method of least squares and found 
to give the relationship between attenuation and precipitation rate 

Z = O-26/i - 0-02 

In Fig. 1 this would be indistinguishable from the line repre¬ 
senting Ryde’s predictions, given approximately by 

Z = 0-26/7 

This method of measuring the attenuation due to rain possesses 
some advantages over other methods, but has limitations. The 
chief advantage is that, by careful inspection of results, ail 
observations made in non-uniform rain can be rejected without 
resorting to an excessive number of rain gauges. No careful 
monitoring of set performance is needed; it is essential only tha 


_ P t G 2 X 2 A 
Prc ~ 

P r P t G 2 X 2 NS9 2 h ,P t G 2 X 2 A 
Hence -p- 32 ^" /(4tt)3R4 

_ 2t T 2 NSQ 2 hR* f8) 

r 2 A 

Thus, with a knowledge of the appropriate values of NS and 
the set parameters 9 and h, it is possible to compare theoretically 



the echo intensities expected from rain at range r and a reflector 
at range R. The theoretical curve shown in Fig. 2 was drawn 
using Ryde’s values for NS, which are included here in Table 1. 


Table 1 


Precipitation rate, mm/h 

Mx 108 . 

0-25 

3-4 x 10- 1 

1- 25 

2- 2 

2-5 

5-0 

12-5 

3-2 X 10 

_ 

25 

6-8 x 10 

50 

1-25 x 102 


the set performance should remain constant during the 3 mm 
necessary to complete one set of readings. Ti je method is 
applicable only to millimetre wavelengths, since both the attenua 
tion and back scatter at longer wavelengths are too small, it 
has already been noted that values are unreliable for precipitation 
rates of less than 1 mm/h. It is estimated that the attenuate 
in rain of precipitation rate higher than 15 mm/h would be so 


X ig« a- - -- A 

theoretical curve. . _ 1 

Readings of signal intensity received from a range 01 1 4 - miles 
were taken from the observations made during attenuation 
measurements. The beam of radiation had been placed so that 
it was above the rain gauge at a range of li miles from the radar 
set, and the precipitation rate recorded by this gauge was used 
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in the calculation of echo intensity. The radiation returned from 
rain was attenuated by the rain and the atmosphere, and the 
reading of echo intensity was corrected for 2-way attenuation, 
computed from the attenuation curve. 

The echo intensity from the corner reflector was measured as 
soon as there was no rain along the path. At times several hours 
elapsed before this condition was fulfilled, and since the set 
performance may have altered somewhat, no readings of echo 
intensity are included for those days. A correction had to be 
applied to the corner-reflector reading to allow for atmospheric 
attenuation, and the six-hourly readings of dewpoint at Ross-on- 
Wye were used to calculate water-vapour absorption. These 
may have differed from the readings at Malvern by up to 2°F, 
but the possible error in the correction was small. 

When the echo intensity from rain was measured, the r.f. 
attenuator was inserted until the signal was reduced to a pre¬ 
determined level. The height of the rain echo was taken to be 
the maximum height reached by the echo spikes, about 5 % of 
the taller spikes being ignored. This may be tenned the “95 % 
peak” level, and is above the r.m.s. level of echo intensity which 
should have been read. The corner-reflector echo, being steady, 
had a peak value very close to its r.m.s. value. It has been stated 
by Goldstein 17 that precipitation echoes have the characteristics 
of echoes from random scatterers, and the amplitude of the 
voltage vector at any instant in time follows a Rayleigh distribu¬ 
tion. From this it can be shown that the signal level which is 
exceeded 5 % of the time is 4 - 8 dB above the r.m.s. level. Thus 
a correction of 4 ■ 8 dB was applied to the readings of echo 
intensity to obtain the r.m.s. values, which were then comparable 
with the corner-reflector echo intensity. Since there was no 
accurate means of assessing whether exactly 5 % of the spikes 
were ignored, some uncertainty exists about the value of this 
correction. It is felt that at least 2% and at most 10% of the 
spikes were ignored, and the limits of the correction are therefore 
5 • 9 dB and 3 • 6 dB. Thus a maximum error of 1 • 2 dB may have 
been introduced into the readings by assuming a correction of 
4 • 8 dB. 

Examination of Fig. 2 shows that there is appreciable scatter 
in the results. It is to be expected that the echo intensities will 
display more scatter than the attenuation results, since the 
radiation scattered back by rain is more dependent on the drop- 
size distribution, differing from one rainstorm to another. The 
results were obtained on six different occasions between October, 
1952, and February, 1953. There were many fewer readings of 
echo intensity than attenuation, because the corner reflector was 
not in position when the work began. It can be seen that the 
results are in good agreement with Ryde’s theoretical curve, and 
a line drawn through the points lies about 1 dB below Ryde’s 
curve. This discrepancy is within the limit of experimental 
uncertainty, which is about 2{- dB. 

(4) ATTENUATION IN FOGS 

The attenuation of a beam of radiation passing through fog is 
of the same nature as that caused by rain, but the energy removed 
from the beam by scattering is-proportionately much smaller, 
owing to the small drop size. The calculation of the attenuation 
through fogs is simpler than that through rain, since the drop 
size is such that the drop diameter can always be considered 
small compared with the wavelength at the frequency used. 

In the calculation of the theoretical curve the treatment of 
Ryde 2 has been followed. The relationship between visual range 
and water content is taken directly from this work, which in 
turn is derived from a paper by Houghton and Radford, 18 who 
measured the drop-size distribution in fogs. Ryde concludes 
that for any given visual range the water content will be between 
\ and 2 times the mean water content for that visual range on 


95 % of all occasions. The relation between M, the mean water 
content, and V, the visual range, is given by 

M= 1660K- 1 - 43 .(11) 

Ryde shows that the attenuation is 

——Cj decibels per kilometre . . . (12) 

A 

Q is a constant for one wavelength and is derived from the 
complex permittivity of water. Using Saxton’s later data, 6 
a value of 0-143 has been calculated for Cj at 20° C at the wave¬ 
length used, and the theoretical curve has been drawn using 
this value. C } changes rapidly with temperature, and at 0°C 
the attenuation in a fog is 1-62 times that at 20° C in a fog of 
the same water content. The theoretical temperature-correction 
factor was applied to the experimental results to make them 
equivalent to attenuation at 20° C. Thus any error in the 
theoretical variation of attenuation with temperature is included 
in the results. 

The attenuation due to fog was measured by observing the 
variation of the corner-reflector response with visibility. The 
performance of the set was assessed by measuring the reflector 
response ewhen the visibility had increased to beyond 6 000 ft, 
and the fog caused negligible attenuation. The atmospheric 
attenuation at the time of each observation was calculated 
assuming the atmosphere to be saturated with water vapour 
while fog persisted. The results are presented in Fig. 3, where 
attenuation is plotted against visibility. 



Fig. 3.—Attenuation of 8-6mm wavelength radiation in fogs. 

O O Temperature below 0° C. 

X X Temperature above 0° C. 


Visibility was measured at the transmitter and a point near to 
the reflector. It was assessed by measuring the distance from 
the observer to the farthest visible large object, all measurements 
being made in daylight. Although this is the usual method of 
measuring visibility the results are not necessarily accurate. They 
depend upon the colour, size and background of the object, and 
upon the intensity and direction of the illuminating light. The 
two assessments of visibility often disagreed by a factor of up to 
2, the value accepted being the mean of the two readings. It is 
certain that over the 8-mile path to the 1 - reflector there was con- 
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siderable variation of visibility on most occasions, producing a 
broad scatter of-results. 

At visibilities less than 500 ft the measured attenuation was 
less than the theoretical. The fogs causing low visibility usually 
occurred at temperatures below 0°C. Although supercooled 
water can exist well below the lowest temperature observed 
(_ 4 °Q 5 it is possible that some of the fog particles were ice 
crystals, which were observed visually on one occasion. The 
attenuation caused by an ice crystal would be less than that of a 
water particle of similar size. Other possible reasons for the 
discrepancy between practical results and theory are (a) an 
incorrect empirical relationship between visibility and the water 
content of fogs, ( b ) errors in the measurement of visibility, 
(c) errors in the temperature correction, and (d) the assumption 
of a saturated atmosphere may not be valid for fogs of low water 
content. 


(5) PROPAGATION THROUGH SNOW 
When the ground temperature is near or below the freezing 
point, precipitation usually reaches the ground in the form of 
snow. On these occasions propagation through snow can be 
studied in the same manner as propagation through rain at higher 
temperatures. Such occasions are rare, and during the period o! 
observation no snow fell with the ground temperature below 
freezing point. When the ground temperature is well above 
freezing point and rain is falling, some .information of the echo 
intensity received from snow can be obtained by elevating the 
beam of radiation until it passes through the snow near or above 
the freezing level. With this method the echo intensity from 
the melting band was found to be between 14 and 19 dB greater 
than the echo intensity from dry snow at the same range. . T he 
melting-band echo intensity was greater than that from ram by 
between 2 and 8dB. As the dry snowflakes fell towards the 
freezing level the echo intensity often increased, presumably due 
to coalescence of crystals to form large flakes. The echo intensity 
expected from moist or dry snow at various precipitation ra es 
can thus be estimated from Fig. 2, in which echo intensity from 


rain is plotted against precipitation rate. . 

The chief disadvantage of this type of observation is that only 
precipitation rate can be measured easily. Nothing is known ol 
the type of snowflake, which is readily observed only when the 
snow is reaching the ground. When the ground temperature is 
well below freezing point the intensity of echo retume y 
the snow does not change with height, and so attenuation is 
measurable by the same method as attenuation caused by ram. 
When the ground temperature is near freezing point the echo 
intensity changes rapidly with height and the method is no 
applicable, since the beam must be elevated slightly above 
horizontal to avoid ground echoes. In four very uniform snow¬ 
storms with ground temperature between 0-4 C and 1 i u, 
readings of signal intensity from the corner reflector were noted. 
By comparing these with the signal intensity received when no 
snow was present, assessments of attenuation through wet snow 
were made.- Fig. 4 shows attenuation plotted against precipita¬ 
tion rate, although these readings are not as reliable as the rain- 
attenuation readings. The broken line is drawn through the 
points, ignoring the two very high readings of attenuation, t hese 
two points were obtained when the corner-reflector echo suffered 
some 30 dB of attenuation for about 5 min, while both ram 
gauges read 0 • 7 mm/h during and after this period. It is thought 
that the high attenuation was caused by an intense portion of the 
shower passing between the radar set and the comer reflector, 


but missing the gauges. 

Comparison between Figs. 1 and 4 shows that moist snow pro¬ 
duces attenuation about 24 times as great as that caused by ram 



PRECIPITATION RATE, -mm OF WATER/h 

Pig. 4 .—Attenuation of 8 • 6 mm wavelength radiation through 

moist snow. 

of similar precipitation rate. It should not be forgotten that, 
owing to the change of fall velocities, the concentration of particles 
in the melting band is about five times as great as in the rain 
region below. From these few observations one would conclude 
that a single moist snowflake produces only about one-half the 
attenuation it will produce after it has turned to a raindiop. 


(6) CONCLUSIONS 

The experimental values of attenuation through, and intensity 
of radiation scattered back by, rain, snow and fog have been 
compared with the theoretical predictions of Ryde. The results 
obtained in rainstorms are in good agreement with Ryde and can 
be considered to be reliable. The measurements of attenuation in 
fogs are less satisfactory, but give values of the same order as 
those predicted by Ryde. A few observations of snow have been 
made, but owing to the many possible variations in the form of 
snowflakes it has not been possible to check Ryde’s theory with 
any certainty. The echo intensity from snow is of the correct 
order, and the attenuation measured in most snow is about 
24 times that produced by rain of similar precipitation rate. It 
should be remembered that the concentration of these particles 
is greater than that of the drops which results from complete 

melting. 
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DISCUSSION ON 

“SUBMERGED TELEPHONE REPEATERS FOR SHALLOW WATER”* 


AND 

“THE BRITISH POST OFFICE STANDARD SUBMERGED-REPEATER SYSTEM FOR 
SHALLOW-WATER CABLES, WITH SPECIAL MENTION OF THE ENGLAND- 

NETHERLANDS SYSTEM” f 


NORTH-EASTERN RADIO AND MEASUREMENTS GROUP, AT NEWCASTLE UPON TYNE 

1ST NOVEMBER, 1954 


SOUTH-WESTERN SUB-CENTRE, AT TORQUAY, 17TH FEBRUARY, 1955 


Mr. A. E. Twycross ( at Newcastle upon Tyne): There are 240 
components and valves per repeater, which rises to a figure of 
some 10000 components and 400 valves in the transatlantic cable. 
This indicates the remarkable confidence now placed in these 
items, and reflects the detailed study given to the actual make¬ 
up of each repeater. 

Valves of long life, however, are not exactly new, since some 
of the earlier land repeater-station valves have given 20-25 years 
of service with negligible degradation, but, of course, it is 
realized that these were of very low gain and high current con¬ 
sumption compared with present-day standards. 

The repeater capacitance of 6 /aF, and 3 /zF per repeater section, 
would indicate a total capacitance of about 90 flF for 200 


Part? A p S *67) R ' J " ^ WrIGHT ’ R C ’ : Pa P er N °- 1633, February, 1954 (see 101, 

T^ L mm D z,C-, and Thomas J. F P.: Paper No. 1634, February, 1954 (see 101, 
I art I, p. 190). This paper was not read before the South-Western Sub-Centre. 


nautical miles. It seems most fortunate that a series resistor is 
necessary in each repeater to develop the necessary operating 
power, thus helping to slow down current surges when switching 
on or off. 

Presumably the constant-current feed device tends to over¬ 
come any difference of earth potential arising from magnetic 
storms, etc. 

The coaxial cable provides a path for the power supply and 
permits the use of an a.f. circuit, presumably unamplified. It 
would be interesting to know whether there are any peculiarities 
in speech reception over the a.f. path, such as noise, etc. I 
recently had an opportunity of observing an oscilloscope con¬ 
nected to one of the Scandinavian telegraph cables, and although 
the cable was quiescent at the time, the oscilloscope indicated 
much electrical activity at a very low level. 

I should be interested to know the actual nature of the non- 
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linear device, giving a double frequency, fitted to the repeaters 
for testing purposes. 

It is noted that the dielectric loss was five times that expected 
from pure polythene, owing to a tape lapping under the outer 
conductor. Is there any particular reason for the provision of 
this tape lapping ? 

Mr. H. M. S. Smith (at Newcastle upon Tyne ): Mention has been 
made of the formation of the filiform growths on metal surfaces, 
and I should be glad if the authors could elaborate on this. I 
have had experience of such growths on silver, but have not 
ascertained the cause—or the cure. 

The authors have stated that plastic condensers have not yet 
proved to be superior to paper types, and that for his purposes 
he prefers to use the latter. Tests which I have made of poly¬ 
styrene condensers of British manufacture have shown them to 
be considerably more reliable than the equivalent paper types, 
and I should be interested to know the particular properties of 
plastic condensers which the authors suspect. Their reference 
to the failure of mica condensers with polarizing voltage was 
most interesting, and I should like them to elaborate on this. 

The detection of a failure in one of a pair of parallel amplifiers 
is obviously desirable. Has any extension of this technique 
provided detection of failure in components in series or parallel 
connection ? 

Considerable precautions are taken to ensure that earth-return 
currents of appreciable magnitude do not flow in the sheath, 
and I note the distance of the earth electrodes from the cable. 
What would be the effect of submarine power transmission if the 
power electrodes and cable were reasonably near the telephone 
cable? Such conditions, presumably, apply in the Baltic Sea 
area. 

Mr. J. E. Morley (at Torquay ): I am familiar with the local 
problems arising from the maintenance of the Dartmouth- 
Guernsey system, which contains three repeaters in each cable, 
and I appreciate the problems facing the designer. 

Why was it decided to use 0-62 in-diameter dielectric when, 
say, 0-935 in dielectric with a lower attenuation would have 
enabled repeaters to be dispensed with or, alternatively, would 
have provided more circuits—advantages which would perhaps 
outweigh the increased cost of the larger cable? 

With reference to Section 3.2, a case can be made out for a 
different power-feeding arrangement, since the life of the present 
low-power transmitting valves CV1630 is 3-4 months only and 
the power supply must be interrupted before switching in the 
standby feeding cubicle, when the surges might be harmful to 
the life of the repeaters. Over one system and in one direction 
(Dartmouth-Guernsey) the repeaters had deteriorated by 1 dB 
per repeater, but not in the reverse direction. Could some form 
of germanium power rectifier be used? This type is now in 
use elsewhere, and the load required would not be more than 
2kW at 800 volts. 

Could not twists get into shallow-water cables ? If the repeater 
were allowed to “roll” these kinks would come out, but it is the 
intention to allow the repeater casing to remain rigid on the 
sea bed. 

It has been stated that usually the components and not the 
valves fail, and yet it was recorded that the failure of more than 
one capacitor was due to damage in proof testing. Does this 
indicate too-stringent proof testing ? 

Messrs. R. J. Halsey, F. C. Wright, D. C. Walker, and J. F. P. 
Thomas (in reply ): In reply to Mr. Twycross, the constant-current 
power supply does overcome the potential differences due to 


earth currents, but shallow-water systems are usually short in 
length and these potential differences are small compared with 
the power-unit e.m.f. However, on longer systems (e.g. trans¬ 
atlantic) they are important, and the power units must be capable 
of regulating over a wider range of line voltage. No trouble 
from magnetic storms has so far been experienced by the British 
Post Office on a.f. circuits, not even on the Lowestoft-Borkum 
route which is in a similar geographical position to the Scan¬ 
dinavian telegraph cables quoted. The non-linear device for 
frequency doubling contains germanium-crystal diodes—see 
Section 3.9 of the paper by Roche and Roe.* Polythene cables 
with extra insulating-tape lapping are now obsolete, but it was 
presumably originally added to reduce the risk of damage to the 
polythene by the outer conductor tapes. 

The filamentary growths referred to on metal surfaces are of 
pure metal, and tin is one of the worst offenders; Mr. Smith is 
referred to Reference 18 of the paper by Halsey and Wright for 
further details. However, metallic growths on silver usually 
occur only in the presence of an electric field, but very often 
atmospheric conditions induce growth of insulating filaments 
of a silver salt (e.g. silver sulphide). It is realized that plastic 
capacitors are now extremely reliable, but being relatively new, 
they have not the proven integrity of paper capacitors for the 
long life required of submerged repeaters. The liability of mica 
capacitors to fail under polarization has been known for some 
time, but the mechanism of failure is still not yet understood— 
it is probably caused by foreign material in the mica stack or 
within the mica itself. 

In answer to Mr. Morley’s question on the Dartmouth- 
Guernsey system, the repeaters were inserted in existing 0 • 62 in 
paragutta cables; even if new cables had had to be laid, a larger 
cable capable of providing 60 circuits without repeaters would 
have proved a more expensive scheme on capital costs. With 
regard to his comments on the power supplies, the CV1630 
valve is the constant-current control valve and not a rectifier; 
there would be little advantage in replacing the present metal 
rectifiers with a modern germanium type, since a relatively low 
efficiency is inherent in a stabilized power unit. Experience has 
shown that the life of CV1630 valves is of the order of a year, 
and not 3-4 months as stated by Mr. Morley, and so interrup¬ 
tions of the power supply are infrequent. It is appreciated that 
it is desirable not to subject repeaters to power switching surges, 
but this is necessary for testing purposes, and there is no evidence 
to prove that the repeater life is affected. The “deterioration” 
referred to by Mr. Morley has not been confirmed, and the order 
of the change quoted could well be accounted for by seasonal 
temperature variations which, of course, are more apparent in 
the high-frequency band. 

The anti-rolling plates were put on repeaters to cover cases 
where they might be laid on an inclined sea bed. Omission 
would not prevent twists in the cable, and no such trouble 
has been experienced when the repeaters have been carefully 
laid. 

The amount of testing on components is a difficult problem, 
since the extra handling and testing may affect their life. It is 
agreed that proof testing of capacitors, for example, can be 
dangerous, but a low-voltage test for a short period is useless in 
eliminating the defective capacitors. Ionization tests are not 
always practical, and when applicable, the results are often 
misleading. 

* Roche, A. H., and Roe, F. O.: “The Netherlands-Denmark Submerged-Repeater 
System,” Proceedings I.E.E., Paper No. 1635, February, 1954 (101, Part I, p. 180). 
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MERSEY AND NORTH WALES CENTRE, AT LIVERPOOL, 29TH NOVEMBER, 1954 
NORTH-EASTERN RADIO AND MEASUREMENTS GROUP, AT NEWCASTLE UPON TYNE, 

21 ST MARCH, 1955 


Mr. J. E. Macfarlane {at Liverpool ): If a simple loop is rotated 
at a uniform speed in a uniform magnetic field and the circuit 
is complete, a current will flow. This early introduction to 
electromagnetic theory is best considered as change of flux 
linkages, the loop being “filled” twice and “emptied” twice in 
one revolution, i.e. four changes. 

Another early demonstration is to plunge a permanent magnet 
into a solenoid coil connected to a galvanometer. Then, by the 
principle of work done, the direction of the galvanometer 
deflection can be both deduced and demonstrated. The demon¬ 
stration should then be repeated with an electromagnet replacing 
the permanent magnet, both without and with an iron core. The 
flux-cutting idea should not be introduced until after these 
experiments. 

M.K.S. units will eventually make things easier for the students. 
We found last session that a class of civil engineers taking S2 
Electrical Engineering Science for the first time accepted these 
units, and the examination results were satisfactory; but as this 
is the first session during which M.K.S. units will be in use 
throughout Liverpool technical colleges, a few years’ experience 
will be needed to show the overall effect. 

Mr. D. Chalmers {at Liverpool): Until the introduction of 
M.K.S. units my starting point when teaching electromagnetic 
theory was to use the expression for the force between two 
magnetic poles, F = m i m 2 Ifld 2 dynes, in C.G.S. units. From 
this expression /x can be more or less determined and a whole 
system of magnetic and electrical units constructed. 

Since the suggested use of the M.K.S. system I have modified 
the teaching sequence; for example, it is possible to show 
parallel concepts in the conduction, magnetic and electrostatic 
circuits as follow: 

Conduction circuit. —Current density = conductivity x voltage 

gradient. 

Magnetic circuit. —Magnetic flux density — permeability X mag¬ 
netizing force. 

Electric flux density. —Permittivity x electric field intensity. 

The three circuits have three analogous quantities: (a) current 
density, magnetic flux density and electric flux density, which 
can be regarded as the effect; ( b ) conductivity, permeability and 
permittivity, regarded as the associated material constants; 
(c) voltage gradient, magnetizing force and electric field intensity, 
regarded as the cause. Admitting that there are in the magnetic 
and electrostatic cases two unknown quantities, permeability 
and permittivity, a rational system of units can then be estab¬ 
lished using the M.K.S. system. 

From my teaching experience the M.K.S. system has been 
favourably accepted by students, although in first- and second- 
year students in technical colleges the appreciation of the 
absolute permeability of ju 0 = 477 x 10“ 7 Wb/m 2 per AT/m is 
somewhat vague. 

Mr. E. D. Taylor {at Newcastle upon Tyne): There will be little 


opposition to the proposal that the electrical engineering student 
should be given a logical presentation of the fundamentals of 
electromagnetism; indeed, if he is worth his salt he should 
demand it for himself and will choose the presentation that 
seems the most satisfactory. Another person to whom the 
presentation is important is the man in industry who has to 
solve individual electromagnetic problems, perhaps for design 
purposes or for explaining phenomena. His needs are not 
merely a logical presentation, but practice in applying and 
thinking around the basic equations, not in the sense of mathe¬ 
matical analysis, but in the sense of understanding what are 
assumptions, what are deductions, what are experimental data 
and what are merely convenient ways of looking at things, such 
as, for example, Fig. 1 and its explanation. I suggest that more 
could be done in setting students some of the problems that are 
illustrated in Figs. 4, 5, 6 and 9. Besides these, there are other 
simpler and more common ones in shielding, short-circuited 
turns and so on which require considerable clarity of thought. 

It is questionable whether the paper really displays a com¬ 
pletely logical sequence of clear thought; for example, in the 
ready acceptance of the vectors B and D in eqns. (9) and (10) 
and rejection of vector A in eqn. (15), particularly since vector 
potential is such a powerful tool in later work besides helping to 
avoid much of the confusion met with by the statement of 
Neumann’s law. Similarly, a mind which appreciates the 
symmetry of equations will surely ask the question that leads 
to A, namely: “B being a vector, of what could it be the 
derivative ?” Again, current elements are not favoured as being 
unrealizable, although there is ready acceptance of Fig. l{b), 
which is equally unrealizable. 

With respect to the symmetry of the equations, mathematical 
symmetry is, after all, a subtle point. It certainly has to be 
forced on the equations with the need for magnetic conduction- 
current density ( = 0). Asymmetry itself is valuable in drawing 
attention. Here it makes us pay attention to the first and 
simplest electromagnetic observation, namely that the magnetic 
field, unlike the electric field, has zero divergence, i.e. when the 
magnetic field is due to currents, there are no sources of magnetic 
flux which correspond to electric charges as sources of electric 
flux. In any case, the equations are really no easier to remember, 
and the need for displacement current, if not all the reasoning 
leading up to it, is clear by trying to omit it from eqn. (38); 
div. i is then zero, which is absurd. 

Mr. G. H. Hickling {at Newcastle upon Tyne): The Faraday- 
disc experiment, and the variations on this of the rotating 
magnet generator and the homopolar motor, serve to illustrate 
circumstances in which only the flux-cutting rule for the genera¬ 
tion of e.m.f. (and the inverse effect in the last example) is 
applicable. The more important deduction to be drawn from 
these experimental demonstrations, however, concerns the 
manner in which the electric circuit and the magnetic field must 
be defined in applying these rules. In each of these instances the 
geometrical forai and position of the electric circuit is kept 


* Hammond, P.: Proceedings I.E.E., Paper No. 1598, December, 1953 (see 101, 

Part I, p. 147.). 

[ 716 ] 



DISCUSSION ON “A SHORT MODERN REVIEW OF FUNDAMENTAL ELECTROMAGNETIC THEORY 55 


717 


fixed, as is the path in which the current flows; but in each instance 
a part of the metallic, conductor comprising the circuit is in 
motion in the field, carrying with it the charges on which the 
electromagnetic forces consequently act. A further familiar 
example of this is the eddy-current disc in the induction watt-hour 
meter. 

Equally significant is the deduction that the magnetic field 
due to the bar magnet rotating about its axis remains at rest, 
even inside the magnet itself. The view to be taken here, evi¬ 
dently, is that the field is a mass effect due to many molecular 
magnets (or electron spins) and remains unaffected so long as 
the distribution of these in the region considered is not dis¬ 
turbed. 

Concerning the general thesis of the paper, I would fully 
concur with the author’s wish to develop the electrostatic and 
electromagnetic series of units in symmetrical form from the 
inverse-square law of forces on the unit charge and unit pole, 
the two systems being linked ultimately by the connecting 
constant of 3 x 10 to cm/sec. It is unfortunate, however, that 
this is linked in the paper with the application of vector notation, 
which, however useful, is unfamiliar to the elementary student. 
Furthermore, I believe that the development of the unit systems 
is very much clarified by defining the unit of force as 1 dyne in 
eqns. (1) and (2), rendering the constants a and j3 unnecessary. 

Mr. A. O. Carter also contributed to the discussion at New¬ 
castle upon Tyne. 

Mr. P. Hammond (in reply): Although the paper dealt only in 
passing with the M.K.S. system of units, much of the discussion 
has centred on the issues arising from the introduction of this 
system into electrical engineering courses. It seems that to 
many speakers the alteration in the size of the basic units implies 
also a change in the sequence of instruction that is to be used. 


Because the units are relatively new, and hence progressive, we 
are urged to embrace also the new and progressive sequence of 
instruction. I still hold the opinion expressed in Part 1 of the 
paper. A mere shifting about of factors such as 4rr or 10 8 can 
never contribute to a clearer understanding of electrical science. 
To believe with Mr. Macfarlane that students gain an under¬ 
standing of electrical matters more easily in M.K.S. units is 
almost equivalent to a belief that we should all be richer if we 
had a decimal system of currency. Mr. Chalmers rightly points 
out what is in store for us teachers when he says, in a masterly 
understatement, that the appreciation of certain students of 
the nature of absolute permeability is somewhat vague. There is 
no doubt that the vagueness arises largely from a return in 
teaching to the view of Gilbert (c. a.d. 1600), who thought of 
electricity in terms of orbs of virtue surrounding electrified 
bodies. 

I find myself in almost complete agreement with Mr. Taylor. 
The vector potential is far too useful a tool to be dismissed 
lightly. It might well be argued that the delayed potentials are 
more useful to the electrical engineer than Maxwell’s equations, 
because the potentials already include the boundary conditions 
of the problem. Nevertheless, it seems to me that a clearer 
picture of electromagnetic radiation is conveyed by a sequence 
of instruction that starts with electric and magnetic charges,, 
goes on to the forces exerted by these charges and only then 
introduces the idea of potential as a convenient device used in 
the summation of forces. I am grateful to Mr. Hickling for his 
clear statement of the flux-cutting effect and of the action of a 
rotating magnet. Vector algebra is certainly not necessary for 
the presentation of the matter contained in the paper. We use 
it only with students reading for Part II of the Mechanical 
Sciences Tripos. 


DISCUSSION ON 

“A TRANSATLANTIC TELEPHONE CABLE”* 

NORTH-WESTERN CENTRE, AT MANCHESTER, 1 ST FEBRUARY, 1955 


Mr. G. R. Polgreen: Before the submerged repeater had been 
developed much work was done in the continuous loading of 
submarine cables, and the paper describes the project of 1928 
for a single telephone channel loaded with Perminvar. My 
limited experience with this material was that it had very low 
hysteresis loss—essential for reducing cross-modulation to a 
minimum—but it was somewhat unstable. It would be useful 
to know whether this instability was in any way a limiting factor. 
Just before the war I was engaged on experimental work of 
loading a submarine cable with compressed rings of insulated 
nickel-iron alloy powder which were either pre-moulded on to 
the centre conductor of a coaxial cable at intervals or slipped on 
continuously as sleeves. The leakage reactance appeared to be 
adequate but the hysteresis loss was somewhat high. This 
subject was also briefly mentioned : in a paperf on the possible 
applications of ferrites. Do the authors think that this system 
has advantages for submarine telephone cables ? 

Mr. H. G. Davis: If the venture is successful it will probably 
be found that the capacity of the new cables will soon be strained 
to the limit. In this connection, Dr. Buckley in the 1942 Kelvin 
Lecture indicated that 40 circuits was at that time a conservative 

* Kelly, Mervin J., Radley, Sir Gordon, Gilman, G. W. ( and Halsey, R. J.: 
Proceedings I.E.E., Paper No. 1741, September, 1954 (see 102 B, p. 117). 

f Latimer, K, E., and Macdonald, H. B.: “A Survey of the Possible Applications 
of Ferrites,” Proceedings I.E.E., Paper No. 900 M, October, 1949 (97, Part II, p. 257). 


estimate of requirements, and even 100 circuits might not bet 
found excessive. Against a demand of this order, the 36 circuits, 
and lOOkc/s frequency band of the American designed system, 
may soon prove inadequate. By contrast, the British design, 
using 2-way amplifiers at 20 nauts spacing and transmitting 
240kc/s in each direction, makes the greater appeal; but the 
British rigid repeaters have not yet been proved at depths beyond 
1 700 fathoms. 

The success of the scheme depends equally on the cable and. 
the submerged repeaters. Much attention has been focused on 
the performance and behaviour of the repeaters, but it may well 
be that cable performance and life are the decisive factors., 
The behaviour of the cable itself is vitally important for two 
reasons. First, as indicated in Section 8.4, repair repeaters will 
probably have to be inserted after each deep sea repair, to 
compensate for the additional length of cable that must neces¬ 
sarily be inserted. Secondly, in Section 10 it is stated that a 
margin of only 250 volts is allowed at the cable terminals for 
supplying power to any additional repeaters inserted. This 
corresponds to four or five additional repeaters, and, based on 
an economic life of 20 years, this only allows for one deep-sea 
repair every four or five years. Have the authors evidence to 
confirm that this fault rate is unlikely to be exceeded under 
transatlantic conditions? 
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What of future developments? Generally speaking, a major 
item in the cost of small submarine cables is the armouring. 
It is therefore essential that a given size of cable shall be made 
to carry the maximum number of wide-band repeaters that can 
be supplied with power over the cable itself. Section 13 stresses 
the possibilities of transistors in this connection. If the rugged¬ 
ness and long life claimed for these devices can be established 
under deep-sea conditions, this may very well be the direction in 
which future development will take place. 

Mr. C. F. Campbell: Is it proposed to control the performance 
■of the circuit by means of pilot signals ? I assume that the basic 
•equalization is included in the feedback circuit of the submarine 
repeaters, but are deviation or temperature equalizers envisaged? 
Will any attempt be made to control the gain of repeaters, or 
will all control be exercised at the terminals ? 

Failure of a valve heater will result in a break in the power¬ 
feeding circuit. This break will be closed by the gas diodes 
fitted in all the submarine repeaters; but since these diodes have 
a finite ionization time, is it not possible that a voltage surge will 
travel in both directions along the cable from the faulty repeater, 
and so cause breakdown of neighbouring repeaters ? 

It is intended to pass about 0-25 amp d.c. down the centre 
•conductor of the cable, and to use the sea itself as a return path. 
Is there no danger of the return currents flowing into and out of 
the armouring and outer conductor of the cable, and so causing 
electrolytic corrosion ? 

Finally, it seems probable that traffic will be at a minimum on 
the cable between about 0400 and 0700 hours G.M.T. Have any 
■schemes been considered for earning revenue during this time? 
The possibilities which come most easily to mind are high-speed 
.telegraphy, facsimile transmission, recorded radio programmes 
and recorded greetings. 

Mr. H. Wood: No mention is made of any provision for 
■broadcast circuits, although the system will presumably handle 
the standard carrier broadcast channel recommended by the 
C.C.I.F. When one considers the quality of broadcast trans¬ 
mission which can be achieved over the proposed system and 
•combines that with the new frequency-modulated radio trans¬ 
mission of the B.B.C., the absence of noise in future broadcasts 
from the western hemisphere should be quite striking when we 
•compare it with what we have come to regard as the normal 
.standard. 

The simplification of the terminal equipment arising from the 
•decision to make the lowest frequency 20 instead of 24kc/s over 
the British Post Office section is not at all obvious. It appears 
that the low-frequency group is produced by a single stage of 
modulation from a partially equipped supergroup, and thus to 
•change the bottom frequency by 4kc/s means only a change in 
the carrier frequency by this amount. 

It would appear that the arrangements for feeding power to 
the repeaters in the Atlantic section are the same for both cables, 
i.e. the direction of the flow of current is the same in both cases. 
What considerations led to this arrangement rather than one 
■in which the direction of the flow of current is different in the 
two cables ? This latter arrangement would appear to offer some 
advantage in reducing the corrosion problem, in that if the 
system were completely balanced, there would be no current 
flowing through the sea at all. 

Dr. W. J. J. Curry: Section 8.1 states that “impedance 
irregularities must also be avoided, since they affect the 
■gain/frequency characteristics of the repeater.” What magnitude 
of impedance irregularity do the authors consider practically 
significant in relation to the repeater requirements ? 

On other non-submarine types of coaxial cable the pulse-echo 
method of measuring and locating impedance irregularities has 
found favour, not only as a means of test, but also as a method 


of examining the cable in its various stages of manufacture and 
during installation. This has facilitated improved designs of 
cable which are less susceptible to damage under normal con¬ 
ditions of installation. Do the authors consider the method a 
useful one in relation to submarine-cable development, and, in 
particular, may it contribute to our knowledge of cable charac¬ 
teristics during laying operations? 

Mr. J. F. Shipley: I was interested to learn that, to prevent 
kinking while laying or when standing-to, the submarine cable 
must be kept in tension. This coincides with my knowledge of 
towing floating docks, with which vessels I am often concerned. 
These unwieldy ships, when towed across the Indian Ocean, for 
example, must avoid the monsoon. If the towing time is too 
early the dock has to be towed round in circles of several miles 
diameter, depending upon the time to be wasted before con¬ 
tinuing the voyage. During the whole of this time the tow-ropes 
must be kept taut or the dock may get out of control, which 
might lead to its loss at the outset of its possible life. 

Mr. J. E. L. Robinson: The comparison between the American 
more mechanically advanced, although electrically more con¬ 
servative, deep-sea section of the equipment and the British 
shallow-water gear is most interesting. It is suggested that the 
improved communication provided by this cable is likely to lead 
to a rapidly rising demand for more telephone channels than the 
cable can provide. With this possibility in mind, what design 
will be adopted for a deep-sea section to be installed in, say, 
5 years’ time? It would seem that germanium amplifiers will 
not be ready. Will the authors then use throughout the more 
modern higher-mutual-conductance valves and a 2-way cable, 
as in the present British equipment ? 

Since each terminal generator is stated to be capable of 
supplying the load alone and also has 20% overvoltage capacity, 

. it seems to follow that, with one generator operating normally 
and providing half the load, maximum voltage accidentally 
generated on the other machine would impose 1 • 7 times the 
normal voltage on the filaments. And if there were collusion by 
evil persons at both ends of the cable, the overvoltage could be 
2-4 times normal. Under these conditions presumably only one 
filament is likely to fail, but the others might well be so damaged 
that the replacement of every repeater would be necessary. Is 
this costly contingency well guarded against? 

Mr. R. W. Presswell: If the gland G in Fig. 9 were moulded 
in a harder grade of polythene, would it be used with confidence 
at ocean depths ? 

Is the adhesion between the polythene moulding and metal 
castellated boss of the gland adequately strong and repro¬ 
ducible ? 

Since a quantity of sea water may leak into the annular space 
between the pressure resisting housing and the inner sealed 
cylinder A without affecting the performance of the amplifier, 
would there be any justification in replacing the silver-solder 
seat between the bulkheads and casing by a mechanical seal based 
on the O-ring principle? 

If a second transatlantic telephone cable is to be laid, would 
it be operated on the one-way or two-way system? 

Dr. M. J. Kelly, Sir Gordon Radley, Mr. G. W. Gilman and 
Mr. R. J. Halsey (in reply): It will help to clear up some mis¬ 
understandings as to the relative merits of the American and 
British systems to emphasize that on the main crossing the 
capacity of the system is limited by the power circuit. The safe 
voltage for the system, divided by the voltage required by each 
repeater, determines the number of repeaters which can be 
operated and hence the maximum gain which can be used and 
the maximum frequency which can be transmitted. Neither 
2 -way repeaters nor higher-performance valves could increase the 
circuit provision over this section; only reduced voltage require- 
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ments for each repeater could do this—hence one attraction of 
transistors for the future. 

On this main section power is fed in opposite directions over 
the two cables, and so there is a negligible earth current. On the 
Clarenville-Sydney Mines section, where there is only one cable, 
there are long earth cables designed to keep low the current 
returning via the cable sheath. Mr. Robinson’s calculations of 
excess voltage on valve heaters are not valid, since constant- 
current generators are used. Experience with telegraph cables 
shows that deep-water-cable faults are very rare, and we can 
reasonably expect that not more than one such fault will occur 
in the first ten years. 

There is no variable gain or equalization at any submerged 
repeater, adjustments being made manually at the shore stations 
in accordance with the indications of pilot signals. The gain 
stability of the system with variations of ocean temperature will 
be adequate to allow this. There are a number of pilots for 
section and overall control. 

The cable specification for the main crossing requires that 
impedance irregularities shall be such that the echo attenuation 
at any point, measured with a 1 • 5 microsec sine-squared pulse, 
shall be at least 45 db. Since the repeaters have high input and 
output impedances they are very sensitive to impedance irregu¬ 
larities. Pulse-echo tests are carried out at various stages in the 
manufacture of the cable, but they will not be used during the 
laying operation as the (one-way) repeaters will be inserted in 
advance and therefore cannot transmit the reflected signals. 

The use of a 20kc/s lowest frequency on both systems allows 
the same supergroup translating frequency to be used on both 
systems at Clarenville, minimizes crosstalk problems at that 


point and allows space for supervisory signals immediately above 
the low-frequency transmission band of the British system. 
Music channels will be provided. 

The grade of polythene used for the cables is 0 • 3, and the same 
grade is used for the glands on the British repeaters. These 
glands are regularly tested at 5 tons/in 2 and will withstand this 
pressure for very long periods without failure or change. The 
bond is certainly effective, and its efficacy is reflected in a greatly 
increased resistance to a torque tending to turn the gland on the 
castellations. There appears to be no reason why O-ring seals 
should not be effective, although experience with them in this 
connection is comparatively short. 

Proposals to apply continuous loading for high-frequency 
cables look attractive, but really satisfactory designs never seem 
to emerge; loading by means of ferrites would probably have 
theoretical advantages. For ocean telephony the simplicity and 
uniformity of unloaded cable have great merit, but it would be 
rash to predict that there is no future for some form of continuous 
loading; this would have to be applied in such a way that no 
voids are left around the inner conductor. Regarding the use 
of Perminvar in the 1928 project; the instability referred to by 
Mr. Polgreen was definitely not a limiting factor; the Perminvar 
was somewhat unstable during the laying operation, but remained 
quite stable after laying. 

The possibility, referred to by Mr. Campbell, that the opera¬ 
tion of a gas diode in one repeater will cause a voltage surge 
which will, in turn, cause a breakdown in neighbouring repeaters 
has been investigated. The results show that the attenuation 
between repeaters reduces the surge below the value required to 
operate the gas diodes in the adjacent repeaters. 
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CURRENT SUMMATIONS WITH CURRENT TRANSFORMERS 

621.314.224 : 621.317.31 Paper No. 1678 M 
A. HOBSON, M.Sc.Tech., Associate Member 

(Digest of a paper published in June, 1954, and to be republished in 1955, in Part A of the Proceedings.) 


A prejudice exists against using current transformers for 
totalizing the currents in a number of supply lines because it is 
thought that the accuracy is impaired if one or more lines are idle. 
The present paper was begun with the idea of showing that the 
prejudice is based on a fallacy, and that the errors are stable 
within close limits, but the consequent simplification of the circuit 
parameters has enabled formulae to be derived for estimating the 
effective burden on each transformer and also for computing the 
overall error from tests on the individual units. 

The object of summation is to enable a number of currents in 
different feeders to be regarded as a single current. It is therefore 
as a single current transformer with a definite overall ratio of its 
own that a complete summation transformer equipment should 
be considered to act, its performance being judged on that 
basis. For this to be so the overall error should depend only 
on the total load and not on the way it is shared among the 
feeders. 

Two methods of summation are in general use, both requiring 
a separate current transformer in each line. The first method is 
to connect all the secondaries in parallel to the measuring burden, 
which carries the sum of their currents. It is essential for all 
the transformers to have the same ratio, and the current in the 

Mr. Hobson is with Smith Hobson, Ltd. 


burden may be quite large if standard 5 amp secondaries are 
used. 

It is generally preferable to use a summation current trans¬ 
former to sum the secondary currents. This has as many 
primaries as there are feeders, Each primary is connected to an 
appropriate line transformer secondary, and its own secondary 
provides a current proportional to the total load. 

The summation transformer is more flexible than direct 
paralleling of the secondaries, and will handle not only unequal 
transformer ratios but also unequal secondary currents. More¬ 
over, the current in any part of the secondary circuits need not 
exceed 5 amp, enabling standard current transformers and instru¬ 
ments to be used. 

Idle Feeders 

Here the behaviour of current transformers in parallel will be 
studied for different conditions of load sharing. Similar argu¬ 
ments apply to circuits employing a summation transformer. 

In Fig. 1 only the left-hand current transformer is loaded, and 
it is clear that part of its output is diverted from the burden to 
provide a magnetizing current for the idle transformer. If the 
latter were disconnected the accuracy of measurement would 
clearly be improved, and it is this fact which causes the doubts 
as to the validity of the method. 



720 


DIGEST OF A PAPER 



Fig. 1.—Parallel current transformers with one line idle. 

That is not, however, a complete approach to the problem. 
Current transformer secondaries are not automatically discon¬ 
nected when their primaries cease to carry load, so that their 
magnetizing currents are present all the time. What is really 
important is that the overall accuracy should be stable for a 
given total load, and should not vary according to the way in 
which the current is shared between the lines. 

Now the total error is the sum of the magnetizing currents of 
the individual transformers, which depend on the voltages 
induced in their secondaries. If the impedances of the windings 
and leads are ignored, exactly the same voltage exists across 
both secondaries. This depends only on the burden current, 
which in turn is proportional to the total load current and is not 
affected by its distribution. For a given total load, therefore, 
the two magnetizing currents, and consequently the overall 
error, have fixed values, and this applies even when all the current 
is in one feeder. 

When the impedances of the windings and leads are taken into 
account it can be shown that for a given total load the average 
e.m.f. induced in the secondaries is always the same, and if the 


magnetization curve of the cores were linear the overall erro r 
would be quite stable. In practice this is not so and small 
variations occur owing to non-linear permeability. 

Test Results 

The stability of the overall error is amply confirmed in Table 1, 
which gives test figures on four similar 100/5 amp ring trans- 


Table 1 

Effect of Idle Feeders on Overall Error 


Burden • 
current 

Equally loaded 
feeders 

One 

idle feeder 

Two 

idle feeders 

Three 
idle feeders 

Ratio 

error 

Phase 

angle 

Ratio 

error 

Phase 

angle 

Ratio 

error 

Phase 

angle 

Ratio 

error 

Phase 

angle 

amp 

% 

min 

% 

min. 

% 

min 

% 

min 

6 

-0-83 

27 

-0-83 

27 

-0-81 

27 

-0-78 

27 

5 ' 

-0-82 

30 

-0-83 

29 

-0-81 

29 

-0-78 

29 

4 

-0-81 

33 

-0-81 

33 

-0-80 

32 

-0-76 

32 

3 : 

-0-79 

36 

-0-79 

36 

-0-77 

35 

-0-74 

35 

2 

-0-76 

41 

-0-76 

40 

-0-75 

40 

-0-72 

39 

1 

-0-72 

47 

-0-72 

46 

-0-70 

45 

-0-67 

45 


formers connected in parallel to a burden of 0 • 1 ohm. The 
overall ratio was thus 400/20 amp and the burden 40 watts at 
rated current. Transformers with larger errors than usual were 
chosen so as to magnify the differences. The measurements were 
made on an ordinary current-transformer testing set, and the 
maximum burden that could be handled was 6 amp. 

Since it was difficult to arrange four identical feeders in parallel 
a special test procedure was adopted. The results in the first 


Table 2 

Unbalanced Transformers in Parallel 


Rated 

current 

Individual errors 

1 . 

Errors when in parallel 

No. 1 

No. 2 

Equal loads 

No. 2 idle 

No. 1 idle 

Ratio error 

Phase 

angle 

Ratio error 

Phase 

angle 

Ratio error 

Phase 

angle 

Phase angle 

Phase 

angle 

Ratio error 

Phase 

angle 

% 

% 

min 

% 

min 

% 

min 

% 

mill 

% 

min 

60 

-1-3 

35 


17 

-0-95 

26 

-1-0 

26 

-0-90 

26 

40 

— 1 - 5 

50 

-0-56 


-1-05 

35 

-1-1 

35 

-1-0 

34 

20 

-1-8 

80 

-0-53 

25 

-1-2 

54 

-1-3 

55 

-M 

51 

10 

-2-15 

125 ’ 


30 

-1-35 

80 

-1-45 

83- 

-1-2 

83 


Table 3 

Effect of Different Amounts of Turns Compensation 


Rated 

current 

Individual errors 

Errors when in parallel 

No. 1 

No. 2 

Equal loads 

No. 2 idle 

No. 1 idle 

Ratio error 

Phase 

angle 

Ratio error 

Phase 

angle 

Ratio error 

Phase 

angle 

Ratio error 

Phase 

angle 

Ratio error 

Phase 

angle 

% 

60 

40 

20 

10 

% 

-0-05 

-0-25 

-0-65 

-1-05 

min 

36 

50 

83 

130 

% 

-0-56 

-0-56 

-0-53 

-0-50 

min 

17 

20 

25 

30 

-■ ■ ■■ ■ 

% 

-0-3 

-0-45 

-0-63 

-0-80 

min 

27 

35 

55 

82 

% 

+0-1 

0 

-0-1 

-q-35 

min 

28 

36 

55 

86 

% 

-1-05 
-1-05 
— 1-15 
-1-25 

min 

28 

35 

53 

83 
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column are for equally distributed load and were obtained with 
the four primaries in series, giving a test ratio of 100/20 amp. 
For the second column the primary cable was removed from one 
transformer, leaving its secondary idle, and the test ratio was 
then 100/15 amp. The third and fourth columns were similarly 
obtained by having two and three idle transformers, but each 
time the tests were made at the same burden currents, representing 
the same total load. 

Table 2 gives similar results for two very unequal transformers 
in parallel, and comparison of the results in the last three columns 
shows that even under these severe conditions there is little change 
in error between the extremes of load sharing. 

More important is the effect of having different amounts of 
turn compensation on the various transformers. Table 3 refers 
to the same transformers as Table 2, with the secondary winding 
of the first unit reduced from 80 to 79 turns. The ratio error of 
this transformer, given in the first column, is seen to have changed 
by about 1 • 25 % in a positive direction, as would be expected. 

The ratio error for distributed load, col. 3, has changed only 
by about half of 1*25% as compared with Table 2, since only 
half the current comes from the biased transformer. When the 


good transformer is idle, all the current comes from the biased 
unit and the ratio error is made still more positive. When the 
poorer one is idle, its turn compensation does not come into 
action at all, yet its full magnetizing current has still to be sup¬ 
plied, and the ratio error shifts negatively by about half the bias 
percentage from the mean position. The conditions are then 
very nearly the same as for the final column of Table 2, with 
which the last column in Table 3 may be compared. 

Position of Parallel Connection 

It is commonly thought that the secondaries must be paralleled 
at the burden and not at the transformer terminals. The reason 
given is that the voltage across the idle secondaries is thereby 
reduced by the drop which would otherwise occur in the common 
leads, causing a smaller magnetizing current to be diverted from 
the burden. Since it has been shown that idle feeders have no 
appreciable effect, it follows that the actual point of paralleling is 
unimportant and may be chosen according to convenience. 

In the remainder of the paper formulae are derived for esti¬ 
mating the effective burden on each transformer and also for 
computing the overall error from tests on the individual units. 
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THE FREQUENCY-RESPONSE ANALYSIS OF NON-LINEAR SYSTEMS 

621-526 : 621. 373.421 Monograph No. 126 M 

P. E. W. GRENSTED, M.A. 

(Digest of a paper published in April, 1955, as an Institution Monograph and republished in September, 1955, in Part C of the Proceedings. 


If a non-linear system is oscillating, either through external 
excitation or internal regenerative action, it may be possible to 
show that the waveform at the inputs to the non-linear elements 
in the system is approximately sinusoidal. The frequency- 
response analysis of the system as a whole may then be carried 
out on the assumption that all harmonic components generated 
by the non-linear elements can be ignored. 

This principle has been applied to the analysis of “on-off” 
control systems by Kochenburger, 2 of non-linear control systems 
in general by Johnson, 3 and of control systems containing 
particular types of non-linear elements by other authors. 1 > 4 > 5 
All these authors use this principle, or the describing-function 
method, as it has become called, in order to predict whether self- 
excited oscillations can occur, and to estimate the frequency, 
amplitude and stability of these oscillations if they are present. 
The method has also been used to obtain the response of a 
control system to a sinusoidal input signal. 

The purpose of the paper is to review and qualify the applica¬ 
tion of the describing-function method, and also to extend its 
application to the evaluation of the transient response of non¬ 
linear systems. 

Steady Oscillations 

The system considered is the feedback control system shown in 
Fig. 1. In addition to a linear transfer operator, G(D) [where 
D = d/dt], which represents the low-pass filter formed by the 
motor and load and associated networks in the forward loop, 
there is also a non-linear element, whose output, f(<?), is an 
instantaneous function of the error e of the system. With the 
input of the system held constant it is possible for steady oscilla¬ 
tions to occur, and this case is examined first. 

Mr. Grensted is in the Department of Engineering, University of Cambridge. 


The error is supposed to be oscillating sinusoidally with fre¬ 
quency co and amplitude a. The output of the non-linear ele¬ 
ment will contain harmonics of this frequency, but these are 
supposed to be sufficiently attenuated by the low-pass filter to be 



Fig. l.—Block schematic of a non-linear feedback control system. 

unimportant by the time they return round the main loop to the 
input of the non-linear element. The analysis therefore proceeds 
by neglecting all harmonics, and only the behaviour of the funda¬ 
mental term throughout the system is considered. 

The gain of the non-linear element is defined as the ratio of the 
amplitude of the fundamental component of its output to the 
amplitude of the sinusoidal signal applied to its input. This 
gain is in general complex, because a phase shift may be intro¬ 
duced by such non-linearities as back-lash or hysteresis. The 
gain of the non-linear element f(e) is thus a complex function 
of the amplitude, a, and it may be written as n(a) where 

n(a) = p(a) + ,/q(a) . . . . . . (1) 

i r 2 * 

p(a) =— sin ijjf (a sin ifi)difj ... (2) 

7TU 

0 

i 

and q (a) — — cos sin tfidip ... (3) 

TTU J 
0 
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Thus for any given function, f(e), the corresponding describing 
function of gain, n(a), may be evaluated. Grief 4 gives a list of 
gain-describing functions for commonly encountered non- 
1 inearities 

For the system shown in Fig. 1 it can be readily shown that 
values of a and co satisfying the equation 

G(jco)n(ci) + 1—0.(4) 


system governed by a second-order differential equation, but in 
this case it is possible to obtain analytic expressions for the varia¬ 
tion with time of the frequency and damping of a transient, and 
hence an explicit expression for the error is derived. 

It is first necessary to define frequency and damping when 
these are varying with time. The expression for the error, e, is 

e = a sin ifj .(5) 


represent the amplitude and frequency of possible modes of self- 
excited oscillation. Eqn. (4) may be examined in the Nyquist 
diagram. The locus of GO) with o as a parameter and the 
locus of — l/n(a) with a as a parameter are drawn m the complex 
plane. A typical example is shown in Fig. 2. Intersections of 



Fig. 2.—Nyquist diagram for a non-linear control system. 

the two curves as A, B or C represent possible modes of steady 

oscillation. . 

The stability of these oscillations may also be determined from 
the diagram, but this is not so straightforward as is often 
supposed. 

The approximation made in the analysis has been to neglect 
harmonics, and it has been found that this leads to errors of up 
to 10% in the evaluation of the amplitude and frequency of 
steady oscillations. In order to illustrate the type of errors that 
may be involved, a system was analysed in which the non-linear 
element was an idealized “on-off” relay, and the linear filter 
consisted of two exponential delays, 7\ and T 2 , followed by a 



Fig. 3.—Comparison of periodic times of steady oscillations. 

-Frequency-response method: i). 

- Exact analysis: TI^(T\Til. 

x = vm/T 2 ). 

single integration. In Fig. 3 is shown plotted against the para¬ 
meter '\/(Ti/T 2 ) the variation of the periodic time, T f , of steady 
oscillations of this system as found by the describing-function 
method. Also for comparison is plotted the true periodic time, 
T, found by an exact method. 

Transient Oscillations 

Transient oscillations, i.e. the behaviour of error due to a step 
change of input, may be considered, provided that there is only 
one mode of oscillation possible in the system. Otherwise, 
several modes of oscillation would be excited by the applied step 
function, and this would violate the primary assumption of the 
describing-function method, which is that only one component 
of frequency is present at any instant at the input of the non¬ 
linear element. Thus the remaining discussion is limited to a 


where a is the amplitude and ifj the phase of the transient. The 
frequency, co, is defined as the rate of change of phase. The 
damping, [x, is defined as the rate of reduction of amplitude 
divided by the amplitude; 

thus co = iff] fx — — a/a .(6) 

Hence the expression for the error is 


e — s ~fv- dt sin 


codt 


. (7) 


The system considered is that of a simple velocity-lag servo¬ 
mechanism in which the non-linear element has a characteristic 
f ( e ). The equation for the error in this system is 

e + 2 ce + f(e) =0.(8) 


where c is a constant. 

The solution of this equation with initial conditions e = 0, 
e = e 0 at t = 0 is the response to a step input of magnitude e 0 . 
The describing-function method is used by substituting the 
assumed expression for e of eqn. (7) into eqn. (8), and neglecting 
all the harmonics provided by the term f(<?). This procedure is 
justified by the arguments already given in the analysis of steady 
oscillations. When this substitution has been made, the coeffi¬ 
cients of the sine and cosine terms are separately equated to zero, 
and two important equations are derived: 

co 2 = p(a) + [x 2 2 c[x — jx . . . ■ (9) 


a 1 d> . 1 q(fl) 

- == [X — C — T » —— 

a 2 co 2 co 


( 10 ) 


where p {a) and q(a) are the gain-describing functions already 
defined in eqns. (2) and (3). 

Eqns. (9) and (10) give considerable qualitative information 
concerning the transient. Suppose, for instance, that q(a) = 0, 
which occurs whenever the non-linear characteristic is a single¬ 
valued function and does not introduce phase shift. Then, by 
eqn. (10), the damping is increased by the term d>/(2o)) from the 
value c which corresponds to the damping of the equivalent linear 
system. If the frequency is increasing throughout the transient 
then the damping is increased, and if the frequency is decreasing 
the damping is reduced. The contribution of the term d)/(2co) 
to the damping can be quite significant; in an on-off control it 


represents one-quarter of the total damping. 

The solution of eqns. (9) and (10) is possible by an iterative 
process. The simplest method is to use the approximate 

expression ,, _ 

n) 2 ~ T)(d) .(11) 


from (9) for the value of co in (10), which then allows (10) to be 
solved, giving explicit expressions for [x and a in terms of time t, 
and hence a more accurate value of co may be formed fiom (9). 

This procedure was used in the example of a control with an 
idealized on-off element and the expression for the error, e, was 
found to be 

e = l-25e-«/3 S i n [173^/3 + 19e“'/3 - 139]° . (12) 

The initial conditions taken where e — 0, e = 1 at t = 0. In 
eqn. (8) f(e) = 1 if e > 0 and f(e) = - 1 if e < 0; c = 1/2. 
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It is seen that the frequency of the transient increases exponen¬ 
tially with time but the damping remains constant. This solu¬ 
tion, which has involved approximations in the solutions of 
eqns. (9) and (10) in addition to the inherent approximation of the 
describing-function method, is shown in Fig. 4. Peaks and zeros 



Fig. 4.—Transient solution. On-off controller with idealized relay. 

Q Peaks and 2 eros of accurate solution. 

for the exact solution of eqn. (8) are shown for comparison, and 
the agreement is very good. 

This particular example was chosen because an exact solution 
could be obtained for comparison, but the method can be applied 
equally well to other simple non-linear systems where no com¬ 
parison is possible. The main value of the method, however, 
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lies in the fact that eqns. (9) and (10) give considerable insight 
into the manner in which the parameters of the system determine 
the nature of the transient. 
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FIELD-DEPENDENT CONDUCTIVITY IN NON-UNIFORM FIELDS AND ITS RELATION TO ELECTRICAL 

BREAKDOWN 

537.3 : 537.529 Monograph No. 128 M 
PATRICK T. G. FLYNN, B.Sc.(Eng.), Ph.D., Graduate 

(Digest of a paper published in April, 1955, as an Institution Monograph and republished in September, 1955, in Part C of the Proceedings.) 


The calculation of the field distribution for an electrode con¬ 
figuration producing a non-uniform field is normally made with 
the assumption that the conductivity of the material between the 
electrodes is constant. However, it appears to be generally 
accepted that in insulating solids the conductivity increases when 
very high fields are applied. For a point-to-plane electrode 
system with a solid dielectric, a high field at the point will be 
reduced as a result of enhanced conductivity, and it therefore 
becomes of interest to know what the modified field distribution 
will be; this is of particular importance in the electrical break¬ 
down of dielectrics in non-uniform fields. 

In order to calculate the field distribution, it is necessary to 

find the solution of 

div ( aE ) = 0 . . ... • (1) 

where E is the field and a is the conductivity; the method used 
in the paper is to put 

aE = a 0 E t . . • • • • (2) 


where cr 0 is the conductivity at some standard field. Eqn. (1) 


then becomes 


div ( a 0 E e ) = 0 


(3) 


The paper is based on Report L/T319 of the British Electrical and Allied Industries 
Research Association. 


and since cr 0 is constant, this can be solved to find the transformed 
field E t . Eqn. (2) then allows the field E to be found if the 

variation of a with E is known. 

Frohlich has shown that above a critical temperature the 
variation of cr with E can be calculated if the energy levels in the 
dielectric are known; these can be obtained from measurements 
of the temperature dependence of the electronic conductivity in 
very weak fields and the temperature dependence of the field 
at which intrinsic breakdown occurs. A Table of the values 
obtained in this way for several materials is given in the paper, 
and Fig. 1 shows how E t is related to E for one of them. 

The method has been used to calculate the field along the axis 
of a point-to-plane electrode system in which the point is a 
hyperboloid of revolution of radius of curvature R distant x 0 
from the plane, and Fig. 2 shows the result for various applied 
voltages V Q . Fig. 3 shows that the maximum field is considerably 
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Fig. 1.—The function E t — (ojao)E for polymethylmethacrylate. 



Fig. 2.—Field distribution for point with R — 10- 3 cm and 
xo = 10- 2 cm in polymethylmethacrylate at 16°C. 

For comparison, dashed curve Shows field calculated for constant conductivity. 

less than that calculated for constant conductivity. This means 
that the voltages necessary for breakdown in a non-uniform field 
will be higher than those expected on the basis of a simple elec¬ 
trostatic calculation, and Fig. 4 shows the distance over which 
the intrinsic electric strength will be exceeded for one solid. 

It is noted that electrons emitted by field or thermionic emission 
from a negative point may further modify the field and lead to 
polarity differences which may, however, disappear at higher 
temperatures. • 



Fig. 3.—Maximum field for point-to-plane electrodes in 
polymethylmethacrylate at 16°C. 

For comparison, dashed curves show values for constant conductivity. 



Fig. 4.—The distance xi over which the intrinsic electric strength is 
exceeded for point-to-plane electrodes in polymethylmethacrylate 
at 16°C. 
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BREAKDOWN OF SOLID DIELECTRICS IN DIVERGENT FIELDS 

621.315.61:621.3.011.5 Monograph No. 127 M 

J. H. MASON, B.Sc., Associate Member 

(DIGEST of a paper published in April, 1955, « an Institution Monograph and republished in September, 1955, in Part C of the Proceedings.) 

Negative points 


• When insulation is subject to intense discharges, e.g. in short- 
time and step-by-step industrial electric strength tests, rapid 
breakdown occurs if the stress is sufficient to penetrate the 
surface and propagate through the material. It is thus of 
practical interest to determine the conditions necessary to 
propagate breakdown channels and to distinguish between the 
.effects of stress concentration and local heating at the ends of 
discharge channels. 

To study the effect of stress concentration alone, the propaga¬ 
tion of breakdown channels from steel-point electrodes embedded 
in polythene to adjacent plane electrodes has been investigated. 

It is found that: , . ... 

(a) The average divergent-field electric strength ( E aV ) and the 
intrinsic strength vary with temperature in a similar manner, as 
shown in Fig. 1. E av is given by V Q / 1, where V 0 is the potentia o 
the point and t the distance between point and plane as m Fig. 2. 
E ~ E av tJR( 1 + 4r/jR) is the calculated maximum stress near 

the point electrode. 

( b ) At 20° C the breakdown stress for a given electrode con¬ 

figuration is some 25% greater if the point is negative than i 
positive. This polarity effect decreases with increasing tempera¬ 
ture and is negligible above 60° C. , 

(c) E av decreases with increasing separation between point and 

plane. . . . 

(d) E av does not vary significantly with the size ol the point, 

unless the radius R exceeds some 10 microns (when t is between 
250 and 800 microns). With larger points E av increases with 
R such that E max always exceeds the intrinsic strength, as shown 
in Fig, 3* 

(e) If a surge of one polarity is followed by a surge of opposite 
polarity, failure occurs at much lower stress than normal for this 
polarity. With alternating voltage, breakdown occurs always 

when the point is positive. , 

These results indicate that stress-enhanced conductivity and 
space-charge accumulation reduce the stress near sharp points to 
values much lower than calculated geometrically (E max ), Break¬ 
down channels propagate when the effective stress near the 

point attains the intrinsic strength of the material. ■ 

This criterion for breakdown in divergent fields expla ins the 

"The paper is based on Report Ref. L/T310 of the British Electrical and Allied 
Industries Research Association. 
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Fig 1—The variation of the intrinsic and average divergent-field 
S ‘ electric strengths of polythene with temperature. Results for 
points of between 1 • 5 and 7 • 5 microns radius. 

The electrode separation was as follows: 

(a) 250-350 microns. 
lb) 450-600 microns. 

[S) Variation of intrinsic electric strength with temperature. 





Fig. 2.—Electrode nomenclature. 

variation of industrial electric-strength* of insulation with speci¬ 
men thickness and with the electrical characteristics of the 
specimen and medium. 

* Measured with the specimen in air or under oil, between standard electrodes such 
as specified by the B.S.I., A.S.T.M., etc. 
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Pi g< 3 .—Variation of divergent-field electric strength with radius of 

point at 60° C. 

Electrode separation, 500 microns, 
xxx Positive points. 

O Q O Negative points. 


It is assumed that discharge channels propagate through a 
material of thickness t when the stress E max at the point of impact 
of a discharge of radius R attains the high temperature intrinsic 
strength of the material.* 

The exact values of R and E max are not critical, but if it 



Pig. 4 —Variation with thickness of 1 min industrial electric strength 
of dielectric materials measured in clean oil at 20° C. 

Measured values: 

XXX Polythene. 

AAA Ebonite (Refs. 15 and 16). 

O O O Ruby mica (Ref. 14). 

|C Cellulose acetate (Ref. 18). 

energy. Thus, if the discharge-inception voltage is increased, 
the a.c. working voltage is also increased, but the short-time a.c. 
and impulse breakdown voltage may be decreased. 


Table 1 


Factors affecting the A.C. Step-by-Step Electric Strength of Insulation. Tests with A.S.T.M. Electrodes 



Test medium 

Specimen 

Air 

Clean B30 transformer oil 

Contaminated oil 


Vi 

Breakdown voltage 

Vi 

Breakdown voltage 

Vi 

Breakdown voltage 

Polystyrene, 1 mm thick 

3 

60 after 20 sec 

13-5 

40 after 10 sec 

6 

52 when voltage increasing 
from 50 

Polythene, 1 • 5 mm thick 

2-6 

. 50 after 25 sec 

14 

37 • 5 after 60 sec 

8 

47 • 5 when voltage increasing 
from 45 

Cellulose acetate, 0-25 mm thick 

0-9 

14 after 30 sec 

8-25 

9 after 30 sec 

7-25 

11 when voltage increasing 


Vi — Discharge inception voltage [kV(r.m.s.)]. 

Breakdown voltage [kV(r.m.s.)] determined after previous 1 min steps at lower voltage. 


were assumed that R — 3 mils (75 microns and E max = 5-25kV 
(r.m.s.)/mil [3 MV(peak)/cm], the electric strength would vary 
with thickness, as shown by the solid curve in Fig. 4. This 
curve is in quite good agreement with experimental values. 

The variation of electric strength with the inception voltage ( V f ) 
of discharges in the medium (shown in Table 1) is also explained: 
The discharge energy, and therefore the temperature rise at the 
point of impact of discharges, increases proportionately to V- 2 , 
so that the value of E max required for breakdown decreases with 
increase of V f . 

The variation of electric strength with time of application of 
alternating voltage is also considered. The long-time breakdown 
voltage tends asymptotically to the discharge-inception voltage 
V{, but the short-time breakdown voltage decreases with increase 
of V h as shown in Table 1, owing to the increased discharge 

* Intense discharges cause local heating at the dielectric surface, so that breakdown 
may occur when the high-temperature intrinsic strength is exceeded irrespective of 
the ambient temperature. 
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THE GRAPHS OF ACTIVE NETWORKS 
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(Digest of a paper published in April, 1954, as an Institution Monograph and republished in September, 1955, in Part C of the Proceedings. 


In a previous paper, it was shown that the graph of a passive 
network, which does not contain transformers, could be expanded 
as the sum of a number of simpler graphs. From these graphs 
the set of trees, which is equal to the determinant of the network, 
could be written down by inspection. 

In a further paper , 2 which will be referred to as “Determinants,” 
it was shown that 3- or 4-terminal elements, such as valves and 
transformers, could be represented as graphs in terms of an 
element h iJkm comprising four nodes and two directed branches. 
This makes it possible to set up the determinant of any network 
directly from the graph of that network. 

The present paper lays a basis for a theory of graphs of net¬ 
works containing 3- or 4-terminal elements. 

Fig. 1 shows the graphs of the various network elements as 
described in “Determinants”: (a) shows the fundamental element 
h !J km which is such that a voltage v Jm between the nodes j and 
m, with m positive, produces a current i ik from k to i equal to 
hij knfjm ; ( 6 ) shows an ordinary 2 -terminal element obtained 
from h ij km by identifying i and j and also m and k; (c) shows a 
valve; (d) shows a pair of identical valves in push-pull; (e) shows 
a symmetrical two-way admittance, which may be that of a 


Mr. Percival is with Electric and Musical Industries, Ltd. 



Fig. 1.—Graphs of the network elements. 

{a) hij.Tan 
( b) Patt.bb 

(C ) SOD.AG 
id) gAlCn-AlGZ 

( e ) (rriac.bd) + (nica-db) 
if) fkj-im — Yij.Jcm 


transformer; f kJ im , shown in (/), is a fictitious element equal to 
the transfer admittance which it is required to evaluate. 

Eqn. (1) gives the FT-matrix (as defined in “Determinants”) of 
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tlie element h jjkm , from which the 77-matrices of all other 
elements can be deduced: 

7 m 1 


(hj.kJ = i h -h 
k —h h 


( 1 ) 


The 77-matrix of a network is the sum of the 77-matrices of its 
elements, and the ordinary ^-determinant is equal to any first 
cofactor of the determinant of the 77-matrix of the network. 



(*> 

Fig. 2.—Triode network. 


Fig. 2(a) is the conventional representation of a network fed 
with a current i and from which it is required to obtain the output 
voltage v. Fig. 2(b) shows the graph of this network in which 
f GC.CA ~ y cc.ga = l l v - In Fig- 2(c) elements in parallel are 
replaced by a suitably labelled single element. 


G (r.r) A 


(k(54, k(t u ) = (p-fm 2 — f,p+g+mi \. /(q + mi + g, q + m2 + f) 


V 

c 


Fig. 3.—The reduced graph. 


Fig. 3 shows the “reduced graph,” in which branches in 
parallel are replaced by a single branch and suitably labelled. 
Each of these branches represents a current branch, denoted by 
tine first term in the brackets, in parallel with a voltage branch, 
denoted by the second term in the brackets. Hence the reduced 
graph can be replaced by two graphs, a current graph as in 



C C 

(a) (b) 


Fig. 4.—Current and voltage graphs. 

Eig. 4 (a) composed of current branches only, and a voltage 
graph as in Fig. 4(b) composed of voltage branches only. 

The current graph must be in accordance with Kirchhoff's law 
for currents, while the voltage graph must be in accordance with 
FCirchhofFs law for voltages. The two graphs are linked by the 
admittances of the elements. The nodes of the current graph 


correspond to the rows of the 77-matrix, while the nodes on the 
voltage graph correspond to the columns. To every operation 
on the 77-matrix there corresponds an operation on the graphs, 
and this correspondence extends even to operations in which the 
nodes on the two graphs are different. 

Each matrix element of the 77-matrix can be obtained from 
Fig. 3 by the rule that h tj is equal to the sum of the network 
elements the current branches of which terminate on node i 
and the voltage branches on node j, the sign being positive if the 
arrows on both branches point either towards or away from the 
nodes i and j, and.negative otherwise. If the fictitious element / 
is included, D — 0. The transfer admittance is then equal to the 
ratio of D (f — 0) to the coefficient of / in D. 

The expression k" ih which has been used as a label for a 
current branch in the current graph, is termed the current-branch 
admittance function; the expression k' jm , which has been used 
as a label for a voltage branch in the voltage graph, is termed the 
voltage-branch admittance function; while the sum of the 
elements common to k'( k and k' Jm is termed the branch-pair 
admittance and is written k jJkm . An algebra of the graphs is 
developed which includes relations between these expressions 
and the matrix elements h-^. 

It was shown in “Determinants” that the derivative of an 
77-determinant with respect to. the element h ljkm is (i + k, 
j -f- m)H, where (i + k, j + m) is an addition operator which 
deletes row k, replaces row i by the sum of the rows i and k, 
performs the corresponding operations on the columns j and m, 
and affixes the sign (— l) /c + m . It is shown that the corresponding 
operation on the current and voltage graphs involves short- 
circuiting the nodes i and k on the current graph and also the 



Fig. 5.—£>77/3g = Derivative of the graphs of Fig. 4 with respect to 

Scc.ag. 


nodes j and m on the voltage graph. Fig. 5 shows the derivative 
of the graph of Fig. 4 with respect to the valve element g. 

On a graph, all the elements of which are ordinary elements 
of the form h U jj, a tree is defined as a set of branches which 
connect all the nodes but enclose no meshes. On such a graph a 
tree can be formed by a set of operations of the form ft it jJbfbh iL jj. 
On the current and voltage graphs a set of the more general 
operations h ij kn (blb iJkm gives rise to a pair of trees, one on 
each graph. A tree on the graphs of a network is therefore 
defined as a set of network elements such that the current 
branches form a tree on the current graph and the voltage 
branches form a tree on the voltage graph. - 

With this extended definition of a tree, and with an appropriate 
rule of signs, the set of trees 7 on any network is equal to the 
determinant D of the network. Thus the usual theorem is 
extended to include networks containing valves and transformers. 
Moreover, if the element / is included, the equation 7—0 gives 
the value of the transfer admittance. An example is given 
embodying Wheeler’s concept 3 of the ideal transformer-repeater. 

To solve simple networks, consisting of 2-terminal elements 
only, the choice of method is of little importance. If the network 
is more complicated the 77-determinant method is generally 
quicker. If the labour of evaluating the determinant is still 
considerable, the tree method is more rapid since there are na 
terms to be cancelled. 
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For networks containing valves and transformers it has been 
found of considerable advantage to construct the reduced graph 
of the network. Either the D-determinant or the //-determinant 
can then be set up from the graph. If valves or transformers 
are present the tree method is inevitably more complicated than 
for networks containing 2-terminal elements only. However, 
the labour of expanding a very large determinant can be con¬ 
siderably reduced by expanding the graphs as the sum of simpler 
graphs and then adding the determinants of these graphs. 
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(Digest of a paper published in April, 1955, as an Institution Monograph and republished in September, 1955, in Part C of the Proceedings.) 


The technical problem in the absolute determination of 
resistance is the comparison of the measure of a physical model 
of the unit of resistance with the quotient of inductance and time, 
the former being referred to the standard of length and the 
permeability of free space, and the latter to the mean solar 
second. Both generator 2 and circuit methods 3-6 have been used 
in absolute determinations. Amongst the latter is that due to 
Albert Campbell, 1 - 6 which is one of the few methods in which 
pure alternating current, and not commutated current, is used. 

This method was developed at the National Physical Labora¬ 
tory 6 in 1933-36, and a new determination 1 was made in 



1951-54. The circuit is shown, in its essentials, in Fig. 1. The 
main balance condition at a frequency w/27rc/s is, ideally, 
oj 2 M [ M 2 — rR. If the ratio of r/R be A, the value of r in 
absolute measure is o)-\Z(M l M 2 X). The balance conditions can 
be established for eight combinations of the connections to the 
windings of M t and M 2 (M 1 and M 2 being always of opposite 
sign), and when allowance has been made for residual effects 
in the resistors and inductors, the eight combinations should all 
give the same result. In both determinations, however, it was 
found that, although the mean of the results of the eight com¬ 
binations was reproducible to within a few parts per million, 
there were variations within the groups of several parts in 10 5 . 
It was realized that it would be necessary to correct for coupling 
between supply and detector loops, and an attempt was made to 
do this experimentally with a controlled eddy-current circuit. 
Nevertheless the systematic differences persisted. 

It is shown in the present paper that these differences can be 
explained if it is assumed that the method of correction noted 
above was ineffective, and the circuit conditions are re-evaluated 
on the basis of the existence of an eddy-current link (due in 
practice to connectors, switches, etc.) between supply and 
detector circuits. There then appear to be four distinct results 


reproduced twice within a group of eight determinations: the 
mean of these will be nearly, but not exactly, the “true value,” 
i.e. many of the disturbing terms will cancel out, the residual 
uncertainty being probably of the order of one or two parts per 
million. The original results 6 seem to support this. The eight 
results in any one group appear to be a duplicate set of four 
differentiated by random errors. 

The analysis has been checked experimentally on a new bridge 
circuit shown in Fig. 2. While this circuit possibly has some 



Fig. 2.—New bridge and transformation. 


advantages in regard to earthing and the definition of common- 
point connections for the inductors, it has the same essential 
features as the Campbell circuit, and eddy-current coupling 
between supply and detector loops will produce similar systematic 
variations when the coil connections are interchanged. Here, 
there are only four possible combinations. 

A model bridge, designed to work at 1000 c/s, was built using 
toroidal inductors and containing a minimum of metal, so that 
adventitious eddy-current coupling was reduced to negligible 
levels. The effects of eddy-current coupling were then simulated 


EXTERNAL 

BOXES 


Fig. 3.—Auxiliary bridge for /rjj: tertiary circuit coupling indicated 

by dotted line. 



Professor Astbury is at the University College of Khartoum. 




730 


DIGESTS OF INSTITUTION MONOGRAPHS 


and controlled by means of a tertiary circuit, indicated by dotted 
lines in Fig. 2. Quantitative assessment was made in terms of 
the effective mutual impedance p l3 of the supply and detector 
loops, which was measured on an auxiliary bridge (Fig. 3). In 



Fig. 4.—Correlation of M 2 readings at balance with a c jp. 

Upper-quadrant coil connections 


Primary 

Secondary 

Mi 

+ + 

Mi M 2 

_j- -j- 


Lower-quadrant coil connections 


Primary 

Secondary 

Mj M 2 
- + 

+ - 

M x Mi 
- + 

+ - 


Fig. 4 the change, AM, in the balancing value of M 2 , caused by 
coil reversals, is plotted against the resistive component, ct 13 of 
p 13 , the scatter of the observations being indicated. These 
results, and a plot of AM and cr 13 against the conductance of the 


tertiary circuit, appear to establish the validity of the hypothesis 
of the origin of the systematic errors. 

It appears that the new bridge could be used in such a way 
as to make a correct allowance for eddy-current coupling. 
Referring to Fig. 2, if measurements are made of the mutual 
impedances a, + j<x>M x for the system ABC, cr 2 + jcoM 2 for 
BCD and <r 3 + /tuM 3 for ABCD, the main equation of balance 
can be put into the form 

oj 2 M 1 M 2 (1 + a) = rR(\ + j 8 ) 

where a and /? are small terms involving M 3 and a 3 , respectively, 
Thus the effects of eddy-current coupling would be included with 
the other residuals, and no external compensation would be 
needed. 
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Somemethods of realizingresistancewithout reactance, constant 
from d.c. to ultra-high frequencies, employ a cylindrical resistive 
film as the inner conductor of a short, uniform coaxial line. 1 >2 
With this design, the size of the resistor and the power rating 
are restricted by the upper frequency limit. The basis of another 
method is shown in Fig. 1, in which the characteristic impedance 



Fig. 1.—Cylindrical film resistor divided into four equal parts, with 
sections of loss-free coaxial line interposed. 


related solely to the diameter ratio at any section is equal to the 
resistance between that section and the termination. On 
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increasing the number of divisions indefinitely and applying 
the usual formula for lossless coaxial lines, there results the 
exponential profile : 3 

r = a exp (27rR 0 w/'Q .(1) 

where '( = (jjfe)K p and e being the absolute permeability and 
permittivity respectively of the coaxial space; R 0 is the resistance 
per unit length, w is distance from the termination, a is the 
resistor radius, and r the radius of the outer. 

This design, however, is imperfect in so far as the wavefronts 
in Fig. 1 are assumed to be planar, whereas they are in fact 
curved surfaces because the electric field must meet the outer 
conductor at right angles and the resistor at an angle depending 
on R 0 and a. To take account of the curved wavefronts, the 
design is better approached by taking a number of conical line 
sections, rather than the cylindrical line sections 7 of Fig. 1. The 
resulting profile of the outer conductor is a tractrix, and an 
approximate formula for r as a function of w is 

a( 1 + *2/4) exp [(w + A w)/p 0 ] 
nw) 1 + (Y/4) exp [2{w + Aw)/p 0 ] ' ‘ W 
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LEAD-IN 

CONES 



Fig. 3.—Section of experimental “terminal” resistor mount, of 

24-3 ohms. 

in which Aw = (as 12) [exp (2 wjp 0 ) — 1], s = sin tfs = 2rraR 0 l £ 
and p 0 = a/.? (see Fig. 2). 

.To allow for the field which penetrates the film into the en¬ 
closure made by it, formula (2) is multiplied by the factor 


(1 + e r s 2 ] 4), where e r is the relative permittivity of the enclosure 
compared with that of the coaxial space. 

Experimental results with the mount shown in Fig. 3 show 
variations in resistance within 1% from direct current to the 
highest frequency measured (3450Mc/s), with a phase angle 
within 3° at the highest frequency. 
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The aim of the present work is to investigate the correlation 
between decay time and delay time of the indicial response of 
certain types of four-terminal networks on the one hand, and, 
on the other, certain easily measurable parameters of their 
normalized amplitude response, namely the ratio / 3 // 6 and the 
peak value H x (see Fig. 1). In order to obtain more uniform 



Fig. 1.—Steady-state amplitude characteristic. 

results and a better basis for comparison of various networks, 
the transients considered are all responses to the unit voltage 
step. Such transients are called indicial responses. 

The decay time t d (see Fig. 2) is defined as the time taken from 
the mid-point amplitude of the indicial response to the moment 
when the envelope of the indicial response deviates. from the 
steady-state by a prescribed proportion of the amplitude, e.g. 
/ (i%) or t d (0 Y%). The delay time t t is defined as the time 
taken by the indicial response curve to reach the half-amplitude 
point. 

The circuits considered are all minimum-phase passive net- 
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works consisting of lumped parameters and compnsmg some 
low-pass and band-pass filters. Some formulae giving the 
relations between the parameters of amplitude response on the 
one hand and the decay time of the indicial response on the 



other are deduced by comparing directly the expressions repre¬ 
senting these two states for the given type of network. Others 
are found by interpolation of the results obtained for many 
types of circuit. 

The former present the existing relations mpre exactly; the 
latter are more approximate but at the same time simpler and 
more suitable for the designer to use. 
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Decay Time 

Increasing the slope of the amplitude response results in an 
increase of the overshoot, which may be considered as the 
initial amplitude of a quasi-sinusoidal exponentially-damped 
•oscillation on the “top” of the indicial response. It also reduces 
tlie attenuation of this oscillation. Both effects, increase the 
•decay time. However, when there is no oscillation, as in the 
•case of n RC stages, the decay time, as defined here, is reduced 
with increasing slope. The apparent connection between the 
decay time and the slope of the amplitude response suggests the 
possibility of finding a general functional relationship between 
tliese two quantities. 

To find this relationship, five different types of networks are 
^selected and the decay times for various values of Q and n are 
calculated. At the same time the corresponding values of 
<5 — H l f 2 lf 6 are found. The resultant curves are presented 
in the form t d ( 1 %)/ 6 = y = F(§). By interpolating all the 
carves by a single straight line, on the principle of least total 
fractional square error, the statistical formulae, valid for all 
circuits considered, are found. 

Because of the variety of circuits taken into consideration, 
tliese approximate formulae can be expected to be valid for 
many other passive networks and may well serve as a first, rough 
indication for the designer. It is found that, in order to decrease 
decay time, the slope of the amplitude response must be decreased. 
JFor the same slope, a circuit having an amplitude response with 
peaks will have a longer decay time than one with a flat response. 

Another approach to the problem is based on the fact that 
any passive minimum-phase network is completely defined by 
tlie location of its poles and zeros in the p-plane, except for a 
possible constant multiplier. Hence certain classes of circuit 
can be distinguished, e.g. filters having frequency response with 
one, two, or more single or multiple poles. An attempt is made 
Inere to derive the general formulae, valid for all circuits belonging 
to a given class, which give the functional dependence in the 
form: t d (l%)f 6 = y'fl %) = F(/ 3 // 6 ), where t' d { 1 %) is the total 
decay time, defined as the time taken from the moment of 
application of input unit voltage step to the moment when the 
envelope of the transient response deviates from the steady state 
t>y a prescribed proportion of the amplitude, e.g. t d (l %). 

The relations of the above type are derived for circuits with 
one single pole, two single poles, one multiple pole, for the 
staggered circuits and n stages of critically coupled and over¬ 
coupled circuits. 

Delay Time 

If to a filter having a frequency characteristic 

H(f) = H(f)sMf) .(1) 


an input voltage pulse having spectrum G(f) is applied, the output 
voltage is given by 


v(t) = 


r a 

— a 


( 2 ) 


Hence every frequency component of the output voltage is 
delayed by 


At = 


<kf) 

2rrf 


(3) 


with respect to the corresponding component of input pulse. 
Hence, in contrast to the decay time, which is more obviously 
connected with the amplitude response, the delay time seems to 
be more readily correlated with the phase response. 

From the character of the spectrum of the unit voltage step it 
is evident that the bulk of the energy is transmitted by the 
components near to zero frequency. This effect is increased by 
the discrimination introduced by the filter itself. In the frequency 
range occupied by these components, the phase response of the 
filter is usually almost linear; hence their delay time, which may be 
regarded approximately as the delay time of the whole pulse, 
is given by 



This equation has been checked for all circuits previously 
considered by comparing the results it gives with the exact values 
of t. 

It was found that eqn. (4) gives a fairly sufficient degree of 
approximation for multiple-stage circuits, but it seems to be 
quite wrong for the single-stage circuits here considered. 

This may be attributed to the fact that, in the single-stage 
circuit the harmonics lying outside the linear range of phase 
response are rather poorly attenuated, and the previously 
explained idea of delay time has no meaning so that eqn. (4) 
has no justification in this case. 


References 

(1) Guillemin, E. A.: “Communication Networks,” Vol. II 

(Wiley, 1945). 

(2) Bode, H.: “Network Analysis and Feedback Amplifier 

Design” (Van Nostrand, 1945). 

(3) Waliman, H.: “Vacuum Tube Amplifiers,” M.I.T. Radiation 

Laboratory Series Vol. 17 (McGraw-Hill, 1947). 

(4) Carson, S., and Jaeger, J. C.: “Operational Methods in 

Applied Mathematics” (Oxford University Press, 1941). 

(5) Gardner, M., and Barnes, J. : “Transients in Linear Sys¬ 

tems” (Wiley, 1942). 

(6) Levy, M.: “The Impulse Response of Electrical Networks,” 

Journal I.E.E., 1943, 90, Part III, p. 153. 

(7) Jelonek, Z.: “Transient Response,” Lectures (unpublished). 

(8) Kaliman, H. E., and Spencer, R. E.: “Transient Response,” 

Proceedings of the Institute of Radio Engineers, 1945, 31, 
p. 169. 

(9) Jaworski, Z.: Diploma Thesis, 1950, Polish University 

College. 





